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FOREWORD 


The School Mathematics series integrates a 
sound mathematics program with a teaching 
strategy that encourages the student to par- 
ticipate actively in the learning process. The 
essence of the School Mathematics series is 
reflected in some basic beliefs about the learn- 
ing process to which we are committed: 


1. Effective learning requires active partici- 
pation on the part of the learner. 

2. Understanding of mathematical concepts 
iS a necessary prerequisite to adequate 
development and acquisition of computa- 
tional skills. 

3. Learning proceeds from concrete experi- 
ences to abstractions. 

4. Learning is enhanced by motivation. 

5. Each learner must experience earned 
SUCCESS. 


School Mathematics provides for the neces- 
sary mastery of basic mathematical concepts 
and computational skills while allowing for the 
wide range of abilities that are possessed by 
students at this level. Students are encouraged 
to discover patterns and relationships, reason 
logically, and develop their own generalizations. 

Problem solving skills are carefully devel- 
oped by means of diagrams, flow charts, formu- 
las, and equations. Numerous sets of word 
problems give the student experience with 
applications of mathematics to the fields of 
physics, chemistry, geography, history, and 
economics as well as everyday applications of 
mathematics in simple business transactions 
such as sales tax, discounts, and interest. 

Many other special features of this series 
such as the Think problems, Research Projects, 
and Mathematical Recreations are provided in 


the belief that the study of mathematics can 
be stimulating, enjoyable, and rewarding. 

The authors wish to express their apprecia- 
tion to numerous institutions and individuals in 
developing this series. Our teaching experi- 
ences at Ball State University, the Educational 
Research Council of Greater Cleveland, and 
Illinois State University have given us the op- 
portunity to experiment, and to develop and 
test our ideas. We are indebted to many out- 
standing mathematicians and mathematics edu- 
cators for their continual efforts to upgrade the 
teaching of mathematics in our schools. Special 
thanks go to Ms Jeanette Powelson for her 
contributions to the program, and to the edi- 
torial and production staffs of our publisher. 
Finally, we are deeply appreciative of the 
many teachers and students who have proved 
conclusively that the study of mathematics can 
be an exciting and gratifying experience. 


Charles Fleenor 


Robert Eicholz 
Phares O’ Daffer 
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THE BOOK 1 PROGRAM 


Mathematics of the 
Book 1 Program 


The program for School Mathematics. Book 
1, is organized into four learning units. Each 
learning unit contains three to five subunits, 
called modules. Each module is devoted to a 
specific mathematical topic. 


Unit A: The Arithmetic of Whole Numbers 
This learning unit reviews whole number con- 
cepts and operations. The primary objective of 
the unit is to improve the student’s com- 
putational skills with whole numbers and to 
strengthen problem solving ability. Special 
attention is given to solving simple linear equa- 
tions and additional emphasis is given to fur- 
thering the student’s ability in solving word 
problems. Some elementary concepts of num- 
ber theory are presented. 


Unit B: The Arithmetic of Fractional Numbers 
Only a minimal background in fractional num- 
bers is assumed at the outset of this unit. The 
basic operations for the nonnegative rational 
numbers are carefully reviewed and consider- 
able attention is given to problem solving and 
graphing. Work with decimals is closely related 
to the student’s experiences with fractional 
numbers. Many of the applications of decimals 
are related to metric units of measure. A wide 
variety of applications of fractional numbers are 
presented in the module covering ratio, propor- 
tion, and percent. 


Unit C: Geometry and Measurement 

The four modules of this unit contain a broad 
spectrum of plane and space geometry con- 
cepts. Module | presents a nonmetric develop- 
ment of the basic concepts related to points, 
lines, and planes. Module 2 covers length, area, 
volume, and angle measure. Metric units of 
measure are used throughout the module. Mod- 
ule 3 introduces the student to some basic ideas 
of transformational geometry. Geoboards, mir- 


rors, and co-ordinate grids are used to help the 
student study reflections, translations, and rota- 
tions in an informal manner with concrete mate- 
rials. Little formal symbolism or language is 
developed at this point. The important concept 
of congruence of geometric figures grows out of 
the study of the rigid motions—reflections, 
translations, and rotations. Module 3 covers 
such standard topics as circumference and area 
of circles as well as volume and surface area of 
various space figures. 


Unit D: Integers, Probability, and Statistics 
Module |, Integers, emphasizes the important 
role of the basic principles along with physical 
models in interpreting integers and the opera- 
tions. Inequalities and graphs of integers in the 
co-ordinate plane are presented and related to 
similar work with whole numbers and fractional 
numbers. 

Module 2, Experiments in Probability, intro- 
duces some elementary concepts of probability 
by providing a wide variety of simple probabil- 
ity experiments. The student compares empiri- 
cal or experimental results with results expected 
from theoretical considerations. 

The final module is devoted to basic ideas of 
statistics. The major emphasis is on the collec- 
tion, organization, display, and interpretation of 
statistical data. Interpretation of graphical data 
is given special emphasis. Actual experience is 
provided in construction of graphs. Simple mea- 
sures of central tendency —mean, median, and 
mode—are discussed and applied to relevant 
problem situations. 


Features of Book 1 


School Mathematics, Book 1, consists of four 
learning units. Each learning unit is comprised 
of three to five modules. The four learning units 
are published as a single case-bound book. 

Each module opening presents a list of the 
major objectives for the module. These objec- 
tives serve as general guidelines for the stu- 


dent’s work in the module. At the end of the 
module, a self-evaluation test, called Test Your- 
self, is presented so that the students them- 
selves may determine their degree of mastery of 
the objectives. Answers to the self-evaluation 
test are included in the student text so that 
immediate reinforcement is available. 

Each lesson, presented on two facing pages, 
normally constitutes enough material for a class 
session of 45 to 60 minutes. 

The core lessons are designed in one of two 
ways: those lessons which include an Investiga- 
tion activity begin on the left-hand page with 
the Investigation, followed by a set of Discus- 
sion Exercises and then by a set of exercises 
on the right-hand page for the student to work 
independently. (The titles of these sections are 
Investigating the Ideas, Discussing the Ideas, 
and Using the Ideas, respectively.) Other les- 
sons are designed around a set of discussion 
exercises (Discussing the Ideas) and a set of 
independent exercises (Using the Ideas). 

Many lessons throughout the book contain 
starred exercises for enrichment and a Think 
problem for the more able or interested student. 
At the bottom of many right-hand pages, the 
student is referred to the special sets of Supple- 
mentary Exercises found in the back of the stu- 
dent text. These exercises provide additional 
practice and reinforcement of basic mathemati- 
cal skills. 

At the end of each module, a set of review 
exercises called Reviewing the Ideas is pre- 
sented. This is followed by the self-evaluation 
test (Test Yourself) previously discussed. At 
the end of each learning unit, there are two 
pages of Cumulative Review exercises which 
cover the significant ideas of all the modules of 
the learning unit. Separate module achievement 
tests and unit achievement tests are also avail- 
able as part of the evaluation program. 

At the end of each module is a list of sug- 
gested Research Projects. These projects may 
encourage individual students to study some 
mathematical topics independently and in a 
greater depth than is possible in group work. 
Many of the suggested explorations could be 
developed into projects suitable for mathe- 
matics fairs and exhibits. 


Vil 


Each module concludes with a Mathematical 
Recreations page which will attract the atten- 
tion of many students. Most of these recrea- 
tions require little mathematical background. 
The puzzles, games, and activities that are sug- 
gested will serve as excellent motivation for 
many students. 


The Teaching Strategy 


The School Mathematics series is adaptable to 
a wide variety of classroom organizations 
and teaching strategies. Although teachers are 
encouraged to use their own teaching techni- 
ques and methods, we offer a broad general 
teaching strategy for this book. Each day’s 
lesson in which the student is presented with 
a new concept can be divided into these stages: 


Preparation 
Investigation 
Discussion 
Utilization 
Extension 
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Preparation: The Preparation stage is usually 
a “prebook” stage. Sometimes this stage con- 
sists in a review of concepts studied previously, 
in order to provide readiness for new ideas. At 
other times, it may consist in collecting and 
assembling material necessary for the lesson. In 
any event, the time devoted to the Preparation 
should be very short, and care should be taken 
that any activity undertaken at this stage does 
not preempt the Investigation which follows. 

Investigation: Generally, the Investigation is 
a student-centred activity which presents the 
rudiment of the concept treated in the lesson. 
Each Investigation presents the students witha 
challenge question. To answer the challenge 
question, the students must speculate, experi- 
ment, probe, estimate, and explore. The In- 
vestigation stage enables students to develop 
nonroutine methods of problem solving. They 
are often asked to find as many ways as they 
can to do a certain thing. This allows for indi- 
_ vidual differences in students, since the open- 
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ended questions permit less able students to 
experience success even when they have found 
only a few ways to accomplish a certain task. 

In general, the Investigation should be car- 
ried out by students working independently or 
in small groups. The length of time needed to 
carry out an Investigation will vary, but should 
not be unduly prolonged. It is not necessary 
that every student complete all of the Investiga- 
tion. During the Investigation stage, the teacher 
should remain somewhat in the background, 
acting as a moderator and advisor to those stu- 
dents needing help. Encourage students to do 
their own thinking and exploring. Do not give 
too much help at this stage. 

Discussion: Following the Investigation, stu- 
dents are given an opportunity in the Discus- 
sion section to talk about what they did and to 
summarize the mathematical ideas of the lesson 
in preparation for working independently in the 
Using the Ideas section. Generally, the begin- 
ning discussion exercises are designed to stimu- 
late students to talk about what they did in the 
Investigation. You should encourage them to 
discuss the various methods that they used to 
investigate and explore the concepts. Also, you 
should follow your teachers’ guide carefully to 
be sure that whatever mathematical ideas are 
to be developed in the section are actually sum- 
marized and understood. You should provide 
additional examples as needed in order to 
strengthen understanding before proceeding. 

Utilization: The material presented on the 
right-hand page of the student book, entitled 
Using the Ideas, gives students the opportunity 
to apply or utilize what they have learned in the 
preceding phases of the lesson. 

You should provide for individual differences 
in assigning problems in this section. The 
teachers’ commentary for each lesson provides 
suggestions for assignments on three levels: 
Minimum, Average, and Maximum. These sug- 
gested assignments should be regarded as 
guidelines, not prescriptions; you should feel 
free to vary assignments to meet the-needs of 
your students. 

Extension: The School Mathematics series 
provides opportunity for a wide variety of 
extension experiences. The Extension material 


can be thought of as including three principal 
types of activities: enrichment, reinforcement, 
and remedial. 

The enrichment material is primarily, but not 
exclusively, intended for use by more able stu- 
dents. The reinforcement material should be 
used for all students who would benefit from 
further experiences in both the reteaching and 
practice areas. The remedial material, though 
primarily drill and practice, can be effectively 
used by any students who, for one reason or 
another, need to improve basic skills. Note that 
there is considerable overlapping in the cate- 
gories of Extension materials, and no student 
should necessarily be excluded from participa- 
tion in any one of the forms of Extension activi- 
ties. Your choice of Extension suggestions for 
individual students constitutes one of your best 
opportunities for providing for individual differ- 
ences and needs. 

Materials that can be utilized in the Exten- 
sion stage are offered in the student text, in the 
Teachers’ Edition commentary, and in the sup- 
plements (Workbooks, Duplicator Masters). 

Within the student text, the starred exercises 
represent either reinforcement exercises or en- 
richment. The Think problems are most often 
enrichment problems. The Research Projects 
and Mathematical Recreations at the end of 
each module also should be considered enrich- 
ment material. For remedial work as well as for 
reinforcement, the Supplementary Exercises 
at the back of the text constitute a source of 
more than 1600 problems. 

In the Teachers’ Edition, in the Extension 
section, you will often find additional sugges- 
tions either for enrichment or for remedial 
work. You should also check through the list of 
Resources for Active Learning in the introduc- 
tory notes for each module for outside sources 
of material that might be used for Extension 
activities. 

Other materials that may be used in the Ex- 
tension stage are provided in the supplements 
designed for use with the student text. The 
Duplicator Masters provide additional practice 
for remediation and reinforcement. The Work- 
books also can serve as a reteaching tool for 
remedial or reinforcement work. 











The Teachers’ Edition 


General Format 

The Teachers’ Edition provides a wealth of sug- 
gestions and aids designed to assist you in pro- 
viding an effective mathematics program for 
your students. On each Teachers’ Edition page, 
the student page is reproduced in full size and 
includes annotated answers. The teaching com- 
mentary pertaining to each page is found in the 
margins beside the appropriate student page. 

Preceding each module are two pages of in- 
troductory notes for teachers which contain 
general objectives for the module, performance 
objectives, comments concerning the mathe- 
matical content of the module, suggestions for 
teaching the module, a suggested lesson sched- 
ule, a discussion of evaluation procedures, and 
recommended resources for active learning. 
Teachers should find it very worthwhile to read 
these opening pages before teaching the mate- 
rial in the module. 

At the top of each left-hand page of the 
Teachers’ Edition, under the heading Objec- 
tive(s), the goal of the lesson is stated in terms 
of what the student should be able to do as a 
result of the lesson. This objective summarizes 
the key idea of the lesson in terms of the stu- 
dent’s performance. 

Suggestions for the Preparation, Investiga- 
tion, and Discussion stages also follow in the 
left-hand margin of the Teachers’ Edition. 

In the right-hand margin of the Teachers’ 
Edition appear suggestions for the Utilization 
stage, along with certain selected answers 
where space was not available for annotations 
on the student page. Also in this column will be 
found follow-up suggestions for the Extension 
stage, which may be either remedial or enrich- 
ment material. Included here also are sugges- 
tions for Supplementary Exercises in the back 
of the text, Duplicator Master sheets, and 
Workbook assignments. Complete solutions to 
most Think problems occur under the Exten- 
sion section. 


General Suggestions 
We offer two general suggestions regarding use 
of the module and individual lesson notes: 


(1) Read and consider each point as it applies 
to the immediate objectives for the lesson 
and the overall objectives of thé module. 

(2) Do not allow the Teachers’ Edition notes to 
deter you from using your own effective 
teaching methods or to stifle creative 
efforts. 

The Teachers’ Edition does not attempt to dic- 
tate all of the activities in the day-to-day han- 
dling of your class and the individuals in it. You 
should use your Teachers’ Edition as a guide to 
be co-ordinated with those methods which you 
have found to be most effective in teaching 
mathematics in the past. 


Provision for Individual Differences 

Each module introduction begins with a listing 
of both general objectives and performance ob- 
jectives. The performance objectives are re- 
lated in chart form to materials that would 
be helpful for background, reteaching, rein- 
forcement, and related activities. These ma- 
terials are given in the chart in abbreviated 
form. The Abbreviation Key follows (with 
Addison-Wesley’s Order Code Numbers given 
in parentheses). 


Abbreviation Key 
WB Workbook (1272) 
DM Duplicator Masters (1273) 
ASC Arithmetic Skill Cards for Develop- 


ment, Practice, and Applications: 


W—Whole Numbers; F— Fractions; 
D— Decimals and Percent; AP—Ap- 
plications (1599) 
SWM 1 Success with Mathematics 1 (1580) 
SWM 2 Success with Mathematics 2 (1590) 
SWM 3 Success with Mathematics: A Course 
for Secondary School (2411) 


SP Skills and Patterns (2159) 
PD Patterns and Discovery (2296) 
DS Discovery and Structure (2321) 


Each performance objective listed in the 
chart is classified as red, yellow, or green. 
The color assignments are made on the follow- 
ing basis: 

1. The red objectives present minimal per- 
formance standards. When only these are stud- 


ied, the resulting course is the Basic Course, 
as outlined in the Long-Range Planning Chart 
(see page x). 

2. The yellow objectives are within the cap- 
abilities of average students. When both the 
red and the yellow objectives are studied, the 
resulting course is the Average Course, as in- 
dicated in the Long-Range Planning Chart. 

3. The green objectives represent a maximal 
level of achievement for the module. These 
green objectives fall into two categories: 

(a) material that is considered to be more 

difficult or challenging, and 

(b) material that is considered to be ex- 

tension or supplementary to a_ basic 
program. 
As an additional aid to individualization, mini- 
mum, average, and maximum assignments are 
suggested in the commentary accompanying 
each lesson other than review lessons. 


Long-Range Planning Chart 

The long-range planning chart on the next page 
provides the teacher with some general guide- 
lines in planning basic, average, and maximum 
coverage of School Mathematics. 

The basic course covers all the essential 
parts of the program necessary for adequate 
student preparation at the next level in mathe- 
matics. The average course covers all the 
material of the basic course but offers more ex- 
tensive coverage of in-depth and extension 
material. The maximum course provides for 
nearly total coverage of the text material. The 
suggested time schedule based on 170 teaching 
days should be viewed only as an aid in helping 
you plan a time schedule that allows for indi- 
vidual differences within your class. You should 
not view it as a rigid schedule. Adjust the 
schedule according to the needs and abilities 
of your students. 


Classroom Organization 

The Book 1 program can be used in situations 
where the entire class works together on the 
same lesson, where small groups work together 
on the same lesson, or where individual stu- 
dents are allowed to proceed at their own rate 


ix 


: 








LONG-RANGE PLANNING CHART 



















































































| Statistics 


xX 































































































Basic Course (Red) Average Course (Yellow) Maximum Course (Green) Review and 
Learning Module L Time L Time Lasee atte: Time Evaluation 
esson pages (dates) esson pages (days) pag (days) pages 
A-I 2- oy 10 wlun AvlonT 
L Numbers and Numerals A 6-15 8 A 2-17 ea arp : 
7 [- | 
Whole Numbers: Operations A 30-37, 42-55 12 A 30-55 A 30-55 10 A 56, 57 
and Computation p 
b 
A-3 
Beonlouis nina A 60-67 8 A 60-73 | 8 | I Was TS 
og A 78-85 9 A 78-91 9 A 92-95 
Number Theory re 
B-1 
Fractions and B 2-7, 10-15 10 B 2-17 8 B 18, 19 
Fractional Numbers 
B-2 
Adding and Subtracting B 22-29 10 B 22-35 8 B 36, 37 
Fractional Numbers 
B-3 
Multiplying and Dividing B 40-53 12 B 40-55, 58-59 10 B 40-61 10 B 62, 63 
Fractional Numbers 
Bae B 66-83 18 B 66-89, 93 | 16 B 66-93 16 B 94, 95 
Decimals . Wyte 7 a ; 
J. 
ae B 98-103 B 98-103, 108 
Ratio, Proportion, 108 3 13 fie 115 ae 12 B 98-123 12 B 124-127 
and Percent i ; e 
= + 
C-1 
Basic Concepts of Geometry € 2-11914-25 i C 2-25, 28-29 15 C 2-31 14 32338 
| ae 
C-2 C 36-41, 44-49, 
Measurement 52-59 14 C 36-41, 44-61 14 C 36-63 14 C 64, 65 
C-3 
Rigid Motions and C 68-81, 86-87 12 C 68-81, 86-87, 12 C 68-97 14 C 98, 99 
Constructions 90-97 
C-4 C 102-103, 108, C 102-112, 
Circles and Space Figures 112 10 1162101 10 C 102-123 10 Co l24a127 
D-1 
Integers D 2-19 10 D 2-23 D 2-25 2 DD 6r27 
ne D 30-37 D 30-41 7 D 42, 43 
Probability F 3 
D-3 i 
D 46-55 D 46-59 D 46-59 D 60-63 








of speed. You will want to employ the type 
of classroom organization that best suits the 
physical facilities of your particular situation. 
Teachers often find it stimulating to vary group 
sizes for different lessons and units of work. 
Smaller-size groups can often work more effec- 
tively together and allow greater opportunity 
to participate in the Investigation and the 
Discussion. Whatever class organization you 
choose, keep in mind that the key to the School 
Mathematics program is active student partici- 
pation. 


Evaluation of Progress 

A student’s attitude toward mathematics is 
often influenced by the methods used for evalu- 
ating his progress. All too often, evaluation 
procedures focus attention on what the student 
did not understand or master, rather than on 
what the student did accomplish. In evaluating 
progress, try to maintain a positive view, one 
which capitalizes on successes and develops 
confidence. 

Pretests and achievement tests for Book 1 
may be obtained from the publisher. Module 
reviews as well as cumulative reviews are pro- 
vided in the text, to aid in evaluation of stu- 
dents’ progress. However, you may find that a 
day-to-day evaluation of students, often in- 
volving personal interviews, will be a significant 
factor in determining how well they grasp 
the concepts and how well they are able to 
apply them. 


STUDENTS’ BIBLIOGRAPHY 

Books cited in the “‘Research Projects” at the 

conclusion of each module provide useful refer- 

ence material. A complete list of books is in- 

cluded here to provide historical background 

and reference material for additional research 

projects. They are also valuable for their con- 

tribution to recreational reading. 

Abbott, E. A., Flatland (New York: Barnes & 
Noble, 1963). 

Adler, Irving, The Giant Golden Book of 
Mathematics (New York: Golden Press, 
1960). 


Adler, Irving, Magic House of Numbers (New 
York: The New American Library, 1962). 

Ahl, D. H., /0/ Basic Computer Games 
(Mass.: Digital Equipment Corp., 1973. 
Available from Creative Publications, Palo 
Alto, Calif.). 

Asimov, Isaac, The Clock We Live On (New 
York: Abelard, 1965. Also available from 
Creative Publications, Palo Alto, Calif.). 

, Realm of Algebra (Boston: Houghton- 
Mifflin, 1961). 

Bakst, Aaron, Mathematics, Its Magic and 
Mastery (Princeton, N.J.: Wan Nostrand, 
1967). 

Ball, E. T., and W. W. Rouse, Mathematical 
Recreations and Essays (New York: Mac- 
millan, 1962). 

Ball, Marion, What Is a Computer? (Boston: 
Houghton Mifflin, 1972). 

Barr, Stephen, Experiments in Topology (New 
York: Thomas Crowell, 1964). 

Bell, Eric, Men of Mathematics (New York: 
Simon and Schuster, 1962). 

Bendick, Jeanne, and Marcia Levin, Mathe- 
matics Illustrated Dictionary (New York: 
McGraw-Hill, 1965. Also available from 
Creative Publications and Cuisenaire Com- 
pany). 

Bergamini, David, et al., Mathematics (New 
York: Time, Inc., 1963). 

Berger, Melvin, Those Amazing Computers 
(New York: John Day Company, 1973). 

Boeke, Kees, Cosmic View: The Universe in 
40 Jumps (New York: John Day Co., 1957. 
Also available from Cuisenaire Company, 
New Rochelle, N. Y.). 

Branley, Franklyn, Think Metric (New York, 
Thomas Crowell, 1972). 

Brooke, Maxey, Tricks, Games and Puz- 
zles with Matches (New York: Dover 
Publications, 1973). 

Cundy, H. Martyn, and A. P. Rollett, Mathe- 
matical Models (New York: Oxford Univer- 
sity Press, 1961. Available from Cuisenaire 
Company, New Rochelle, New York). 

Cutler, Ann, and Rudolph McShane, The 
Trachtenberg Speed System of Basic Mathe- 
matics (Garden City, New York: Double- 
day, 1960). 





Davis, Philip, The Lore of Large Num- 
bers (New York: Yale University/Random 
House, 1961). 

Denholm, Richard, Mathematics: Man’s Key 
to Progress, Books A and B (Chicago: Rand 
McNally, 1968). 

Diggins, Julia, String, Straightedge, and 
Shadow (New York: Viking Press, 1965). 
Dudeney, Henry, 536 Puzzles and Curious 
Problems (New York: Charles Scribner’s 

Sons, 1967). 

Emmet, E. R., Puzzles for Pleasure (New Y ork: 
Emerson Books, 1972). 

Fadiman, Clifton, Fantasia Mathematica (New 
York: Simon and Schuster, 1958). 

The Mathematical Magpie (New 
York: Simon and Schuster, 1962). 

Freitag, Herta, and Arthur Freitag, The Num- 
ber Story (Washington, D.C. National Coun- 
cil of Teacher of Mathematics, 1960). 

Friend, J. Newton, Numbers: Fun & Facts 
(New York: Charles Scribner’s, 1972). 

Fujii, John, Puzzles and Graphs (Washington, 
D.C.: National Council of Teachers of Math- 
ematics, 1966). 

Gardner, Martin, editor, Mathematical Puzzles 
of Sam Loyd, Volumes | and 2 (New York: 
Dover Publications, 1959, 1960). 

Gardner, Martin, Mathematics Magic and 
Mystery (New York: Dover Publications. 
1956). 

_____, New Mathematical Diversions from 
Scientific American (New York: Simon and 
Schuster, 1966). 

__, Perplexing Puzzles and Tantalizing 

Teasers (New York: Simon & Schuster, 

1969). 

, The Scientific American Book of 
Mathematical Puzzles and Diversions; The 
2nd Scientific American Book of Mathemat- 
ical Puzzles and Diversions (New York: 
Simon and Schuster, 1959, 1969). 

Gilbert, Thomas, and Marilyn Gilbert, Think- 
ing Metric (New York: John Wiley, 1973). 

Golomb, Solomon, Polyominoes (New York: 
Charles Scribner’s Sons, 1965). 

Heath, Royal Vale, Mathemagic: Magic, Puz- 
zles and Games with Numbers (New York: 
Dover Publications, 1953). 
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Hertzberg, Hendrik, One Million (New York: 
Simon and Schuster, 1970). 

Hunt, Leslie, 25 Kites That Fly (New York: 
Dover Publications, 1971). 

Hunter, J. A. H., Fun with Figures (New York: 
Dover Publications, 1965). 

Johnson, Donovan, Paper Folding (Washing- 
ton, D.C.: National Council of Teachers of 
Mathematics, 1957). 

Johnson, Donovan, and William Glenn, The 
Rubber-Sheet Geometry (St. Louis: Webster, 
McGraw-Hill, 1960). 

Jonas, Arthur, New Ways in Math; More New 
Ways in Math (Englewood Cliffs, N.J.: 
Prentice-Hall, 1962, 1964). 

Jones, Madeline, The Mysterious Flexagons 
(New York: Crown Publishers, 1965). 

Kadesch, Robert, Math Menagerie (New Y ork: 
Harper & Row, 1970). 

Kaplan, Philip, Posers (New York: Harper & 
Row, 1963). 

Kaufman, Gerald, The Book of Modern Puz- 
zles (New York: Dover Publications, 1954). 

Kenyon, Raymond, J Can Learn About Calcu- 
lators and Computers (New York: Harper & 
Row, 1961). 

Kordemsky, Boris, Moscow Puzzles (New 
York: Charles Scribner’s Sons, 1972). 

Kraitchik, Maurice, Mathematical Recreations 
(New York: Dover Publications, 1953). 

Loomis, Elisha Scott, The Pythagorean Propo- 
sition (Washington, D.C.: National Council 
of Teachers of Mathematics, 1968). 

Mander, J., G. Dippel, and H. Gossage, The 
Great International Paper Airplane Book 
(New York: Simon & Schuster, 1967). 

McWhirter, Norris, and Ross McWhirter, 
Guinness Book of World Records (New 
York: Sterling, 1974. Available from Crea- 
tive Publications). 

Mosteller, Frederick, Robert Rourke, and 
George Thomas, Probability: A First Course 
(Reading, Mass.: Addison-Wesley, 1970). 

Mott-Smith, Geoffrey, Mathematical Puzzles 
(New York: Dover Publications, 1954). 

National Council of Teachers of Mathematics, 
Enrichment Mathematics for the Grades, 
27th Yearbook (Washington, D.C.: National 
Council of Teachers of Mathematics, 1963). 
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Peck, Lyman, Secret Codes, Remainder Arith- 
metic, and Matrices (Washington, D.C.: 
National Council of Teachers of Mathemat- 
ics, 1961). 

Rademacher, Hans, and Otto Toeplitz, The 
Enjoyment of Mathematics (Princeton, New 
Jersey: Princeton University Press, 1957). 

Read, Ronald, Tangrams—330 Puzzles (New 
York: Dover Publications, 1965). 

Reinfeld, Don, and David Rice, /01 Mathe- 
matical Puzzles (New York: Cornerstone 
Library, 1960). 

Seymour, Dale, and Reuben Schadler, Creative 
Constructions (Palo Alto, Calif.: Creative 
Publications, 1968). 

Seymour, Dale, and Joyce Snider, Line De- 
signs (Palo Alto, Calif.: Creative Publica- 
tions, 1968). 

Smith, David, History of Mathematics, Vol- 
ume II (New York: Dover Publications, 
1953). 

Steinhaus, H., Mathematical Snapshots (New 
York: Oxford University Press, 1969. Avail- 
able from Cuisenaire Company, New Ro- 
eEhelleyiNee): 

Stonaker, Frances, Famous Mathematicians 
(Philadelphia: Lippincott, 1966). 

Van der Waerden, B. L., Science Awakening 
(New York: Wiley, 1963). 

Wenninger, Magnus, Polyhedron Models for 
the Classroom (Washington, D.C.: National 
Council of Teachers of Mathematics, 1966). 

White, Jr., Laurence, /nvestigating Science 
with Coins; Investigating Science with Nails; 
Investigating Science with Paper (Reading, 
Mass.: Addison-Wesley, 1969-1970). 

Wisner, Robert, A Panorama of Numbers 
(Glenview, IIl.: Scott, Foresman, 1970). 

Yoshino, Y., The Japanese Abacus Explained 
(New York: Dover Publications, 1963). 


TEACHERS’ BIBLIOGRAPHY 

The books in the following list will provide a 
broader understanding of the overall mathemat- 
ical development and the approach to the teach- 
ing/learning strategy in the School Mathe- 
matics series. 


Alberti, Del, and Mary Laycock, The Correla- 
tion of Activity-Centered Science and Mathe- 
matics (Hayward, Calif.: Activity Resources 
Comlo72): 

Boyer, Carl B., A History of Mathematics 
(New York: John Wiley and Sons, 1968). 
Buckeye, Donald, et al., Cheap Math Lab 
Equipment (Troy, Mich.: Midwest Publica- 

tions, 1972). 

Charbonneau, Manon, Learning to Think in a 
Math Lab (Boston: National Association of 
Independent schools, 1971. Available from 
Creative Publications, Palo Alto, Calif.). 

Dienes, Z. P., and E. W. Golding, Geometry 
Through Transformations series: Geometry 
of Distortion; Geometry of Congruence; 
Groups and Co-ordinates (New York: 
Herder and Herder, 1967). 

Dienes, Z. P., Fractions: An Operational Ap- 
proach; Powers, Roots and Logarithms 
(New York: Herder and Herder, 1967, 
1968). 

Elliott, H. A., James MacLean, and Janet Jor- 
den, Geometry in the Classroom (Toronto, 
Ontario: Holt, Rinehart and Winston of Can- 
ada, Ltd., 1968). 

Fitzgerald, William, et al., Laboratory Manual 
for Elementary Mathematics (Boston: Prin- 
dle, Weber & Schmidt, 1973). 

Heinke, Clarence, Fundamental Concepts of 
Elementary Mathematics (Belmont, Calif.: 
Dickenson Publishing Co., 1970). 

Jacobs, Harold, Mathematics: A Human En- 
deavor (San Francisco: W. H. Freeman, 
1970). 

Kidd, Kenneth, Shirley Myers, and David 
Cilley, The Laboratory Approach to Mathe- 
matics (Chicago: Science Research Asso- 
ciates, 1970). 

Krulik, Stephen, 4 Handbook of Aids for 
Teaching Junior-Senior High School Mathe- 
matics (Philadelphia: W. B. Saunders Co., 
1971). 

Laycock, Mary, and Gene Watson, The Fabrie 
of Mathematics (Hayward, Cal.: Activity 
Resources Co., 1974). 

National Council of Teachers of Mathematics, 
Enrichment Mathematics for the Grades 
(27th Yearbook, 1963); Instructional Aids 





in. Mathematics (34th Yearbook, 1973); 
Mathematics Library—Elementary and Ju- 
nior High School, 1973 (Washington, D.C.: 
National Council of Teachers of Mathe- 
matics). 

Reys, Robert, and Thomas Post, The Mathe- 
matics Laboratory: Theory to Practice (Bos- 
ton: Prindle, Weber & Schmidt, 1973). 

Triola, Mario, Mathematics and the Modern 
World (Menlo Park, Calif.: Cummings Pub- 
lishing Co., 1973). 

Williams, E. M., and Hilary Shuard, Elemen- 
tary Mathematics Today, Grades 1-8 
(Menlo Park, Calif.: Addison-Wesley, 1971). 


BIBLIOGRAPHY OF RESOURCES 

FOR ACTIVE LEARNING 

Since implementing the investigative approach 
means more student involvement within the 
classroom or in a mathematics laboratory, it 
requires that the teacher be familiar with com- 
monly available, free, and inexpensive material 
and supplies. It also requires knowledge of 
commercial aids and teacher resource material. 

Included in each module introduction is a 
section titled ““Resources for Active Learning.” 
This list correlates appropriate “Activities” 
from teacher sourcebooks to the objectives of 
that module. The ‘“‘Manipulative Devices” and 
“Commerical Games” can be used to support 
the mathematical objectives. They also provide 
for a means of reinforcement, extension, appli- 
cation, and fun. 

At the time of this writing, the resources in- 
cluded were those which directly complement 
the active-learning approach and which are of 
good quality and present useful ideas. 

Familiarize yourself with these materials and 
others which have been marketed subse- 
quently. Check with your principal, supervi- 
sor, or mathematics coordinator for more 
recent materials. Only a few suppliers are listed 
for each device or game. Often they can be ob- 
tained from your local supplier. A complete 
bibliography and list of Suppliers of Resources 
for Active Learning is included immediately 
following this list. 


Abbott, Janet, et al., Franklin Mathematics 
Series: From Fingers to Computers; Making 
and Using Graphs and Nomographs; Math- 
ematics Around the Clock; Probability: The 
Science of Chance (Chicago: Rand McNally, 
1970). 

Barson, Alan, Geosquare Activity Cards (Fort 
Collins, Col.: Scott Resources, 1971). 


Bates, John, Donald Irwin, and Garry Hamil- 


ton. Developmental Math Cards (Don Mills, 
Ontario, Addison-Wesley, 1973). 

Bennett, Jr., Albert, and Patricia Davidson, 
Fraction Bars (Fort Collins, Col.: Scott Re- 
sources, 1973). 

Boyle, Pat, Graph Gallery (Palo Alto, Calif.: 
Creative Publications, 1971). 

Buckeye, Donald, Experiments and Puzzles in 
Logic (Troy, Mich.: Midwest Publications, 
1970). 

, Experiments in Probability and Sta- 
tistics (Troy, Mich.: Midwest Publications, 
1970). 

Cohen, Donald, Inquiry in Mathematics via the 
Geo-board; Walker Geo-cards (New York: 
Walker, 1967). 

Creative Teaching Associates, Fractional 
Numbers (Palo Alto, Calif.: Creative Publi- 
cations, 1971). 





Davidson, Patricia, Grace Galton, and Arlene 
Fair, Chip Trading Activities (Fort Collins, 
Col.: Scott Resources, 1972). 

Davis, Robert, Madison Project: Discovery in 
Mathematics; Explorations in Mathematics 
— A Text for Teachers and Student Discus- 
sion Guide (Menlo Park, Calif.: Addison- 
Wesley, 1964). 


Del Grande, John, Geoboards and Motion 
Geometry (Toronto: Gage Educational 
Publishing Ltd., 1973). 

Elementary Science Study: Attribute Games 
and Problems; Mapping; Mirror Cards; Pat- 
tern Blocks; Peas and Particles; Pendulums; 
Senior Balancing; Tangrams (St. Louis: 
Webster, McGraw-Hill, 1968-1971). 

Ewbank, William, Math Experiments With the 
Geo Strips (Troy, Mich.: Midwest Publica- 
tions, 1972). 


Freedman, Miriam, and Teri Perl, A Source- 
book for Substitutes and Other Teachers 
(Menlo Park, Calif.: Addison-Wesley, 
1974). 

Gillespie, Norman, Mira Activities for Junior 
High School Geometry (Palo Alto, Calif.: 
Creative Publications, 1973). 

Ginther, John, Math Experiments with Pento- 
minoes (Troy, Mich.: Midwest Publications, 
1972). 

Greenes, Carole, Robert Willcutt, and Mark 
Spikell, Problem Solving in the Mathemat- 
ics Laboratory (Boston: Prindle, Weber & 
Schmidt, 1972). 

Henderson, George, and Lowell Glunn, Let’s 
Play Games in Metrics (Skokie, Ill; Na- 
tional Textbook Co., 1974). 

Henderson, George, and William Miller, Let’s 
Play Games in Mathematics, Volume 7 (Sko- 
kie, Ill.: National Textbook Co., 1972). 

Mold, Josephine, and David Fielker, Top- 
ics from Mathematics: Circles; Computers; 
Cubes; Number Lines; Rolling; Solid Moa- 
els; Statistics; Tessellations; Towards Prob- 
ability; Triangles (New York: Cambridge 
University Press, 1967-1971; available from 
Cuisenaire Company, New _ Rochelle, 
New York). 

National Council of Teachers of Mathematics, 
Experiences in Mathematical Ideas, Volume 
2 (Washington D.C.: National Council of 
Teachers of Mathematics, 1971). 

Nuffield Mathematics Project: Angles, 
Courses and Bearings; Computation and 
Structure 4 and 5; Computers and Young 
Children; Decimals; Logic; Number Pat- 
terns; Probability and Statistics; Problems — 
Red Set; Speed and Gradient; Symmetry 
New York: John Wiley, 1969-1973). 

Pearcy, J. F. F., and K. Lewis, Experiments in 
Mathematics, Stages 1, 2, and 3 (Boston: 
Houghton Mifflin, 1966). 

Perl, Teri, Relationshapes Activity Cards (New 
Rochelle, New York: Cuisenaire Co., 1974). 

Seymour, Dale, et al., Aftermath 2 and 3 (Palo 
Alto, Calif.: Creative Publications, 1971). 

Swartz, Clifford, Measure and Find Out, Books — 
2 and 3 (Glenview, Ill.: Scott, Foresman | 
and Company, 1969). 
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Thomason, Mary, Modern Math Games, Activ- 
ities and Puzzles (Belmont, Calif.: Fearon 
Publishers, 1970). 

Trivett, John, Geoboard Activity Card Kit 
(New Rochelle, New York: Cuisenaire Co., 
1971). 

Walter, Marion, Boxes, Squares and Other 
Things (Washington, D.C.: National Council 
of Teachers of Mathematics, 1970). 


Suppliers of Resources for Active Learning 

Addison-Wesley (Canada) Ltd., Don Mills, 
Ontario. 

Childcraft Education Corp., Chicago. 

Creative Publications, Palo Alto, California. 

Cuisenaire Company of America, Inc., New 
Rochelle, New York. 


Edmund Scientific Co., Barrington, New 
Jersey. 

Educational Supply Co., Toronto. 

Educational Teaching Aids, Chicago. 

J. L. Hammett Co., Braintree, Mass. 

Herder and Herder, Inc., New York (Avail- 
able from Methuen Publications of Canada 
Ltd., Agincourt, Ontario). 

Holt, Rinehart and Winston of Canada Ltd., 
Toronto. 

LaPine Scientific Co., Chicago. 

The Macmillan Co., New York (Available 
from Collier-Macmillan Canada Ltd., Don 
Mills, Ontario. 

Math Media Inc., Danbury, Conn. 

Metric Aids Ltd., Toronto. 

Milton Bradley, Springfield, Mass. 


Moyer-Vico Ltd., Weston, Ontario. 

Responsive Environments Corp., Englewood 
Cliffs, New Jersey. 

Sargent-Welch Scientific Co. of Canada Ltd., 
Weston, Ontario. 

Scholar’s Choice, Stratford, Ontario. 

Selective Educational Equipment, Newton, 
Mass. 

Sigma Division, Scott Scientific Inc., Fort 
Collins, Colorado. 

TUF, Rowayton, Connecticut. 

Walker Educational Book Corp., New York 
(Available from Fitzhenry & Whiteside Ltd., 
Don Mills, Ontario). 

Webster Division, McGraw-Hill Ryerson Ltd., 
Scarborough, Ontario. 

World Wide Games, Delaware, Ohio. 
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UNIT A: THE ARITHMETIC 
OF WHOLE NUMBERS 


Module 1: Numbers and Numerals 


General Objectives 

To review the ideas of sets, union of sets, and intersection of sets. 

To review the decimal numeration system, strengthen place value con- 
cepts, and work with larger numbers. 

To provide experience with powers of ten and scientific notation. 


To review rounding whole numbers. 

To work with inequalities. 

To provide experiences working with a numeration system other than base 
ten, in particular base eight. 





Reteach-Reinforce 


Related Activities 
WB 2 


WB 3 
DM 2 


WB 5 
DM 4 


WB 6 SP a-1 
DM 5 


WB | SP b-1, 2 SWM 1 70 
DM | SWM 2 172, 173 


WB 4 ASC AP-3, 4 


SWM 1 52, 53 


Performance Objectives Pupil Text 

1 RED Given a numeral of twelve digits or less, the student can give A-6, 7 
the place value of any given digit. 

2 RED The student can demonstrate the ability to use exponents in A-8, 9 
writing powers of ten. 

3 RED Given a numeral of eight digits or less, the student can round Pel, ils 
the numeral to a specified place. 

4 RED Given two whole numbers a and b, the student can tell Neil4!, 15 
whether a <b, a=b, ora > b. 

5 YELLOW Given a pair of sets, the student can determine the ele- A-2, 3 
ments of the union or intersection of the sets. A-4, 5 

6 YELLOW Given a large number, the student can express it in AST Oana 
scientific notation, and vice versa. 
GREEN Given a base-eight numeral of four digits or less, the stu- A-18,19 
dent can give the equivalent base-ten numeral. 
GREEN Given addition, subtraction, multiplication, or division A-20, 21 
problems using the base-eight numeration system, the student can Aelos 
find the solutions. 
GREEN Givena Roman numeral, the student can write an equiva- KDARS 
lent decimal numeral. 
Reviewing the Ideas A-26 


DM 3 
WB 7 


WB 8, 9 
DM 7, 8 


WB 10 





SP a-3 


SWM 2 22, 23, 
246 


SWM 1 69 


MATHEMATICS 
The concept of a set is considered by many 


mathematicians to be one of the great unifying 
ideas of modern mathematics, for it perme- 
ates much of the mathematics from kinder- 
garten through the most advanced branches of 
mathematics. 

In a formal study of set theory, the word set 
is usually taken as an undefined term. There- 


A-1TA 


fore, only intuitive descriptions are given in 
such treatments. A set is sometimes described 
as any group or collection of objects which is 
considered as a single entity. The objects in a 
set are called the elements or members of the 
set. Other synonyms for the word set are 
“class” or “aggregate.” 

Two ways of specifying set membership are 
often given: 


(1) A verbal description of the set 

(2) A listing of the elements of the set 
Both methods have their advantages and uses. 
Thus the verbal description 

“The-set of all whole numbers greater than 5 

but less than 9” | 
can be greatly simplified by listing the elements:| 
{6, 7,8}. However, to attempt to list the ele- 
ments of a set such as “the set of whole num- 








bers less than 1000” would be both tedious and 
undesirable. In this case, the verbal description 
of the set is much simpler. 

Sets X and Y are equal if the elements of 
the two sets are identical. For example, if 
A = {0, 1, 2, 3, 4} and Bis the set of whole num- 
bers less than 5, then A = B because the ele- 
ments of each set are identical. 

Union and intersection can be thought of as 
ways of combining two sets to give another set. 
Thus, union and intersection are operations on 
pairs of sets. An element is in the union of two 
sets if it is in at least one of the two sets. An 
element is in the intersection of two sets if it is 
in both sets. 

Venn diagrams are useful teaching devices to 
help students distinguish between the union of 
two Sets and the intersection of two sets. The 
figures below illustrate how Venn diagrams 
may be used. 


Co 


A U B={1,2,3,4,5, 6,7} 
AN B={3,4} 


Venn diagrams may also be shaded to illustrate 
union and intersection. 





CO Dis shaded Ses . 


The operation of addition on the whole num- 
bers is closely related to operation of union of 
two sets. Thus, if A and B are two sets which 
| have no common element (A M B=) and if 
n(A) = x (the number of elements in set A is x) 
| and n(B) = y, thenn(A U B)=x-+y. 


TEACHING THE MODULE 


Materials 
Geoboards, dot paper or graph paper; index 
cards; pencils or sets of sticks (for numeration 
work); clock or stopwatch; newspapers and 
magazines. 


Vocabulary 

abacus numeral 

base numeration system 
decimal system One-to-one 

digit correspondence 
element period 

empty set place value 

equal sets power 

equivalent sets Roman numerals 
expanded notation Rounding 


exponent scientific notation 
greater than set 

intersection subset 

less than union 

number 


Module | provides a vital foundation for the 
overall development of the text, since a clear 
understanding of place-value concepts is essen- 
tial both for algorithmic work in computing with 
whole numbers and for development of decimal 
notation in work with rational numbers. Module 
1 also provides introductory work with such 
basic concepts as inequalities and exponents — 
topics that will appear throughout the text. The 
introduction of other systems of numeration is 
not necessary as background material for later 
work in the text; however, the introduction may 
provide insight into the decimal system and 
capture the interest of many students. 


Lesson Schedule 

The background of your students and the 
amount of material covered will be the main 
determinants of how much time you should 
allow for this module, but generally, 8 to 10 
days should provide adequate coverage. 


Evaluation 

In evaluating student progress, keep in mind 
that mastery in computation with base-eight 
numerals is not a basic goal of the module. The 


module review problems should help you de- 
cide whether any reteaching is needed. The 
self-evaluation test (Test Yourself) will aid the 
students as well as you in assessing their under- 
standing of the main concepts of the module. In 
addition, you may wish to administer the 
Module Achievement Test, which is available 
from the publisher as part of the Evaluation 
Program designed for this series. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Chip Trading Activities, Sets IV & V, Scott 
Resources 

Computers, Cuisenaire Co. 

ESS: Peas and Particles, Webster, McGraw- 
Hill 

Experiments in Mathematics, Stage 2, pp. 22- 
23, 48-51, Houghton Mifflin 

Let's Play Games in Mathematics, Vol. 7, 
“Expand a Number,” pp. 88-89, National 
Textbook Co. 

Mathematics Around the Clock, pp. 18-37, 
Rand McNally 

Nuffield Project: Computers; Problems—Red 
Set, No. 1, Wiley 

Sourcebook for Substitutes (Nim-type games), 
pp. 87-89, Addison-Wesley 


Manipulative Devices 

Abacuses—a variety (Creative Publications; 
Selective Educational Equipment) 

Base Ten Blocks (Addison-Wesley) 

Binary Counter (Creative Publications; Sar- 
gent-Welch) 

Chip Trading materials (Creative Publications; 
Scott Resources) 

Geoboards (Addison-Wesley) 

Multi-base and binary materials (Educational 
Teaching Aids; Selective Educational 
Equipment) 

Multi-base Blocks (Educational Teaching Aids) 

Multi-base Converter (Educational Teaching 
Aids) 


Games and Puzzles 

Inter-union Logic Game (Sigma) 

On-Sets (WffN Proof) 

Operational Systems Games (Webster, Mc- 
Graw- Hill) 
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MODULE 1: Numbers and Numerals 
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UNIT A: The Arithmetic of Whole Numbers 





OBJECTIVES: ; 
After completing this module, you should be able to: 
i: 


Find the elements in the intersection or union 
of two sets. 

Give the place value of each digit in a numeral. 
Use exponents to write powers of ten. 

Express large numbers in scientific notation. 
Round any whole number to the nearest 10, 
100, 1000, and so on. 

State which of two whole numbers is the larger 
and to use the symbols < and > correctly when 
writing an inequality about the numbers. 

Solve addition, subtraction, multiplication, and 
division problems using base-eight numerals. 
Write a decimal numeral for a Roman numeral 
and write a Roman numeral for a decimal 
numeral. 


Objective 


Given a set, the student can list subsets of 


the set, identify the empty set, and show a 


one-to-one correspondence between pairs of 


equivalent sets. 


PREPARATION 

No special preparation is needed before the 
students begin the lesson. If you wish, however, 
you might review some ideas and terminology 
of sets, to determine how much experience your 
students have had with the topic. 


INVESTIGATION 

The investigation provides a challenging con- 
text in which to introduce the idea of a subset 
of a given set. Few of your students are likely 
to find all of the subsets of the set of 5 prob- 
lems. When sufficient time has been devoted to 
the Investigation, have your students list on 
the chalkboard the different sets of problems 
that could have been completed. If the students’ 
results are combined, it is likely that all 32 
subsets will be found. 

Mathematically, if a set S contains n ele- 
ments, then there are 2” subsets of S. Since 
the set in the Investigation has 5 elements, it 
has 2°, or 32 subsets. During the Investigation, 
allow the students to express their subsets in 
any convenient manner. The standard notation 
used for sets can be introduced during the 
Discussion. 


DISCUSSION 

Exercise | introduces the standard notation 
of braces to denote sets. Many students will 
be familiar with this notation from their pre- 
vious work in mathematics. Exercise 2 intro- 
duces the empty set. The use of the definite 
article the in the term the empty set indicates 
that there is only one empty set, the set con- 
taining no elements. The empty set is a subset 
of every set. 

In response to Exercise 4, encourage stu- 
| dents to suggest such one-to-one matchings as 
, the fingers of one hand to those of the other, 
} the set of occupied desks to the set of seated 
, Students, or the set of textbooks to the set of 
. Students, and so forth. 
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Sets 


Investigating the Ideas 


When Ms Franklin's class eee ce 


turned in their homework 
papers, she found that no 
two students had completed 
exactly the same set of 
homework problems. 


ds a San 


Pucetlirrdre 12,3, % ard § 


on 7rage 7§ 


Lo ae Ce 








List the different sets of 
problems that the students 
might have completed. 


Can you determine the largest possible 


number of students that could be in 
Ms Franklin’s class? 








Discussing the Ideas 


1. Mary completed all five of the homework problems. The set 
of numbers designating these problems could be written in 
set notation as {1, 2,3, 4,5}. 

Lisa completed only problems 1 and 3. Use set notation 
to show which problems she completed. 





2. Bill did not complete any of the problems. The set of 
problems that he completed is the empty set. This set 
is denoted by { } or d. The set of men who have walked 
on the sun is the empty set. 
A ls the set of men who have walked on the moon the 
empty set? 
B Give an example of the empty set. 


3 hesets es Ieee 2 oa 5: een eee 
and many others are subsets of the set {1, 2, 3, 4, 5}. 
However, the set {1, 3,6} is not a subset of {1, 2,3, 4, 5}. 
How can you decide when one set is a subset of another set? 


4. The double-headed arrows show a one-to-one correspondence 


between set AR and set S. Each element of either set is a= 12h 
matched with exactly one element of the other set. R and S ( 
are equivalent sets. That is, each one contains the same S = {1, 


Na oO 


number of elements as the other. 
Give another example of equivalent sets. 


ney 


Wma oOo 





Using the ideas 


. List all the subsets of the set of letters {d, e, f}. 
Do not forget to list the set itself and the empty set. 


. Use set notation to show the elements of each set described 
below. 

A The set of whole numbers greater than zero and less 
than eight. 

The set of whole numbers between 4998 and 5004. 

The set of the last seven letters of the alphabet. 

The set of months whose names begin with the letter M. 
The set of whole numbers that are divisors of 12. 


moo BD 


. For each set described below, indicate whether or not it is 
the empty set. If it is not empty, list the elements in the set. 


A The set of students in your mathematics class who are 
less than six years old. 


B The set of months of the year which have less than 30 days. 
c The set of days of the week that begin with the letter C. 
pb The set of odd numbers that are exactly divisible by 2. 


. Suppose set X contains 23 elements and there is a one-to-one 
correspondence between set X and another set Y. 

A How many elements must set Y contain? 

B Is set X equivalent to set Y? 


. Set R= {a,b,c} contains exactly the same elements as 
set 7 = {b, c, a} except that the order in which they 

are listed is different. We say that set R equals set T 

and we write R = T7. 

Suppose set A consists of the letters in the word triangle 
and set B consists of the letters in the word altering 


A Is there a one-to-one correspondence between sets A and B? 
B Is A= 8B? 
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How many different words can you find in the word ARITHMETIC 
if the letters in the words occur in the same order as in ARITHMETIC? 
EXAMPLE: ART is in ARITHMETIC but TAR is not. 











UTILIZATION 

Before assigning the exercises, you may wish 
to discuss further the idea of equivalent sets 
and emphasize the distinction between equality 
of sets and equivalence of sets (see Exercises 
4 and 5). For example set A of whole numbers 
which are greater than zero and less than 4 is 
equal to set B where B is the set of numbers 
consisting of 1, 2, and 3, and we denote this 
by A = 8B. Equivalent sets, on the other hand, 
have the same number of elements and can be 
placed in one-to-one correspondence, but the 
elements in a pair of equivalent sets need not 
be identical. 


EXTENSION 

Enrichment: Have your students determine the 
number of different one-to-one correspon- 
dences that can be established between two 
sets with the same number of elements. For 
example, WX = id.0,e) sand Y — 1.2.03). 
there are six One-to-one correspondences that 
can be established between X and Y: 


H@ Ch, (5b eh, Aanlo,e} 
avis vba dite 
tel oes eels Saedsteuinl 2s dines 
fa, bc}, 4abrene tar bie} 


b 
Lod ee! Lio 
(oeoa lhe ey Sel. 2 ee Onn 
In general, if two sets each have n elements, 
there are 

IL oe Buoe Shr 2 = IN) o farore a7 
one-to-one correspondences that can be made 
between them. 


Investigation Answers 
1 fe es gc ea il ag ee Al i 


Dec eS addi Ge eV alle eV ae 

Ci sacniny Ue BAR hind ai eae a 

ts 25745 5} LT aco ey lt 

fq maesine lm oma rpm rosa yaa 

place ch Ue PhiHsS ead Pie TES: 

tilee2ers t {2.4.07 4255s) (OF 

ey $3 acai 18a werd 

Assignments | 


Minimum 1-3. Average 1-4. Maximum 1-S. | 
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Objective Union and Intersection of Sets 


Given the elements in two sets, the student 
can find the intersection and the union of 


Investigating the Ideas 
the sets. 


Think of the colored ring as containing the elements of set A 


Haan ttae ef and the black ring as containing the elements of set B. 


Although union and intersection of sets are 
introduced in the Investigation, you may pre- 
fer to introduce the two concepts as a pre-book 
activity. If you do so, also include an example 
in which the intersection of two sets is the 


The union of sets A and B is the set containing A B 
the elements in A or in B, or in both A and B. 
We write: A U B= {1, 2,3, 4, 5, 6, 7, 8, 9}. 


empty set. : ; 

The intersection of sets A and B is the set 
INVESTIGATION containing the elements in both A and B. 
Have the students read the Investigation care- We write: A ™ B= {3, 4, 6}. 


fully. For the sets shown, the sum of the 
numbers in set 4 is 29, the sum of the num- 
bers in set B is 29, and the sum of the numbers 
in A 1 B is 13. Students will be able to find 
several different solutions for the Investigation 
problem but one is sufficient. Here are four 
possibilities in which the sum in each set is 








Can you place the numbers 1 through 9 into two sets like A and B 
so that the sum of the numbers in one set is the same as the sum 
of the numbers in the other set and the sum of the numbers in 
the intersection is 15? 











30 and the sum in the intersection is 15. Discussing the Ideas 
1LA={1,3,.4,5, 89), B=, 2, 5,6, 7, 9%, 
AONB An 15 9 1. Refer to sets A and B above to answer the following questions: 
ai $ ite anor B= {2,3,4,5,7,9}, A What number in A B is an odd number? 
2 = 13.5.6, 7,94 = 11. 2434445, 7.8). B What is the largest number in set B? 
A” B= {3,5,7} c¢ What is the number in set A that is not in set B 
2 ER ae a EN eR: PT SS and is less than 4? 
Wik = 11-4, 5,6) mi s 


2. Refer to the sets at the right. 


DISCUSSION Ol A What elements are in W U X? 

A common error made by students in listing : 

the elements in the union of two sets is to list B What elements are in W 1 X? 

more than once an element which is in the inter- 

section of the two sets. Therefore, when dis- Snel Cao 152.3, 4 and e114, OAGa Cie 

cussing Exercise 3, it would be helpful to have what are the elements in the following sets? 

the students represent the sets C and D by AmGawn B.G @. Db 

means of a Venn diagram, as in the Investiga- 

tion and Exercise 2. Exercise 5 illustrates that 4. lf R= {m,n,o0} and S = {x,y,z}, you can see that 

ae 4 ie a subset of M, M 1 N= N and sets R and S have no common elements andR 1 S=4¢. 


What elements are in R U S? 


5. Let M= {1, 2,3, 4} and N = {2, 3, 4}. 
A What is M U N? What do you notice? 
B What is M ™ N? What do you notice? 








* 6. 


* 7. 


Using the Ideas 


. Let A= {a,c,d,e}, B= {b,c, d, e}, C= {e, f}, and D = {b, f, g}. 


List the elements in each of the following sets. 
AAUB c AUD EDB GAUC Wt Cnt eg 
BBUC dpDANB FCMD HANC UT pital Ball Nw 


. Let R= {0,1, 2,3, 4,5}, S= {0, 2,4}, and T= {1, 3, 5}. 


Which statements are true and which are false? 
iN [8 Wh Sar @ SU) IR Ene Cn k—sieG she @\ nr 
BR‘ S=R dp7TOS=¢ F.o(il=]=R Hu Si T=T 


. A lf A and B are any sets, is A U B the same as B U A? 


BISA Bthe same as B Q A? 


. If M= {1, 2,3, 4,5}, what set is 


A MUM? BM M? c MU ¢? od MN ¢$? 


. LetA= {1, 2,3}, B= {2,3, 4, 5}, and C = {3, 4, 5, 6}. 


Find the elements in each of the following sets. 

Consider the sets in the parentheses first. 

A (AUB) UC dp (A MB) UC G (AN B)U (ANC) 
B (AT By rec EAU (BNC) HAN (BNC) 
CeAut (Bb UC) FAU (BUC) 1 (AU B)N (AU C) 


Which parts of Exercise 5 are sets which have the same elements? 


Suppose set A contains 5 elements and set B contains 4 elements. 
A What is the greatest possible number of elements in A U B? 
B What is the fewest possible number of elements in A U B? 
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| % ' 


_ 1. If you know that none of the boys wear glasses, 


In a set of 24 students, 12 of them wear glasses. 






what is the greatest number of boys possible in the set? 


2. If there are 9 boys in the set, what is the fewest possible number of 
girls who wear glasses? What is the greatest possible number? 


3. Now suppose there are 2 boys for every girl and no girl wears glasses. 
How many boys do not wear glasses? 











More practice, page S-2, Set 1 


UTILIZATION 

After completing the Discussion, you may 
want to give examples of combining three or 
more sets like those given in Exercise 5, and 
discuss the use of parentheses when combining 
three or more sets. Then assign the exercises. 

You may want to point Out to your students 
that the operations of both union and inter- 
section are associative and commutative. (It 
would be better, though, for the students them- 
selves to discover these ideas.) 

Exercise 5 illustrates two varieties of a dis- 
tributive principle. Thus, if X, Y, and Z are 
sets, 

Ae IOS (Oy AOS OA al e124) 
and 

Ae TN Oe COA SOe eV Ol (Oe (es) s 
However, the purpose of this lesson is not to 
teach theoretical set theory but simply to pro- 
vide students with a working knowledge of the 
ideas of union and intersection. It is better to 
give the lesson a light touch than to overteach it. 


EXTENSION 

To provide further practice, make selective as- 
signments from Supplementary Exercise Set | 
on page S-2, Workbook page 1, and Duplicator 
Masters page |. 


Think Solution 

1. Since 12 students wear glasses, 12 must not 
wear glasses. Thus, if none of the boys wear 
glasses, there can be at most 12 boys in 
the set. 

. If there are 9 boys, then there are 15 girls. 
If we assume that all 9 boys wear glasses, 
then 3 girls must wear glasses. As fewer 
boys wear glasses, more girls must wear 
them, up to the maximum of 12 girls. 

3. If there are 2 boys for every | girl, then 
there are 16 boys and 8 girls. Since none of 
the girls wear glasses, 12 of the boys must, 
thus leaving 4 boys who do not wear them. 


N 


Assignments. 
Minimum 1-2. Average 1-4. Maximum 1-7. 


Objective 
Given a numeral in the decimal system, the 


student can give the place-value meaning of 


each digit in the numeral and represent the 
number using expanded notation. 


PREPARATION 
Materials: Clock or stopwatch. 

The day before this lesson is to be presented, 
ask the students to bring in newspaper or maga- 
zine clippings of statistical articles which use 
large numbers (for example, any article about 
the space program which discusses great dis- 
tances). Have the students present these large 
numbers and explain to the class how they are 
used in conjunction with Discussion Exercise 4. 


INVESTIGATION 

The purpose of the Investigation is to provide 
a concrete experience with large numbers. 
Pairs of students can work together and time 
each other in making 100 dots. This activity 
may take about | minute for students who work 
rapidly. Working at such a rate, it would take 
them about 10 minutes to make 1000 dots. To 
make | 000 000 dots they would have to work 
about 1000 times as long as for 1000 dots, or 
about 10 000 minutes. This is nearly 167 hours. 
Thus, one person would need to work 8 hours 
a day for nearly 22 days in order to mark one 
million dots. 


DISCUSSION 

The amount of time spent on the Discussion 
should be adjusted to the students’ understand- 
ing of place-value concepts. Since place value 
plays a vital role in decimal concepts, this 
material is also important as preparation for 
the later development involving decimal nota- 
tion. Exercise 2 reviews the meaning of place 
value, and Exercise 3 introduces expanded 
notation. Exercise 4 reviews the period names 
through the billions. Students will need to 
understand these ideas before undertaking the 
exercises on the following page. 

If some students have difficulty reading larger 
numerals, devote more time to this activity, us- 
ing examples from the newspaper and maga- 
zine articles as suggested in the Preparation. 
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The Decimal Numeration System 


Investigating the Ideas 


Mark one hundred dots on a piece of 
paper so that they are easy to count. 
Time yourself to see how long it 
takes you to mark all of the dots. 











How long do you think it would take you to mark a thousand dots if 
you worked at the same rate? Could you ever mark a million dots? 








Discussing the Ideas 


1. How many students would be needed to combine their papers 
in order to show a thousand dots? 


2. Our numeration system is called a decimal system because 
we group by tens. The decimal system uses place value 
because each digit in a numeral, depending upon its place 
tells how many ones, tens, hundreds, and so on. 


6543 — The 3 tells how many ones. ———> (3 

6543 — The 4 tells how many tens. ————> (4 x i" 

6543 — The 5 tells how many hundreds. —> (5 Xx 100) 
6543 — The 6 tells how many thousands. — (6 x 1000) 
In the numeral 7839, give the place value of each digit. 


3. The numeral 6543 can be written as (6 x 1000) + (5 x 100) + 
expanded notation. How would you write 23 746 using expanded notation? 


4. To write numerals with several digits, we separate the digits 
into groups of three. Each group is called a period. The diagram 
shows the periods and place-value names through the billions. 


PERIOD NAMES 


PLACE-VALUE 
NAMES 


i" NUMERAL 


A What digit is in the hundred millions’ place? ten thousands’ place? 
B How would you read the numeral above? 





BILLIONS 


MILLIONS THOUSANDS 














(4 x 10) + 3 using 


Using the Ideas 


. Each sentence is about a digit in the numeral 321 896 574. 
Copy the sentences. Give the missing words and numbers. 
A 7 in the tens place means 7 x 10 
B 9inthe ? place means 9 ~ |||. 
c 3inthe ? place means 8 ~ ||lll. 


Dp 5 inthe ? place means 5 ~ |ll|. 
E 6 inthe ? place means 6 ~ ||ll|. 
F 2inthe ? place means 2 ~ |||. 


. In the example, the number is written using expanded notation. 
Use expanded notation to represent each number. 

EXAMPLE: 7423 = (7 x 1000) + (4 x 100) + (2 x 10) +3 

A 358 ey SE eS) E 458 297 G 24 364 200 

B 4562 bp 70 364 F 6 200 876 H 647 870 000 


. Each number is written using expanded notation. Give the 
usual numeral for each number. 


(9 x 100) +(7 x 10) +4 

B (8 x 1000) + (6 x 100) + (7 x 10) +5 

c (5 x 10000) + (3 x 1000) + (4 x 100) + (2 x 10) +7 
p (3 X 100 000) + (5 x 1000) + (8 x 100) + (9 x 10) +4 


> 


. The diagram shows the names of the periods through 
the sextillions. Use it to help you write the numeral mentioned 
in each of the statements below. 








LIONS | TRILLIONS | BILLIONS | MILLIONS | THOUSANDS | UNITS | 











A The speed of light is about three hundred million 
metres per second. 


B The Earth’s mass is about seven sextillion tonnes. 


c The estimated age of the sun is about one hundred forty 
quadrillion seconds. 


. An abacus is a simple computing device that uses place value. 
Write the numeral shown by each abacus. 


UTILIZATION 

Exercises 1, 2, and 3 give practice in place 
value concepts and expanded notation. Exer- 
cise 4 introduces the names of the periods 
through sextillions. Students should not be 
expected to memorize these names; rather, 
you will want them to understand the general 
scheme of writing numerals for large numbers. 
For those students interested in the names of 
the larger periods, suggest Research Project A 
on page A-27. 

Exercise 5 provides work with the abacus. 
Refer students to Research Project B on page 
A-27, and provide a classroom demonstration 
of how an abacus is used, if one is available. 


Answers, Exercise 2 
A. 358 = (3 X 100) + (S xX 10) + 8 
B. 4562 = (4 x 1000) + (S X 100) + (6 x 10) 
tae 
C. 53 729= (5 X 10 000) + (3 x 1000) + 
(TEXA100)) = (21 0)SE 9 
D. 70 364 = (7 x 10 000) + (3 x 100) + 
(6 x 10) + 4 
. 458 297 = (4 x 100 000) + (5 x 10 000) + 
(8 x 1000) + (2 x 100) + (9 x 10) +7 
F. 6 200 876 = (6 X | 000 000) + 
(2 x 100 000) + (8 x 100) + (7 x 10) +6 
G. 24 364 200 = (2 x 10 000 000) + 
(4 x 1 000 000) + (3 x 100 000) + 
(6 x 10 000) + (4 x 1000) + (2 x 100) 
H. 647 870 000 = (6 X 100 000 000) + 
(4 x 10 000 000) + (7 x 1 000 000) + 
(8 X 100 000) + (7 x 10 000) 


eo) 


EXTENSION 
Page 2 of the Workbook may be assigned for 
students who would benefit from additional 
practice with the concepts of this lesson. 
Enrichment: Some students might be inter- 
ested in preparing a display of | million dots 
after their experience with the Investigation. 
You might suggest that they type or mark as 
many dots as they can on a duplicator master. 
Then the master can be reproduced enough 
times to make one million dots. 


Assignments 
Minimum |-3. Average 1-4. Maximum I-5. 


A 


OBJECTIVES 

Given a power of ten, the student can write 
the usual numeral. 

Given a number which is a power of ten, 
the student can represent the number as a 
power of ten. 

The student can find products and quotients 
involving powers of ten. 


PREPARATION 

You may wish to review some place value 
ideas before beginning the Investigation. Ask 
students questions such as: “How many tens 
make 100?” “How many hundreds make 
1000?” “How many thousands make 10 000?” 
and so on. 


INVESTIGATION 

Many students will be able to determine quickly 
that 100 tens must be multiplied to give a 
googol as a product. Those students who are 
unable to discover this probably do not know 
the usual shortcut for multiplying by tens or 
powers of ten. Point out to the students how 
unwieldy it is to write numerals representing 
the magnitude of a googol and thus introduce 
the exponential notation for such numbers. 
Some students may wonder what is the place- 
value name for a googol. Of course, it is not 
really practical to use a place-value name for 
such a large number, but since the name of the 
22nd period is vigintillion you could name a 
googol as ten undecillion vigintillions. 


DISCUSSION 

In Exercise 1, it is important for students to 
understand that the number of factors of ten 
for numbers such as 100, 1000,. 10 000, and 
so on can be determined by simply counting 
the number of times the digit 0 occurs in the 
numeral. 

Exercise 2 introduces exponential notation 
and the use of a centered dot for multiplication. 
You will want to give additional examples and 
practice in reading powers of ten. 








. When the same number is used as factor 


Powers of Ten 


Investigating the Ideas 





—— 


You know that 10 x 10 = 100, 
TOW WEOLX 10: = 41000; 


MMoliwalelaalel-1anl-mer-Uil-temr- We [elele(o) 

10 000 000 000 000 000 000 000 000 000 
ofofe me lele mele lee elelemelere mele lem elelemeyleleneyele) 
ofelo ne lelomele lem ofelenelelemelelemelelemelelemelele) 
ofelemelelemelelemoleleneleremeleleR 


and 10 x 10 x 10 x 10 = 10 000. 
oye) are landal=malelant=1ecl 
han dal mare lala 














Can you find how many tens would have to be 
multiplied together in order to make a googol? 








Discussing the Ideas 


1. How many times does the digit 0 appear in the numeral 


for a googol? How can you use this fact to help you 
answer the Investigation question? 


10°= 10-10-10 
10°is the third power of ten. — 
10 °is read “10 cubed”’ or 


several times, you can use exponents to 
simplify the writing of a numeral. 
(NOTE: The middle dot “-” 
indicates multiplication.) 
The first power of ten, 10‘, 
is usually written as 10. 
10? is read as ‘10 squared” or 
‘ten to the second power.”’ 


“ten to the third power.” 
10 is called the base. 
3 is called the exponent. 





Give the missing words and numbers. 


A 10*means 10 used as a factor ? times > 104=10-10-10- 10= lll. 
B 105 means 10 used as a factor ? times > 105=10-10-10-10-10='lll|. 
c 10° means 10 used as a factor ? times — 10°=10-10-10-10-10-10='lj. 


. Read and complete each statement. 


A One hundred is ten to the ? power. 
B One thousand is ten to the ? power. 
c Ten thousand is ten to the ? power. 
bd A googol is ten to the ? power. 





Using the Ideas 


1. Write each of the following by using 10 with an exponent. 


A) Oar) Oa ,0 
Bra CarlO er 1010 -1:0.9.1.0)5,10 
CO er 0510 21010: -.10)- 10-10 


. Give the correct number of zeros for each blank. 

A To write 10°, we can write a1 followed by ? zeros. 
B To write 10°, we can write a 1 followed by ? zeros. 
c To write 10'’, we can write a1 followed by ? zeros. 
Db To write 10'°°, we can write a1 followed by 7 zeros. 


. Write each of the following using 10 with an exponent. 
A 100 B 1000 e¢ 10000 pb 100 000 E 1000 000 
F Light can travel about 10 000 000 000 000 kilometres per year. 


G Some rocks from the moon are more than 100 000 000 000 000 000 
seconds old. 


H The approximate mass of Uranus is 100 000 000 000 000 000 000 000 
tonnes. 


. Give the number for each |l|ll. 
aA 10?=|lll c 10*= lll 
B 10°=|ll p 105= |llj 


e 10°=llll 
F 107=lll 


G 10°=|[| 1 10% =\il 
H 10°=|I| 4 107= [lll 


. For each part, give the product P. Then give the missing power of ten for each |j. 


A 10 -100= P B 100:-100= P c 1000 -100= P 


On { ay oe Ge | vis) Ot? 

LO OF ail 10? - 10? = Ill 10% - 10? = jl 
. Find the products. 
A 10%+10! G02 02 EB) 19 110° G 87% 10% bss 0d Oe 
BY 1078102 Dy 10° 10° F 42-10% H 68 - 10° JO47 ATOR * 


. For each part, give the quotient Q. Then give the missing power of ten for each |||. 


A 100+ 10=Q B 10000=+ 10=Q c 100000+100=Q 


’ ere { en! I Ue deel 
102 + 10'= |i 104 + 10'= |i 105 + 102='ll 
. Observe that 10'- 10'= 10'*'= 10? and 10? - 10%= 102*3= 10°. 
Therefore, 102 - 10°= 102*°= 102. According to the example, 


does the number 10°represent 1, 10, or 0? 


More practice, page S-2, Set 2 


UTILIZATION 
You may find it desirable to divide the exercise 
set into two parts. Exercises 1, 2, 3, 4 are exer- 
cises which are designed to strengthen the stu- 
dents’ understanding and skill in use of powers 
of ten. Exercises 5, 6, and 7 introduce multi- 
plication and division with powers of ten. Some 
students may discover the index laws for multi- 
plication and division in these exercises. 
10¢- 10° = 107*8 and 
10S 10? 10te al )6 

Others may need additional practice with 
powers of ten before discovering these laws. 

Exercise 8 deserves special emphasis be- 
cause it introduces 10°. If the index laws for 
multiplication and division are to be preserved, 
it is necessary to define 10° as equal to 1. In 
general, for any base b # 0, b® = 1. If you wish 
to give additional arguments that 10° = I, you 
might use a division example such as this: 


4 
in So 10° 


103 
But 10! ale tnenerorenlO —ale 


EXTENSION 
Additional practice is provided by Supplemen- 
ary Exercise Set 2, page S-2; page 3 of 
the Workbook; and page 2 of the Duplicator 
Masters. 

Enrichment: Ask students to build a table of 


powers of 3. 


Write multiplication and division equations | 
using the numbers in the table, and then have | 
students write the corresponding equation — 
using powers of 3. Examples: | 
127-81 =2187 26561 = 243 = 27 










{ Y q Y , Of 
33..34= 37 38 = 35 = 33 | 
Assignments 


Minimum 1, 2, 4, 8. Average I-S, 8. 
Maximum 1-8. 
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Objective Scientific Notation 


The student can represent appropriate num- 


bers in scientific notation. Investigating the Ideas 


PREPARATION 

Before students begin the Investigation, briefly 

review powers of ten, especially the fact that Study sets 

10° = 1. You might also have a student pre- A and B. A= ({1,2,3,4,5,6,7, 8, 9} 

pare a chalkboard display showing the standard B= {10°, 101, 102, 103, 104, 108, 108 107, 108, 102, 1079} 


numerals for powers of 10 through 10°. 





INVESTIGATION 

Students should be able to complete this In- 
vestigation quite rapidly. Observe that when 
the students write each number as a product 
of two numbers, one from set A and one from 
set B, they are expressing the number in 
scientific notation. (However, the term scien- 
tific notation is not introduced until the Dis- 
cussion stage.) You may wish to give other 2. 9 000 000 4. 70 000 6. 6 
numbers like those in the Investigation before 

proceeding to the Discussion. 


Can you express each of the numbers below as a product of two numbers 
such that one number is from set A and the other is from set B? 








1. 6000 3. 200 000 5. 30 000 000 000 


Discussing the Ideas 








DISCUSSION Larry. 610° = 6000 
Some students may have found it difficult to 1. Larry and Carol did not agree 

represent 8 as the product of a whole number on the way to represent 6000. s ; 3 

and a power of 10, so a further review of 10° Who do you think is correct? 1 Og Se ae 
may be necessary when discussing Exercise 2. How can you tell? 

The term scientific notation is defined in Exer- 

cise 3. While scientific notation may not be 2. Jerry did not think that it was possible to represent 8 


particularly easy for slower students, they 


should at least be exposed to the ideas involved. using One number from set A and the other from set B. 


' Later, the work with scientific notation will So Max tried to help him by writing 8 - ||| — 8. 
be expanded to include the use of negative What power of ten from set B is correct for the ||||| ? 
exponents to represent very small numbers. 
Therefore, you will want to take extra care at 3. A number is represented in scientific notation when it 
this time to see that most of your students is written as a number from 1 through 9 times a 
understand the use of scientific notation to power of ten. 
represent large numbers. EXAMPLES: 300, = 3.4100 ee mal 


700 000 = 7 - 100 000 =7 - 10° 
1000 =1-1000 =1- 10? 


How would you express these numbers in scientific notation? 
A 9000 B 80 ce 2000 000 bd 300 000 


4. What number does each of these represent? 
A’ 6 10* SB 21103 crags 0g p 4-10° 


A-10 


Using the Ideas 


1. Express the number in each statement in scientific notation. 

A A jet airliner can travel 900 kilometres (km) per hour (km/h). 
A large telescope lens has a 500-centimetre (cm) diameter. 
A large elephant weighs about 4000 kilograms (kg). 
An artificial satellite travels 32 000 km/h. 
A whale weighs about 90 000 kilograms. 
The diameter of the Earth is over 10 000 000 metres (m). 
The radius of the sun is about 700 000 000 metres. 
Light travels at about 30 000 000 000 cm/s. 
The sun's mass is about 8 000 000 000 000 000 000 000 000 000 000 kg. 





zronmoo9o is 


2. Each number below is represented in scientific notation. 
Write a usual numeral for each of them. 


A 6-104 bp 7-105 G 2-105 J 8-109 
B 3-107 e 1-108 H 9-102 k 6-10 
Ch 410! MiTFEG < 10° 5103 L 3-102 


3. Use scientific notation to represent each number name. 


A three million D five quadrillion G nine quintillion 
B Six trillion E two sextillion H Six quadrillion 
c fifty F four billion 1 two hundred million 








Saline 


1. Check your pulse rate to find how many 
times your heart beats in one minute. 


2. Estimate the answer to each question below. @ 
Then calculate the answer and compare 4 
it with your estimate. 

A If your heartbeat rate remains the 
same, how many days (to the nearest 
day) will it take for your heart to beat 
one million times? 

B How many years (to the nearest year) 
will it take for your heart to beat 
one billion times? 














More practice, page S-3, Set 3 


UTILIZATION 

The exercises give the student practice in ex- 
pressing numbers in scientific notation and 
in finding the usual numeral for a number given 
in scientific notation. 


Answers, Exercise 2 


A. 60 000 G. 2 000 000 

B. 30 000 000 H. 900 

C. 40000 000 000 I. 5000 

D. 700 000 J. 8000 000 000 

E. 100 000 000 K. 6 000 000 000 000 000 

F. 6 L. 300 000 000 000 000 
000 000 000 

EXTENSION 


For more practice, suggest Supplementary Ex- 
ercise Set 3, page S-3; page 4 of the Workbook; 
and page 3 of the Duplicator Masters. 


Think Solution 
1. The average heartbeat rate is about 72 beats 
per minute. 

A. In one day, there are 60: 24 or 1440 
minutes. The average heart would beat 
1440 - 72 or 103 680 times in | day. 
Thus, 1 000 000 beats = 103 680 beats/ 
day ~.10 days. 

B. If the average heart beats 103 680 times 
in | day, then it beats 103 680 - 365 days 
or 37 843 200 times in | year. Thus, 
1 000 000 000 beats + 37 843 200 beats/ 
year ~ 26 years. 


Assignments 


Minimum 1A-D, 2A-F, Average 1-2. 
Maximum 1-3. 
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Objective 
The student can round a number to a speci- 
fied place. 


PREPARATION 

The Investigation could be carried out without 
introduction, but if you prefer, you might ask 
students to use an almanac or other book of 
facts and find examples of commonly used large 
numbers that are rounded to various degrees of 
accuracy. Such examples might include the 
current provincal and national budgets; the 
Gross National Product; the size of various 
provincal nations, and continents; and the like. 


INVESTIGATION 

The Investigation gives the student an oppor- 
tunity to investigate and review the basic idea 
of rounding numbers, in this case, to the near- 
est thousand. You can extend the Investigation 
and increase student interest by showing a 
_list of nearby towns or cities and having the 
students choose the nearest multiple of 1000 
or other large multiples of 10 for the population. 


DISCUSSION 

The Discussion exercises should be used to 
help the student review the scheme used to 
round numbers. You may wish to give addi- 
tional examples on the chalkboard. Although 
Exercise 3 suggests that we agree to round up 
when a number is halfway between two multi- 
ples, students should understand that this is 
an arbitrary choice. For convenience, however, 
we do need to agree always to do it the same 
way. You might point out to the students that 
we could even invent a rule whereby we round 
up if the digit before the five is even and round 
down if the digit before the five is odd. 


Rounding Numbers 


Investigating the Ideas 





Brookings 


The 1970 population of 
four small towns is 
shown in the table. 


Burns 
Canby 
Central Point 








Can you match each town with the multiple of 1000 
that is nearest to the population of that town? 





A 2000 B 3000 c 4000 pb 5000 


Discussing the Ideas 


1. 


~ 


. The population of Centerville 


When you chose the multiple of 1000 that was nearest to the 
population of a town, you were rounding the number to the 
nearest thousand. Explain how you made your choice for each 
of the numbers in the Investigation. 


; To round 274 793 to the nearest hundred thousand, you must 


decide whether the number is nearer to 200 000 or 300 000. 
What is 274 793 rounded to the nearest hundred thousand? 


When a number is halfway between two multiples, we agree 
to round up. What is 4500 rounded to the nearest thousand? 


is between 5000 and 6000. How 
can you decide which number is 
closer to the actual population 
even though two digits of the 
numeral are hidden? 


CENTERVILLE 














EARTH FACTS 


16 


. Earth’s circumference (distance around) at the equator 


. The average distance from Earth to the moon is 


. The average distance from Earth to the sun is 


. Mount Everest, the highest mountain on Earth, is 8848 metres tall. 


. The Marianas Trench in the Pacific Ocean is 11 033 metres deep. 


. The diameter of the sun is about 109 times the diameter 


Using the Ideas 


Earth’s average diameter (distance through) is about 
12 755 kilometres (km). Round this number to the 


A nearest hundred. B nearest thousand. 


O 


is about 40 074 kilometres. Round this number to the 
A nearest thousand. B nearest ten thousand. 


384 393 kilometres. Round this number to the 
A nearest hundred. B nearest thousand. 
c nearest hundred thousand. 





149 593 690 kilometres. Round this number to the 
A nearest hundred. B nearest hundred thousand. 
c nearest million. 





. The surface area of Earth is 410 171 500 square kilometres (km?). 


Round this area to the nearest hundred million. 


Round this height to the nearest thousand metres. 


A Round this depth to the nearest thousand metres. 
B Round this depth to the nearest ten thousand metres. 






of Earth. (See Exercise 1.) 


A Find the diameter of the sun and round it to the 
nearest hundred thousand kilometres. 


B Express this number in scientific notation. 


. The volume of a ball can be measured approximately by finding the third 


power of the diameter (d° or d- d - d) and then dividing this number by 2. 
aA Using your answer to Exercise 1b, find the approximate volume of the earth. 
B Using your answer to Exercise 8a, find the approximate volume of the sun. 


c About how many “earths” would it take to fill as much 
space as the sun fills? 


UTILIZATION 
The exercises on this page involve practice in 
rounding numbers related to interesting sta- 
tistical facts about the Earth. 

Exercises 8 and 9 offer a special challenge 
in that they involve some computation as well 
as rounding. 


EXTENSION 
Additional practice is provided by the exer- 
cises on Workbook page 5 and Duplicator 
Masters page 4. 

Remedial: Prepare some exercises such as 
the ones below to improve rounding concepts. 


Directions: Decide whether the middle number 
of each three is nearer to the larger or smaller 
of the other two numbers. If the middle number 
is halfway, choose the larger number. 


. 60 64 70 
80 86 90 
300 350 500 
. 700 778 800 
. 3000 3623 4000 
. 8000 8499 9000 
. 50000 52965 60000 
. 10000 14999 20000 
400 000 451600 500 000 
200 000 248771 300000 
. 6000 000 6 399999 7 000 000 
L. 9000000 9764862 10000 000 


oes eG) mle CO) oo 


Enrichment: On the chalkboard, write one 
statistical fact that involves a large number; 
for example. “The World population in 1973 
was approximately 3 631 797 000. Ask the 
students to round the number to the nearest 
10, 100, 1000, and so on until the rounding 
process reaches the billions’ place. 


Assignments 
Minimum 1-4. Average 1-7. Maximum 1-9. 


Objective 

Given two whole numbers, the student can 
use inequality symbols (<, >) to state which 
of two numbers is the larger or smaller of the 
pair. 


PREPARATION 
Materials: Index cards. 

A helpful preparation for this lesson might 
be to have students describe various sets of 
objects and tell, without actually identifying 
the number of the set, which set has more. An 
example of such pairs of sets would be the seats 
in the room and the students in the room. These 
two sets can be easily compared by having each 
student attempt to take a seat. This makes the 
pattern of comparing sets by one-to-one match- 
ing obvious. You may also find it useful to lead 
a brief review of place value and expanded 
notation prior to the Investigation. 


INVESTIGATION 

Distribute ten index cards to each student or 
to each group of students, depending upon 
whether they are to do the Inv stigation in- 
dividually or in small groups. Students may 
have some difficulty arranging the cards prop- 
erly on the basis of the number names shown, 
sO you might encourage them to write the usual 
numeral on the reverse side of each card before 
they attempt to put the cards in order. This 
will help the students appreciate how place 
value can aid them in comparing the sizes of 
numbers. (Of course, you might simply have 
the students write the numerals on a sheet of 
paper; however, the Investigation will be more 
effective if the numerals are on cards that stu- 
dents can manipulate to achieve the correct 
order.) . 


DISCUSSION 

The Discussion Exercises emphasize the in- 
equality symbols for ‘is less than” and “is 
greater than” and the use of place value in 
deciding which of two numbers is the greater. 
Since this will be a review for most students 
you can probably move through these exer- 
cises quite rapidly. 
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Inequalities 


Investigating the Ideas 


A symbol for a number is printed on each card. 





F = 2910 
Three lO +0O%|0' 
E hundred +3-10° 
two 


B 
three "orto | 
H I 


Can you arrange the numbers shown by the cards 
in order from the smallest to the largest? 








Discussing the Ideas 


1. 


. The same number of digits are 


. What is the largest number that 


In order to show that 23 is less than 32, we write 23 < 32. 
We also can say that 32 is greater than 23 and write 32 > 23. 
Can you think of some ways to help you remember which 
symbol, < or >, means “‘is less than” or means 

“is greater than’? 


covered in both A and B. How 
can you use your understanding 
of place value to decide which 
is the larger number? 





can be represented by a 3-digit numeral? 


. What is the smallest number that can be represented 


by a 3-digit numeral? 


. Which symbol (< or >) would you put in the | in 


order to make a true statement. 
A 76\|||\| 84 © 3248 ||| 3748 


B 219\||||| 209 — » 7036 li 7063 


/ 


E 72 865\||||| 92 765 
F 3030 300\\|||| 3.003 003 











1. Suppose you had one billion dollars to give away. If you 


BA week 
A in Mee NE 


Using the ideas 


. Give the correct symbol (<, >, or =) for each il. 


a 68 ill 64 p 6758 |{l|lli6578 — @ 49 753 lll 94 753 

B 89 iii 98 E 5999 |il|||i6001 4748 932 ill 784 923 

c 349’|illI) 359 & 3989 III 3899 ~~ + 6 004 400 ll 6 040 040 
Copy each pair of numerals placing the correct inequality 


symbol between. EXAMPLE: For 29, 92, write 29 < 92. 


Bots: 60 D 3574, 3534 G 4672, 4592 
B 39, 93 E 8878, 8888 H 1000, 999 
ce 452, 442 F 6491, 6492 1 0, 364 


. Give the correct symbol (<, >, or =) for each ili. 


Try to do this without finding the sums. 

a 24+ 37'|llll) 25 +37 pD 343 + 68 [|i 86 + 343 

B 62 + 93 lll) 72 + 83 E 487 + 352 lll) 497 + 342 

© 249 + 356 |||) 239 + 346 F 6941 + 7213 \lli6841 + 7513 


. Write the numeral for each number indicated. 


100 less than one million G 52 million more than 846 

1000 less than one million H 8 billion more than 59 

100 000 less than one million 1 A half million more than 6 587 346 

10 000 less than one million J Ahalf million less than 456 972 863 
101 less than one billion k The amount that must be added to 


Half as much as one billion 456 972 863 to give 457 000 000 


nmooo Pp 


. How old, to the nearest year, would a person be who 


had lived one million hours? Is he older or younger 
than a person who has lived one billion seconds? 


IpUU AU 













give away a $100 bill each minute, how long will it take 
you to give it all away? Guess which answer is closest 
to the correct answer. 

A A day ¢ Amonth 
p A year 






G A century 
_# 2000 years 


— 10 years 
F 20 years 





pute the correct answer to the nearest year. 
res ’ por >) a | 





More practice, page S-3, Set 4 


UTILIZATION 

Exercises | and 2 involve placing the correct 
inequality symbol between pairs of given num- 
bers. Encourage students to use mental com- 
putation in doing exercise 4. You can stimulate 
some interesting discussion by having students 
describe the shortcuts they may have used to 
arrive at their answers. 


EXTENSION 

To provide further practice, make selective 
assignments from Supplementary Exercise Set 
4 on page S-3, Workbook page 6, and Duplica- 
tor Masters page 5. 

Enrichment: Students will enjoy the place 
value game of larger, Larger, LARGEST. It 
is a game for 2 players. Write different digits 
on 5 slips of papers. Mix the slips, and then 
place them in a row to form a 5-digit number. 


The two players take turns exchanging the 
positions of any two digits so that after each 
exchange a larger number is formed. The 
player whose exchange results in the largest 
number wins. A sample exchange for 39 267 is 
shown below. 


Pe 
A/S 2S 653 
FX 
Bronireatd scion 
lan 
Y Net | SSN I es) 
a : 
Bar on ee lave. Bawins: 


Students can extend the game to larger num- 
bers by using additional cards. 


Think Solution 

One billion doilars would be 10 000 000 one- 
hundred-dollar bills, so it would take 10 million 
minutes to give them away. There are 60 - 24 - 
365 minutes in | year (525 600 minutes); so 
10 000 000 + 525 600 gives the number of 
years needed to give all the money away. 


Assignments 
Minimum 1, 2. Average I, 2, 3A-C, 4A-F. 
Maximum 1-5. 





Objective 

The student can write a numeral in a spe- 
cified base other than ten, to show the number 
of objects in a set. 


PREPARATION 

Materials: Geoboards, dot paper or graph 

paper (Duplicator Masters, page 82 or 83). 
Review the idea of place value and the fact 

that our numeration system is based on group- 

ing by tens. 


INVESTIGATION 

The Investigation may help you determine 
how much students may recall about other 
numeration systems. Have the students study 
the geoboards shown in the Investigation and 
discuss the symbols used for base ten, base 
eight, and base four. Then have the students 
show the other groupings on their geoboard 
and write the numerals that show their group- 
ings. If geoboards are not available, dot paper 
or graph paper can be effective substitutes. An 
advantage of the geoboard, though, is that it 
does not preserve student errors with the same 
permanency as does pencil and paper. Thus 
students are not inhibited by earlier mistakes. 


DISCUSSION 

The amount of time that should be devoted to 
the Discussion will depend upon students’ 
previous experience with other number bases. 
Encourage students to approach these ideas 
and concepts as though they are playing an 
adventurous, creative game. An atmosphere of 
enjoyment and lively interest can more effec- 
tively nourish improved understanding of the 
role of place value in grouping than can a rigor- 
ous presentation of the concepts. When the 
base of a numeration system is less than ten, the 
base can be denoted by a simple digit. Thus 
12,;) indicates a numeral with base five, and 
11.) indicates a numeral with base two. How- 
ever, a numeral such as 101,(,9) is Somewhat 
ambiguous because the symbol for the base (,) 
could be interpreted as | ten and zero or | nine 
and zero and so on. To make certain that there 
| will be no misinterpretation, we shall use “(ten)” 
|| to denote the base instead of °‘(,5).” 
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Other Number Bases 


Investigating the Ideas 


How many nails are on each geoboard? The number is the 
same for each of them, but the numeral we write depends 
upon the base or grouping that we use. In our decimal system, 
the base is ten. However, we can use other bases to write 
numerals much the same as we do in base ten. 








BASE TEN BASE EIGHT BASE FOUR 
al 
2 tens and 5 3 eights and 1 1 four-fours, 2 fours, and 1 
We write: 25 ¢ten) We write: 31. We write: 121,,, 


Can you show the groupings and write the numerals for the 


number of nails on a geoboard using base-seven, base-six, 
and base-five numeals? 





Discussing the Ideas 


1. In the base-ten numeration system, the ten digits 0, 1, 2, 3, 4, 5, 
6, 7, 8, and 9 are used with place value to write any numeral. 
In base eight, only the eight digits 0, 1, 2, 3, 4, 5, 6, and 7 are used. 
What digits do you think are used in base seven? 


2. The names of the first three 
places are shown for a base-ten 
and a base-eight numeral. 
What are the names of the first 
three places for a base-six numeral? sia) 2 


Base ten Base eight 





3. Complete the statement. 


2 groups of eight and 3 ones in base eight is the same 
as ? groups of ten and ? ones in base ten. 


4. Use your understanding of place value to explain what each 
numeral shows. EXAMPLE: 23,;) means 2 fives and 3 


A 1466) B 27 <8) Cc 30(5) D 101 (ten) Cc Vile 





1. 


* 4. 


Using the Ideas 


Think about grouping the following 
sets of dots as indicated by the 
given base. Write a numeral which 
indicates the number of dots in 
each box. 


EXAMPLE: 


23,5) 





il « F le 


lh 


llIIiem = 


ls 


HK (8) H 


Ie Hee 


ih J Hees 


NEE 


. Give the missing base-eight numerals for the number of dots 


shown in each block. 
{ { { | ' l ' | ’ 


10.) 





Ow Ve, 28 3e) A B Cc 7.8) 11) D E F 


. For each part, write a numeral using the indicated base. 


A 3eights and 2 
B 1 Six-sixes, 3 sixes, and 5 
c 5eight-eights, 7 eights and 1 


p 2 four-fours, 3 fours, and 3 
E 3 five-fives, 0 fives, and 2 
F 1 two-twos, 1 two, and 0 


312.4) is a base four numeral that represents a certain whole 
number. Draw 312,,, dots. (Hint: Think of the place-value 
scheme that we use in base ten.) 


UTILIZATION 

As you present this section, keep in mind that 
the material’s primary purpose is to stimulate 
interest and create excitement in mathematics. 
The students are not expected to attain a high 
degree of mastery in work with numbers written 
in other bases. The students should not feel 
obliged to memorize rules or procedures for 
arriving at numerals in other bases. 

When the students have finished the exer- 
cises, give them an opportunity to discuss the 
methods they used to find the other base nu- 
merals for each of the sets. 


EXTENSION 
To provide further practice, assign page 6 of 
the Duplicator Masters. 

Remedial: Prepare some additional problems 
like the ones below. Ask students to think about 
grouping the dots by the given base and then 
give the appropriate symbol for each |||. 


| 
. WNlieroup of four 
and i We write |lll. 
Vey 
B | 
lll group of eight 
and |ll]. We write |lll]. 
(=) leg) 
a) 
i Ill groups of five 
and I We write |llll. 
2%s5) 
a 
D. Ill groups of three 
and |||. We write |llll. 
= 22a) 


Enrichment: Call attention to Research Pro- 
ject D on page A-27. Several of your students 
may be interested in making a calendar like 
the one suggested. 


Assignments 


Minimum 1, 2. Average 1-3. Maximum |-4. 
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Objectives A Base-Eight Numeration System 


The student can write a base-eight numeral 
to name the number of objects in a Set. 

The student can write a base-eight numeral 
for a base-ten numeral and vice versa. 





Investigating the Ideas 


When four geoboards 


PREPARATION are placed together, 
Materials: Geoboards or dot paper (Duplica- the base-ten numeral 
tor Masters, page 82 or 83). for the number of 

This lesson focuses on a single numeration nails is 100¢ten). 
system, base eight. Review grouping in various 





bases before introducing the Investigation. What is the base-eight 


numeral for the number 
of nails on the geoboards? 


INVESTIGATION 

Students can place four geoboards together 
and use rubber bands to group by eights. (Dot 
paper may be used as a substitute for geo- Discussing the ideas 
boards.) As students work on the Investigation 
you might ask questions such as: “‘Are there 
as many as 8 eights?” “How many eights are 








1. The diagram at the right compares the 








: lace-value names for ten and Pes, a 
left over?’ Questions such as these will help P : FL RSE IID 2 sistppellioy EE 

: for base eight. PLACE-VALUE 
the student to write the correct numeral, 144,,,, NAMES / 
for the number of nails. A Ina base-ten numeral, what is ; 

the name of the next place to the NUMERAL 

DISCUSSION left of the thousands place? 
student compare place-value names of base- would be the name of the next PLACE-VALUE 


: } NAMES 
eight and base ten numerals. The students must place to the left of the 

understand that in base eight the digit in the five-hundredctwelvee place? 
third place represents 8 eights, 8°, or 64 just iN : 
as in base ten the digit in the third place rep- 











resents 10 tens, 102, or 100. 2. By answering each question below, you can see how to 
After discussing Exercise 2, you might dis- rewrite the base-ten numeral 89 (ten) as a base-eight numeral. 
cuss the division process for converting from A How many sixty-fours in 89 (ten)? 89 
base a to vas eight. Using 165;ten) as an B How many eights in 25 (ten)? —6 4 — @) sixty-fours 
SPAN i yas c How many ones left over? 25 
64) 165 pb What is the base-eight numeral for 89;en? —24< ©@ eights 
128 ©) sixty-fours 1 — @) ones 
8)37 
3. You can express base-eight numerals in 
eMcNcte p g erals in expanded notation in 


much the same way as in the base- ten sysiem: However, you 


5 ones Hence, 165 (en = 245 
© ala oe) " use powers of eight rather 


Exercise 3 introduces expanded notation for than powers of ten. How 
base eight. By knowing place-value names, stu- would you express each of 
dents can convert base-eight numerals to base- these base-eight numerals 


ten numerals. Thus, 325,,,) means 
3 sixty-fours + 2 eights + 5 ones ' 
or 3 Y 8? = 2 J 8! Sila a 89 = ONS Gente A Sia) B 137) Cc 416,46) D 506.8) 


in expanded notation? 
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Using the Ideas 


. Give the base-eight numeral for the number of dots shown 


in each part. 

) e e@ooe eeoe e@ooe eece e@oeee 
ecce C ecece e@ocee ecco eeoce 
eooe eoo0e eooe eoo5e eoee 
eoco eoee eece eooe ecce 
eooe e oes eeoo oeoe eece 

e@0ee eee0e8 e000 eeee 
ecco eeeo ceee ce00 
eooe ec5oe eoee eeoe 





. Complete each sentence with the correct place-value name. 
A 276): The 6 tells how many ? . 
B 276.3): The 7 tells how many ? . 
C 276): The 2 tells how many ? . 


. Solve the equations. 


AD l9teny = (2° 8) n GaoSiem ead, 78) + 2 E 45 ten) = (n- 8) +5 

B 30iten) = (n - 8) + 6 DEO2ien (2S) A F 48 (ten) = (6:8) +27 
. Write a 2-digit base-eight numeral for each base-ten 

numeral in Exercise 3. 
. Write a 3-digit base-eight numeral for each base-ten 

numeral. 

A 7 Tten) B 102 (ten) Cc 99 ‘ten D 149 (ten) E 215 (ten) F 51 Titen) 
. Write each numeral in base-eight expanded notation. 

EXAMPLE: eof de 82+ 3 8! + 7 

A 35,8) B 125%, C110 ;., D 346.., E 407.) F623 4; 


. Write a base-ten numeral for each base-eight numeral in 
Exercis@i6m <EXAMPLE:/1d/,¢=> 1° 8243 : 81+ 7 
= 64 1 24-7 = 95 iten) 


. What number comes immediately after each of these numbers? 
Use base-eight numerals. 
AL 51 a) B 127,) ( PITE és, D /077,) E 100777(.; 
. In base-eight notation, 3412,,, means (3 - 8°) + (4: 8’) + (1: 8') +2 
Copy each exercise and give the base-ten numeral for each |||. 
A 3412.6) = Ill ten) C 4273.6) = Illitem E 7675.) = lll ten) 


B 56326) = lll ten D 2541.5) = lll teny F 7777.) = Illiiten 


UTILIZATION 

The exercises provide practice in writing base- 
eight numerals and converting from base ten 
to base eight, and vice versa. 

Exercises 3 and 4 involve the use of ex- 
panded notation to convert a base-ten numeral 
toibaseveishta ini Exercise 3:Acn | 9 yen es) 
+ 3, hence the base-eight numeral for 19 (ten 
IS) 237 eye 

Exercises 6, 7, and 9 involve the use of ex- 
panded notation with powers of eight to con- 
vert to base ten. In Exercise 7, 125,4,= 1 - 8? 
teh Ote OF eee LOE) tenis) (erie 


EXTENSION 
More practice is provided on page 7 of the 
Workbook. 

Remedial: Provide additional practice prob- 
lems in writing base-eight numerals. Use sets 
of dots grouped in eights as in Exercise | of 
Using the Ideas. 

Enrichment: Provide practice problems in- 
volving base-eight numerals of 4, 5S, and 6 
digits. (See Exercise 9 of the Using the Ideas 
section.) 


Assignments 
Minimum 1, 2. Average 1-7. Maximum 1-9. 


Objective 
The student can find sums and differences 
using one- and two-digit base-eight numerals. 


PREPARATION 
Materials: Sets of 14 small objects such as 
counters or buttons. 

You might want to prepare duplicated copies 
of a base-eight table like that shown in the 
Investigation, to conserve class time. 


INVESTIGATION 
Have the students study the addition example 
in the Investigation. You will want to provide 
additional examples of adding with one-digit 
base-eight numerals before having the students 
fill out the addition table. Some students may 
find it helpful to use concrete materials such as 
counters to demonstrate addition. For example, 
to arrive at the sum 6+ 7, they might use a 
set of 6 counters and a set of 7 counters, 
push them together, and then group them by 
eights to get | group of eight and 5. Hence, 
6 + 7 in base eight yields a result of 15,4). 
Again, we stress that although you are now 
dealing with computation in a base other than 
ten, your primary purpose remains to stimulate 
student interest. We do not expect students to 
compute in another base with proficiency. The 
idea is to present computing in another base 
as a means of broadening the students’ general 
understanding of numeration systems and how 
these ideas operate in problems involving 
computation. 


DISCUSSION 

Extend Discussion Exercise | by encouraging 
students to compare and discuss their Inves- 
tigation findings. Exercise 2 presents the addi- 
tion algorithm for base-eight numerals. Con- 
trast it with addition using base-ten numerals. 

The subtraction algorithm is presented in 
Exercise 4. Further examples should be pro- 
vided as necessary. 

Encourage the students to “think in base 
eight,” as shown in Exercises 2 and 4: other- 
wise, Some may convert each numeral to base- 
ten, find the base-ten (or difference) and then 
convert it to a base-eight numeral. 


A-20 


Adding and Subtracting with Base-Eight Numerals 


Base-eight addition table 


Investigating the Ideas 














Addition and subtraction with base-eight 
numerals may be performed in much the 
same way as with base-ten numerals. The 
example shows how you can use sets to 

think about addition in base eight. 


























5a) : 6.8) 58) af 6.8) 


@ eee Coocee-Goeoee eosecce 


1 group 1 group 1 group of eight and 3 


of five of six 


Can you fill in the addition table like 
the one above using base-eight numerals? 





Discussing the Ideas 


1. Explain how to find 7g) + 6.4): Use sets of dots, if necessary. 









2. Study the steps for finding a @) 1 Ge) 1 6a) 
sum using base-eight numerals. +2 Bie) + 2 5. 





Can you explain how to find a.) 

the sums below? 

A 27; B 534) 
+ 46, + 35,8) 


4 3.8) 






6 os 1+ 1+ 2 eights 


is 4eights. 


1 eight and 3 





3. How can the base-eight addition table be used to find 
these differences? 
A 13.4) — See) B 16.) — 7) C 10(8) — 71) D 11) — 3.8) 

4 Il 4 

4. Explain the steps in this @ 5 he & 
subtraction problem. == 2) BiG = 2 

















Using the Ideas 


1. Find the sums. Use the addition table completed in the 


Investigation, if necessary. 


A 15,8) B 15,8) 
a 2 (8) ae 3a) 

G 24.8) H 24.8) 

M 67 (8) N 1356) 
+ 219) + 216.4) 


2. Find the sums. Use base-eight numerals. 


A 218) B 6.) 
3.8) 5.8) 
+ 4) + 4) 


3. Find the differences. Use the addition table, if necessary. 


A 13(8) — 48) B 7.) — 2.) 
| E 16%) — 6¢) F 158) — 4.8) 
| 1 13%) — Sie) ¥ 15.8) — Zi) 


4. Find the differences. Use 
base-eight numerals. 


A 208) B 60:8) 
i 13) a 27 8) 
Cc 41 (8) D 74.) 
a 5.8) im 47 <8) 
E 558) F 100.6) 
— 16 (8) ae 77.) 
ka 205, wH 4316) 
= 1736) cae) 163.2) 





16,6) D 26.8) E 2618) F 26.8) 
+ 4) + 1¢) + 2) + 3) 
24.8) J 54.8) K 44.) L 54.8) 
+37 «ey ate Ots) + 36,8) + 24 (8) 
344.4, *P 626.2. *aQ@ 316, *R 1735.) 
+ 1258) +547 (a) sts Ml Dts) ++ 2276.) 
3.8) D 6 ie) E 78) F 5,8) 
Ts) 6.8) To) 718) 
+ 68) 6.8) 4.8) 6 is) 
+ 6.) + 48) + 46) 
C 108) — Sie) D 12.8) — 6.) 
G 15:8) — 6ie) H 14(8) — Sy) 
K 108) — 71) L 16,8) — 71) 





IU 


Place base-eight numerals 

in the empty spaces of the 
Square to form a magic square. 
The sum in 
each row, 


column, 
and both 
diagonals 
must be 
the same. 

















UTILIZATION 

In assigning the exercises, keep in mind that 
you should not expect students to be proficient 
in computation with base-eight numerals. They 
should not be expected to memorize any base- 
eight facts and should be permitted to refer to 
their addition tables when necessary. The main 
purpose of this work is for students to gain a 
deeper insight into the nature of a numeration 
system. Some computers utilize base-eight 
numeration, but aside from this practical sig- 
nificance, the use of base-eight rather than 
some other base in these lessons is arbitrary. 


EXTENSION 

See Supplementary Exercise Set 5 on page 
S-4, Workbook page 8, and Duplicator Masters 
page 7 for additional practice with the concepts 
presented in this lesson. 


Think Solution 

Using the three given numerals in the diagonal 
of the square, the sum is found to be 36,). 
With this information, the numerals for the 
remaining squares can be found by addition 
and subtraction. 


Assignments 

Minimum 1A-F, 2A-C, 3A-D. 
Average |1A-I, 2, 3A-H, 4A-D. 
Maximum 1-4. 
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Objective 
The student can find products and quotients 
using base-eight numerals. 


PREPARATION 
Materials: 50 small objects (counters, but- 
tons, etc.). 

It would be helpful to make duplicated copies 
of the base-eight multiplication table for distri- 
bution to the students when they begin on the 
Investigation. 


INVESTIGATION 

Have the students study the multiplication 
example in the Investigation. The students may 
need to try some additional examples, prefer- 
ably with concrete materials. 

To demonstrate the product 7 - 3 using phys- 
ical objects, the student would exhibit 3 sets 
of 7 counters each, push the three sets together, 
and then group by eights to get 2 sets of eight 
and 5. Thus 3-7 would be 25,). Give the 
students considerable latitude in working out 
these tables for themselves. At this stage they 
should not be discouraged from converting to 
base ten, computing in this familiar base, and 
then converting back to base eight. Distribute 
the duplicated multiplication tables and have 
the students complete them. 


DISCUSSION 

Give careful attention to the Discussion Exer- 
cises, especially to Exercise 3 which illustrates 
the algorithm for multiplying a two-digit base- 
eight numeral by a one-digit numeral. Give 
additional examples as needed. 

Exercises 4 and 5 introduce division with 
base-eight numerals. Allow the students to use 
their tables to find additional quotients for 
division problems that you or the students 
themselves suggest. 


Multiplying and Dividing with Base-Eight Numerals 
Investigating the Ideas 


You can multiply and divide using base-eight 
numerals in much the same way as you do 7 7 
using base-ten numerals. The example below 
shows how you can use sets to think about 
multiplication in base eight. 


3.) @ © © © © © mm) 






Discussing the Ideas 


1. a What multiplication fact does 


. Explain how to find 4,8) - 7,3). Use an array of dots, 


a 
. Explain the steps in the [a] 3 fe 3 4s) 
x 


Base-eight multiplication table 
eas T 


« [0] 1/2] 3] 4/5/6 17 








0 | 






























6.8) 318) : 6.8) 





























3 groups of six 


2 groups of eight and 2 





Can you fill in a multiplication table like 
the one above using base-eight numerals? 








the array of dots suggest? 


B Write the fact using base-eight 4ia) 
numerals. 


eeeoev 
foe} 


if necessary. 





multiplication problem. @) xX Bee) 


4 (8) 2 1 Ar, 





4. A Since Sis) s 67a) = 2218), what is PP rs 7a 6,2 


B What Is 22,, +3 a)? 


. Explain how the base-eight multiplication table can be 


used to find these quotients. 
A 17.8) + 3:8) B 34.8) + 71) C 10, + 2:8) D 52,8) + 718) 


Using the ideas UTILIZATION 
Again, in multiplication, you should not expect 


. Find the products. Use the base-eight multiplication great computational skill using base-eight nu- 
table in Investigation. meres If ae ee ones nk their 
multiplication tables freely in working the exer- 
A 12.) B12.) C 12.) D 23.6) E 34.) F 17.) cises, they will undertake the assignment with 
X Sia) Xx 4) X Sia) X 3) X 2) X Ge) greater confidence. 
Exercises 5 and 6 provide more complex 
G 15%) H 42¢5) 1 36,8) J 3348) K 57,8) L 66.) multiplication and division exercises, and 
X71) x Sie) 218) Sie) K'6ia) < 5ia) should be assigned selectively depending on 
students’ abilities. 
. Find the quotients. Use the multiplication table, EXTENSION 
if necessary. Further practice with the concepts of this les- 
A 6.) = 2) B10.) 2@ C 17@ + 3¢@) D 16.) + 2) son is provided in Supplementary Exercise Set 
6 on page S-4, in the Workbook on page 9, and 
ESO Orn) E4475. Ove) G 43.5; > /is) H’ 36%) = 55) in the Duplicator Masters on page 8. 


. Use base-eight numerals to continue the doubling process Tek uty 


é Since 0, I, and 2 are the only digits used, it 
until you reach 10000... can be determined that the base is three. A 
118), 20a) 418), 10¢8), 20,8), He HIE Ill, ii check that Columbus discovered America in 
2001021 (or 1492) assures us that base three 

is correct. 


: 2 
ee peter thar or less than 5000 (en) + Here are some selected conversions from 


sd auUAU ‘ base three to base ten oe the story: 


. Find the products. Use 22.3) = ) pry hi2, 23” 


=k2 ) 
base-eight numerals. ae 0 2“ a (Le; a = 
Daye 13? its (2 537) 
A 2348) B 34 (8) oc F + (1 -34)4+ (2: 3") 
50 











X 15,8) X 26.) cake eat 
Numbo was in grade 22 and was 110 20010215) = (2-35) + (1- 

c 304, Dh 53713 years old. He slept 101 hours each nt les 31) + (1 + 3°) 
yey. X 46.5) night, awoke at 21 o'clock, and ran — 14584274641 
—— we se 1212 metres in 22 seconds. About all = 1492 

the history he knew was that Colum- 
. Find the quotients. Use bus discovered North America in the Assignments 
base-eight numerals. year 2001021. Minimum !A-F, 2A-D. Average I-4. 
AG S56nt 1. The numbers in this story are repre- Maximum I-6. 
sented using a number base other 
than ten. Find what number base is 
B Bia A Lup) i 


used and recopy the story using the 
correct base ten numerals. 


Cc 2348) )503,.) 


2. Write a story using a number base 


other than base ten. Give the story 
D 34,5) )2444.6) to a classmate to figure out. 








Objective 
The student can write a Roman numeral for 
a given decimal numeral, and conversely. 


UTILIZATION 

The material on this page and the following 
page represents a departure from the usual 
teaching strategy of the previous material. 
Both pages can be regarded as optional ma- 
terial and can be assigned as enrichment or 
extension work. 

The pedagogical significance of this section 
may lie chiefly in the study of the development 
of Roman numerals, which are still used in a 
variety of familiar situations. While the Roman 
numeration employs both an additive and a 
subtractive scheme, originally the system was 
strictly additive. Thus, 9 originally was writ- 
ten VIIII rather than IX. The advantage of the 
additive system is apparent if one attempts to 
compute using Roman numerals. The abacus 
was used in ancient Rome for computing and 
the numerals were used for number recording 
purposes. 

The subtractive scheme introduces some 
ambiguities unless certain agreements are made. 
For example 49 might be written XLIX or IL. 
For the answers given, we have made these 
agreements: 

I is subtracted when preceding V or X. 
X is subtracted when preceding L or C. 
C is subtracted when preceding D or M. 


Answers, Exercise 5 

AN. Ml, WWE MUG TAY, WG WAIL AVI MARUI TD >. 

B. XV, XVI, XVII, XVIII, XIX, XX 

C. XL, XLI, XLII, XLII, XLIV, XLV, 
XLVI, XLVII, XLVIII, XLIX, L 

D. CXX, CXXI, CXXII, CXXIII, CXXIV, 
CXXV, CXXVI, CXXVII, CXXVIII, 
CXXIX, CXXX 

E. CCCXCV, CCCXCVI, CCCXCVII, 
CCCXCVIII, CCCXCIX, CD 

F. CMXC, CMXCI, CMXCII, CMXCIII, 
CMXCIV, CMXCV, CMXCVI, 
CMXCVII, CMXCVIII, CMXCIX, M 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-8. 
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ROMAN NUMERALS 


The Roman numeration system does not use place value. 
When two Roman symbols are placed side by side, we 
add or subtract to determine the number represented. 

We add when the smaller number is written on the right. 


Xl means 10 + 1 











The seven basic 
Roman numerals 


1=1 C = 100 
We subtract when the smaller number is written V8 Soe Dies 000 
on the left. X=10 M= 1000 
L=50 








IX means 10 — 1 


1. Write a decimal numeral for each Roman numeral. 
Each numeral is an ‘“‘addition numeral.” 


A VI c XV Ee LX G CX 1 DC Kk MC 
B LI bp XVI EGE H CV Jv DXl t MD 


2. Write a decimal numeral for each of the six basic 
“subtraction numerals” shown below. 


A IV B IX ce XL p XC E CD F CM 


3. Write a Roman numeral for each decimal numeral. 
EXAMPLES: 7 = \'l 24 = XXIV 
A 3 c 11 E 38 G 49 1 529 K 1372 
B 6 pb 34 F 19 H 126 J 340 L 2968 


4. Write a decimal numeral for each Roman numeral. 
A CCLXIl ce CDXLIV eE CMLIX Gq MCDXCII 
B DXLV pb CDXXXVII F MMLI H MCMLXXVI 


5. Write the Roman numerals for the indicated sets of numbers. 
A 1 through 10 c 40 through 50 E 395 through 400 
B 15 through 20 pb 120 through 130 F 990 through 1000 


6. Add each of the following without changing to decimal numerals. 
A CXI + XVI B CM+D c LXVII + CLXVI 


7. Subtract each of the following without changing to decimal numerals. 
A XXXIll — XIl B MDCCXXXVIII — MCCXXI c MDXI — MCX 


8. Find the product of CLVI and XV without changing to decimal numerals. 





OTHER ANCIENT NUMERALS 


Since very early times, people have needed numbers. Egyptian Gur 
Throughout the ages numbers have not changed, but many | ypr°F!5 | numerals 


different numerals have been used to represent them. 


The Egyptian numeration system did not use place value. 1 
To show larger numbers, they wrote symbols over again 
and added the value of each symbol. 10 
For example, 2 (1(|| is a symbol for 132 100 
1. Write a decimal numeral for each Egyptian numeral. ‘HOO 
a lll BANNNII e YONI 
10 000 
o LLOOONNIIIN =e (1Fk99NNN 


Pee ((999 a £191 100 000 


en nnnnnnAltilt 1000 000 


2. Write an Egyptian numeral for each decimal numeral. 
A 18 c 426 E 1000010 G 1968 I 2 432 324 
B 42 pb 100 100 Fetal id H 10001 J 3005 418 


It was a base sixty numeration system! The Babylonians used a soroanipey 


piece of wood ¢— called a stylus to write in clay. They wrote 
numerals for numbers up to 59, using combinations of the two 
symbols shown in the Babylonian numeral table. 


The Babylonian numeration system used the idea of place value. ‘et pula 
numerals 


1 
= 10 


3. Write a decimal numeral for each Babylonian numeral. 


SUE CGN NMEA E CANNY | | ice tt 
vy vy CC VVVY cece 


4. Write a Babylonian numeral for each decimal numeral. 
ALG B 16 c 36 p 40 E 55 Fen 


The ancient Mayas of Yucatan used a numeration 
system with a base of 20. For example, the Mayan 
numeral «= is a symbol for 12, and =: would 
represent 1-20+120r 32 


5. Write a decimal numeral for each Mayan numeral. 
A eoeee 





Ba CS ov. eo 











Objective 
The student can represent numerals by Egyp- 
tian, Babylonian, or Mayan numerals. 


UTILIZATION 
This lesson is also a departure from the usual 
teaching strategy. You may wish to cover only 
one of the systems at a time. Exercises | and 
2 deal with the Egyptian system, which is a 
primitive additive system employing no place 
value. 

Exercises 3 and 4 involve the Babylonian 
system, a base-sixty system. 

Exercise 5 introduces the Mayan numeration 
system, which had a base of 20. 

The emphasis you give to these systems 
should be determined by the interest of your 
students. 


Answers, Exercises 2 and 4 


DEN OVP TA 1835 VA 
c. D99O NNN 
D. x9 E. vn Fe Vax on 


G.£999999999ANANAANNININI 
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OPE LiL oo99nniin 
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vy 
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EXTENSION 

Call the students’ attention to Research Pro- 
jects C, D, and E at the end of this module. 
These projects can serve as valuable motiva- 
tional devices since they permit students to 
depart from the usual classroom work and place 
no limit on individual creativity. 


Assignments 
Minimum 1, 2. Average 1-4. Maximum |-S. 


Objective 

The student will demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 

You may assign these exercises either for 
independent study or use them as a basis for 
small or large group discussion. They are not 
intended to be used for evaluation purposes, 
although they can form the basis for the con- 
struction of a teacher-made test. 

If you have made varied assignments or have 
elected to omit some topics in the module, 
keep this in mind in assigning the review prob- 
lems. For example, if you have not emphasized 
computation in bases other than ten, you will 
want to omit Exercises. 16 and 17. 


EXTENSION 
More review of the ideas contained in this 
module is provided on page 10 of the Workbook. 


REVIEWING THE IDEAS 


10. 


11. 


» LewRi= {17203 04n0) 


and S={0) 2, 4,6; 8}. 
a List the elements in R U S. 
B List the elements in AN S. 


. Write 7369 using expanded notation. 


. In the numeral 563 412 989, what 


digit is in each of these places? 


A ones’ pb ten millions’ 
B thousands’ E hundreds’ 
c¢ millions’ F hundred thousands’ 


. Write the usual numeral for 
9-10000+8-1000+5-100+3-10+7. 


. Which expression is not a numeral 


for ten? 
A 10-1 @G WOse@ E 10° 
B 10! Deira F) 1025-1102 


. A 10* means 10 used as a factor ? 


times. 
B 10*=|lll 


. Write 100 000 using 10 with an 


exponent. 

. Give the product P 100 - 1000 = P 
and the missing J i d 
power of ten. 10? - 10° ='lll 


. Write the usual numeral for each. 


A 4- 10° Bai lO? Cho Om 


Express 400 000 in scientific notation. 


Round 7 856 467 to the nearest 
A hundred. ce hundred thousand. 
B thousand. D million. 


2s 


13. 


14. 


15. 


16. 


17. 


18. 


ile): 


Give the correct symbol (<, >, or=) 
for each WA 


a 347 ll 374 
B 637 + 146 | 627 + 156 
© 34.843 |i 34 749 


What is one less than one million? 


Write a numeral telling how many 
dots there are using 


A base-ten. 
B_ base-eight. 
c base-five. 





A How many eights in 43? 
B How many ones left over? 


c Write the base-eight numeral 
for 43 (ten). 


Find the sums and differences. 


A Sia) + Sig) = Hl 

B 11() — 5a) = ll 

c 44 6) dD 21¢) 
ag 16,8) - 14,8) 


Find the products and quotients. 
A 4s) * 3) = I 


B 24 + 5. =llll 
Cero 
050, D 7163) 430) 
(8) 


Write a decimal numeral for each 
Roman numeral. 


A CLXVII B MDCCIX 


Write a Roman numeral for each 
decimal numeral. 


A 629 B 1984 





Let X = {0, 1,3, 4, 6} 

and Y = {2,3,4,5,7}. 

a List the elements in X U Y. 
_B List the elements in XO Y. 


. In the numeral 3 459 726, which — 
digit is in the 
a thousands’ place? 
B hundred thousands’ place? 


. What is the exponent of 10 in the 
equation 1.000 000 = 10!""? 


. Express 700 000 in scientific 
notation. 


. Round 3 456 726 to the nearest 
aA thousand. 


B hundred thousand. 


RESEARCH PROJECTS 


A Do you know how large a decillion 
is? A quintillion? Find the names 
of the periods of very large numbers 
and make a chart to show your 
findings. (See Lore of Large Numbers 
by Philip Davis, New Mathematics 
Library; Syracuse, New York: Singer 
Company, 1961 available from Random 
House of Canada Ltd.) 


B Read and report about the abacus. 
There are several different kinds. 
What people have used the abacus? 
What people still use the abacus 
today (See / Can Learn About Calculators 
and Computers by Raymond Kenyon; 
Evanston, Illinois: Harper and Row, 1961 
available from Fitzhenry and Whiteside 
Ltd.) 


. Give the correct symbol (< or >) 


for each ili. 


a 649 | 694 


B 21749 ili 21 726 
c 23 388 635 ||| 23 386 835 


. Write the base-eight numeral for 


the number of dots shown below. 


. Find the sum and difference. 


A See) + Zia) B 13,8) — 6.) 


. Find the product and quotient. 


A 5° 76) B 306) + 46) 


. Write a decimal numeral for MDLXIV. 





Make a model of a Babylonian clay 
tablet using modeling clay. Use a 
triangular stylus to mark Babylonian 
numerals on the tablet. (See History 

of Mathematics by David E. Smith; 
New York: Dover Publications, 1953 
available from General Publishing, Ltd.) 


Make a calender with numerals for the 
days of the month in a base other 
than base ten. 


Find out about the ancient Greek 
numeration system. Make a poster 
showing how their numerals compare 
to ours. (See A History of Mathematics 
by Carl B. Boyer; New York: John 
Wiley & Sons, Canada, Ltd. 1968) 


TEST YOURSELF 

This criterion-referenced test is intended to 
provide the students with a means of evaluating 
their mastery of the major concepts and skills 
treated in this module. The numerals annotated 
beside each test question show the correspon- 
dence between the test items and the objectives 
listed on the module-opening page. 

Answers to the test problems are provided 
for the students on the following page so that 
they can check their own work and gain im- 
mediate reinforcement. 

The Module Achievement Tests, which are 
part of the test package that is available from 
the publisher, are also criterion referenced and 
may be used for further student evaluation. 
Students who perform well on the self-evalua- 
tion test can be expected to perform well on 
the achievement test also, since the latter is 
designed to test performance for the same ob- 
jectives but with alternative questions. 


RESEARCH PROJECTS 

The research projects are designed to encour- 
age active student involvement in other mathe- 
matical topics. Many of the projects could be 
the basis for math fair projects. Generally the 
projects require that the student seek out addi- 
tional information on a particular topic. Some 
references are given as aids in finding informa- 
tion about the project. For some students, work 
on such projects will be extremely motivating 
and will result in increased interest in the sub- 
ject of mathematics. 

Encourage students who undertake Research 
Project B to find out how the Japanese abacus, 
called the soroban, can be used in computing. 
Some students may have a model at home that 
they could bring to class. 


MATHEMATICAL RECREATION 

The Game of Nim is an ancient game which 
provides good practice in building strategies 
and using logical reasoning. The game is avail- 
able commercially in the form of a 3-place 
abacus. A homemade version could easily be 
made with a 3-peg board and washers. 


There are various strategies that students can 
discover. For example if you can play and leave 
a 1, 2, 3 combination (1 in one row, 2 in an- 
other row, and 3 in the third row), you can win. 
Your opponent has six moves at his disposal 
and all lose. 


If he leaves: Then you leave: 
ON Op 2, 2 
is Ne 3 ile they 1 
ils @ 3 1, 0, 0 
hPa O; 2 2 
ils, Pagel ils dls 1 
Ihe Ao) OO 


If you leave a 1, 4, 5 combination, your 
opponent then has 10 different plays at his 
disposal, but all lose. You next move can force 
him into (a) a | 
rows with four in each; or (c) one counter in 
each of three rows; or (d) a single counter. 

The first player can win at Nim by taking one 
counter from any row and then playing to 
force (a) a 2, 4, 6 combination; or (b) a 1, 4, 5 
combination; or (c) a 1, 2, 3 combination; or 
(d) two rows with the same number in each row. 


, 2, 3 combination; or (b) two ~ 





MATHEMATICALRECRE! 


THE GAME OF NIM 

















The game Nim is played by two persons using three 
rows of counters, 3 in the first row, 5 in the second, 
and 7 in the third. Each player in turn takes one or 
more counters from just one row. The player who 

is forced to remove the last of the 15 counters 
loses the game. 


For example, the first player might take all 7 
counters in the third row, and the second might 
remove 2 from the second row. This leaves two rows 
of 3. 


ATION SS 


The second player can now win the game regardless 
of how many counters the first player removes if he 
thinks carefully. 





Play the game with a classmate. Try to develop some 
strategies that will help you win the game. 


AN CANE el ess 


NAW LV WESNOMLV 443 


TEST 1. A. 10, 1, 2,3, 4.5.6.7}; 
YOURSELF 4.7.- 10° 
Answers 7. 63,6) 


B {3,4} 
5. a 3 457 000; 8 3 500 000 : 
8 A 14%; 8 Se a 
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UNIT A: THE ARITHMETIC 
OF WHOLE NUMBERS 


Module 2: Whole Numbers — Operations 


and Computation 


General Objectives 


Tq review the whole number operations of addition, subtraction, multipli- 


cation, and division. 


To increase the students’ computational skills using these operations. 





Performance Objectives 


RED Given flow charts or function tables involving various opera- 


RED Given appropriate equations, the student can show a know- 
ledge of the inverse relationship between addition and subtraction, 


RED Given appropriate expressions, the student can demonstrate 
knowledge of the order of operations by evaluating the expressions 


RED Given appropriate equations, the student can solve the 


RED Given an addition problem, the student can find the sum. 


RED Given a subtraction problem, the student can find the 


RED Given a multiplication problem, the student can find the 


RED Given a division problem, the student can find the quotient. 


YELLOW Given appropriate examples, the students can identify 
the basic principles for addition and multiplication of whole 


10 
tions, the student can find the output number. 
11 
and multiplication and division. 
12 
correctly. 
13 
equations. 
14 
15 
difference. 
16 
product. 
17 
18 
numbers. 
19 


YELLOW The student can solve equations by using the basic 
principles. 


Reviewing the Ideas 
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Pupil Text 


A-30 


A-34, 
A-32, 


A-36, 


A-42, 
A-44, 


A-42, 
A-44, 


A-46 


5 3) 
35 


33 


5 


37 


43 


45 


45 


through S1 


A-52, 53 


A-54 


A-38, 
A-40, 


A-38, 
A-40, 


A-56 


Reteach-Reinforce 


DM 9 


WB 11 


WB 12 
DM 10 


WB |1 


WB 14 
DM 11 


WB 14 
DM 11 


WB 15-17 
DM 12-14 


WB 18, 19 
DM 15, 16 


WB 13 


WB 13 


WB 20 


Related Activities 


SWM 1 151 
PD f-1 SWM 1 197 
SWM 2 247 
SWM 3 58, 59 
ASC W-1, 2 SWM 1 66 
SP a-1 SWM 2 194 
PD a-1 
ASC W-3, 4 SWM 1 66 
SP a-2 
PD a-1 
ASC W-S, 6 SWM 1 195 
SP a-3 SWM 2 36 
PD a-2, 3 SWM 3 28 
ASC W-7, 8, 9, 10 
SP a-4 
PD a-4 


MATHEMATICS 

An important concept introduced in this mod- 
ule and used throughout the text is the concept 
of function. Students who have studied from 
books of the /nvestigating School Mathematics 
series will be familiar with the “function ma- 
chine,” which is used to give the student 
semiconcrete experiences with functions. 

The idea of a function involves two sets, A 
and B, and a rule of correspondence between 
the two sets, as shown by the example below. 

Function Rule: Multiply by 2 and then add 1. 


Set A Set B 


If we take a number from set A, say 7, and 
apply the rule, we get exactly one number in Set 
B. Hence, we get this set of pairs: 

Ge ee Wels en(oelile em Gl2-25)) en (40581 
One vital feature of these pairs is that for each 
first number there is only one second number. 

If x denotes any element of set A, then we 
often denote the corresponding number in B by 
the symbol f(x). The number x, the number 


f(x), and the rule of correspondence can then 


be related by the equation f(x) = 2x + 1. 
Here is another example. Rule: Multiply by 
0 and then add 3; that is 0x + 3. 


Set A 


Set B 









All 
whole 
numbers 


Some of the pairs of numbers are: 

(US, (Aes, (lest, (OA), (AN3)), 
Notice that, although the second number of 
each ordered pair is 3, it remains true that, 
given any first number, we get only one second 
number (in this case, 3). 

In summary, we have a set and a rule for 
_ each function. When we apply the rule to an ele- 


_ ment of the set, we get just one answer. Thus, 


q 


for each function, we have a set of ordered 
pairs, no two of which have the same first 
number. 


TEACHING THE MODULE 


Materials 
Centimetre rulers, graph paper. 


Vocabulary 

addend function 
addition identity 
arithmetic mean input 
associative inverse 
average multiplication 
commutative operation 
difference output 
distributive parentheses 
division product 
equation quotient 
estimate remainder 
factor subtraction 
flow chart sum 


Students who have studied from the earlier 
books of Investigating School Mathematics 
will already be familiar with flow charts. The 
flow charts in this module are sufficiently simple 
that they should not be difficult for students. 

The most important teaching suggestion for 
this module is to cover the elements that are 
essentially review at a rapid pace but to place 
special emphasis on constructing a firm bridge 
between the students’ skill in use of the basic 
algorithms and their ability to bring these skills 
to bear in problem-solving situations. 


Lesson Schedule 

Although each lesson is intended to constitute 
about one day’s work, you may find that some 
lessons will require slightly longer while others 
may be covered at the rate of two per day. De- 
pending upon the abilities of your students you 
should allow from 10 to 12 days for adequate 
coverage of the module. 


Evaluation 

It is quite simple to evaluate the students’ abil- 
ity to compute sums, differences, products, and 
quotients. Beyond this, however, the individual 


teacher must decide the degree of emphasis that 
is to be placed on speed and accuracy in compu- 
tation. 

The review problems and the self-test at the 
end of the module will help you and your stu- 
dents assess their progress in attaining the 
module objectives. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

ESS: Mapping, Webster, McGraw-Hill 

Experiments in Mathematics, Stage 3, pp. 54- 
57, Houghton Mifflin 

From Fingers to Computers, Rand McNally 

Madison Project: Explorations, Parts 4 & 5, 
Addison-Wesley 

Making and Using Graphs and Nomographs 
(whole numbers), pp. 5-24, Rand McNally 

Nuffield Project: Number Patterns 1; Prob- 
lems-Red Set, Nos. 9, 9A, Wiley 

Number Lines, Cuisenaire Co. 

Sourcebook for Substitutes, pp. 73-79, 82-83, 
Addison-Wesley 


Manipulative Devices 

Calculators (Cuisenaire Co.; Selective Educa- 
tional Equipment) 

Madison Project: Independent 
Kits (Mind/ Matter) 

Napier’s Bones (Rods) (Creative Publications 
Midwest Publications) 

Slide rules (Creative Publications: 
Pickett) 


Exploration 


Geyer; 


Games and Puzzles 

Base Check (Ideal; Sigma) 

Equations (SRA; Wff'N Proof) 

Foo (Cuisenaire Co.) 

In-order Game Kit (Midwest Publications) 
Krypto (Creative Publications) 

Math Match (Creative Publications) 
Numo (Gamco; Midwest Publications) 
Orbiting the Earth (Scott Foresman) 
Quinto (Sigma) 

Radix (Lang) 

Ranko (Midwest Publications) 

Real Numbers Game (Wff'N Proof) 
Tower Puzzle (Creative Publications) 
TUF (Cuisenaire Co.; TUF) 

Winning Touch (Ideal; Sigma) 
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OBJECTIVES: | 
After completing this module, you should be able to: 

1. Find the output numbers for flow charts and 
function machines when the input numbers and > 
rules are given. 

_ 2. Know the inverse relationship between addition _ 
and subtraction, and between multiplication 
~ and division. 

3. Solve equations such as 2: (7-3) =nor 
(28+7)+6=n”. 

4. Identify and apply each of the basic principles 
for addition and multiplication of whole 
numbers. 

5. Find products and quotients with the aid S 

multiples. | 

. Add, ae multiply, and divide ise 





Objective 

Given a flow chart with an input number and 
various instructions, the student can find the 
output number. 


PREPARATION 

Materials: Overhead transparencies or chalk- 
board drawings of the Investigation flow charts 
and blank flow charts. 

To introduce this lesson, ask students to do 
some simple mental computing such as: “Start 
with 3, add 4, multiply by 2, subtract |. What 
is the result?”’ This will aid students in thinking 
about the step-by-step instructions in the flow 
charts in this lesson and the next. 


INVESTIGATION 
Flow charts are devices which list steps to be 
performed in a prescribed sequence. Though 
the most notable application of flow charts is 
in the writing of computer programs, it is not 
the purpose of this or subsequent lessons to 
make computer programmers of the students. 
Rather, the purpose of the flow charts in this 
Investigation is simply to give students practice 
in following instructions in flow chart form. 
As students begin the Investigation activity, 
suggest that they use the whole numbers from | 
to 10 as input numbers and make a table show- 
ing each input number and the corresponding 
output. The students thus should find that when 
the input number is 9 both flow charts will have 
the same output— 50. Be certain that students 
understand that, though the input numbers can 
vary, the instructions remain the same. 


DISCUSSION 

The main purpose of using flow charts is to 
emphasize to the students the need to organize 
their thinking in problem solving into a se- 
quence of logical steps. 

The student is introduced to only four differ- 
ent shapes in the diagrams—information or 
input boxes, instruction boxes, question boxes, 
and output or answer boxes. The shapes used 
in the text are like those frequently used in 
many standard works on computer program- 
ming. Arrows connecting the boxes indicate the 
“flow” of the instructions. 


A-30 








Flow Charts 
Investigating the Ideas 


A flow chart is a diagram that gives instructions arranged in a logical order. 
Study flow charts A and B below. 


Output boxf} 


Multiply 

A the input pee 

by 6 : 

5 Input Add 1 to Multiply | 
4 the input by 5 


Choose other input numbers for each flow chart and 
then find corresponding outputs. 


Instruction boxes 


Input box 






















Can you find an input number for both flow charts 
that will give the same number as an output? 





Discussing the Ideas 


1. The flow chart below is a simplified 
version of flow chart A. 





A What does the instruction “-6” tell you to do? 
B What does the instruction ‘“—4’’ mean? 


2. How would you simplify flow chart B? 


3. Some flow charts have question boxes. Flow chart questions 
must be answered with either “‘yes” or ‘‘no.”’ 


Yes 

































Input Is the ones’ Replace the 
Any whole digit less ones’ digit ouoe 
number than 5? Add 1 to the with zero 


tens’ digit 
A Explain how the flow chart works if the input number is 243. 


What is the output number? 


B Explain how the flow chart works if the input number is 517. 
What is the output number? 


c Describe in your own words what the flow chart does to each 
input number. 


Using the Ideas 


1. Find the output number n in each flow chart. 
Part a is worked as an example. 


*3. 


Arrange these cards into 
flow charts so that they 
will have the following 
outputs. 


A 





ANSWER: n=/75 








14 


26 


30 


p 10 


E 24 


F 180 


Is the product 
greater than 
1000? 






UTILIZATION 
Exercise | provides practice in computing out- 
put numbers given the input numbers and two 
or more instructions. Exercise 2 involves the 
use of a question box in a flow chart. 

Exercise 3 is intended as a special challenge 
for the students. 


Solutions, Exercise 3 


A. 
OH HH 
B. 
OLEH} SHH 
& 
HHS Hobe 
D. 
TH HH} 
Es 
HE HEH Hs 
ee 
OHHH He 


EXTENSION 
Remedial: Supply additional flow charts like 
those in Exercise | for additional practice. 

Enrichment: Challenge the students to find as 
many different outcome numbers as they can 
by using different arrangements of the instruc- 
tions given in Exercise 3. 

Suggest that students design their own flow 
charts. Do not place any restrictions on the 
complexity, but require that each student be 
able to use and explain his own flow chart. 


Assignments 
Minimum 1, 2. Average 1, 2. Maximum 1-3. 


Objective 
The student. can solve simple equations 
involving one operation. 


PREPARATION 

Review the use of flow charts. Have students 
mentally compute output numbers for some 
simple flow charts you might write on the chalk- 
board or overhead projector. 


INVESTIGATION 

The Investigation will require only a brief 
amount of time. The purpose of the Investiga- 
tion is to introduce the idea of inverse opera- 
tions to the student. The inverse relationship 
between addition and subtraction and between 
multiplication and division is basic to the under- 
standing of the program of this series. 


DISCUSSION 

The main emphasis of the discussion should be 
on Exercises 2 and 3. Subtraction is introduced 
in terms of addition. A formal definition of sub- 
traction is as follows: 


If a, b, and c are whole numbers and 
0 oe then) — Gap 


Thus b, the difference of two whole numbers, 
is an addend in the addition statement. If it is 
emphasized now that every subtraction prob- 
lem involves finding a missing addend, the stu- 
dent will be better prepared for later work with 
subtraction involving integers. 

Similarly, emphasis should be placed on the 
inverse relationship between multiplication and 
division. Formally: 


If a, b, and c are whole numbers and if 
GD —CAanGhdas—.Osthenvoi— Gaede 


The quotient in a division problem is a factor 
in a multiplication statement. This relationship 
is a concept vital to further work in the text. 

In Exercise 2, point out the meaning of the 
letters A, A, and S, which represent Addend, 
Addend, and Sum. 

In Exercise 3, F, F, and P represent Factor, 
Factor, and Product. 


A=32 


. The table shows how you can 


. Study the table at the right 


The Basic Operations 


Investigating the Ideas 


Study flow charts A and B below. Try various input numbers 
for each flow chart. 








What do you notice about the output numbers in the two flow charts? 


Discussing the Ideas 


effect and are called inverse operations. 


1. Adding and subtracting the same number are opposite in 


Are the operations multiplying and dividing by the same 


number inverse operations? 


think of subtraction as finding 
a missing addend. In each 
equation, tell whether the 
missing number represents 
an addend or a sum. Then 
give the missing number. 


A 7+3='llll c 7—3=llll 
Bp 6+lI=10 ov 8—l[ll=3 





Tell whether the missing 
number in each equation is 

a factor or a product. Then 

give the missing number. 

a 9-[ll=36 c¢ 24=\fl=4 


B 5° 7='llll p il-+8=7 








When you find 


A 


A 





this addend— +6=9 


you have found 
this difference. 


When you find 


this acl eT Py Fern, : 


you have found 


P sF 
8+4= 


this phir Meira ee pen 





. Find the output number 


Using the Ideas 


. Solve the equations. EXAMPLE: 6+ 5=a,a= 11 


A 4+5=a Dp 8+4=m Gy+0=8 J 6+6=n 
B 9+n=10 Bra 97 H6+9=q kK 9+d=12 
Gc b+6=15 F O+r=13 i 5+f=5 Pare OS 14 


. Think about finding the missing addend. Then solve each 


subtraction equation. 


Gis) 


13—-—6=r 11-—5=a 16—-—7=n 
Dp 12—4=x E 8—O=c F 14—-7=t 
G 10—-—9=q H 7—-1=m 1 16—9=s 
. Solve the equations. 
A 2:6=a Dc-4=28 G 7-y=21 J t-4=36 
B 8-n=40 E 6-d=36 H3:-5=r kK 8-1=p 
c 9-3=b F x: 8=56 1 8-s=16 L 7-m=49 


. Think about finding the missing factor. Then solve each 


division equation. 


ea 4 — ft 23-71 =@a 0a 
dpD3-3=t E 42-+-6=q F 40+8=s 
aio 2=>h H 0+-9=b 1 /+/7=d 


for the flow chart if 
the missing operation 
in the instruction box is 


A+ B-— 
Cc: dD — 


itis 





Output 
> 





UTILIZATION 
The exercises involve only one operation in 
each equation and students need only write the 
solution to the equations. Since students may 
complete Exercises |—4 rather quickly, plan to 
devote some time to discussing the exercises. 
For example, in Exercise |, ask students to 
decide whether the variable in each equation 
stands for an addend or a sum. In Exercise 3, 
ask whether the variable represents a factor or 
a product. Note the use of the “think cloud” 
in Exercises 2 and 4 to help students think 
about missing addends and missing factors. 


EXTENSION 
Additional practice exercises are provided on 
Workbook page 11. 

Remedial: Provide additional equations like 
those in Exercises 1-4 for students to solve. 

Enrichment: Have students complete the 
sum-difference pairs and product—quotient 
pairs in the tables shown below. 

Sums 


Differences 
ars 





Products Quotients 


MOO ® > 





Assignments 
Minimum |A-F, 2A-F, 3A-F, 4A-F. 
Average 1-4. Maximum 1-S. 
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Objectives 
Given an input number and a function rule, 
the student can give the output number. 
Given a set of input-output numbers related 
by a simple unstated function rule such as 
“Add 4” or “Subtract 6,” the student can state 
the function rule. 


PREPARATION 
Review some simple flow charts in which the 
instruction consists of one operation. 


DISCUSSION 

This section begins by introducing the basic 
idea of how the function machine is used with 
respect to input and output numbers. Func- 
tional notation is also introduced. The work 
with functions at this time plays an important 
role as background preparation for later work 
with graphing. The lesson also provides prac- 
tice with the basic facts. 

It is vital for students to understand how the 
function machine operates; that is, they should 
realize that each input number and function 
rule determine a unique output number. Pro- 
vide several examples of simple function rules 
to see whether students can correctly obtain 
the output numbers. 

Try to make sure that students are not 
daunted by the f(n) notation. If they simply 
think of f(n) as a symbol for the output number, 
it should not cause any real problem. This is 
standard function notation that the student will 
encounter again and again in later work with 
mathematics. 

A great deal of enthusiasm can be generated 
by playing the guess-the-function-rule game. 
For example, when student A says 3, student B 
says 7; when A says 5, B says 11; when A says 
4, B says 9; when A says 7, B says 15; when 
A says 2, B says 5; when A says 0, B says 1. 
Other members of the class are to guess the 
function rule—in this case, 2-n-+ 1. 

Playing this game before working the exer- 
cises will provide background for successful 
experience with this lesson. 
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The Function Machine and Operations 
Discussing the Ideas 
The picture below can help you understand the function machine. 


The function rule on the function machine tells how to find the 
output number for a given input number. 


Rule: 
Lia a | 






[ inpuT By 


alk =e 


For the example above, you can describe the function rule as 
output number = input number + 7. 

If n denotes the input number and f(n) denotes the output number, 
we can write f(n) =n-+ 7. 

For the input number 8, we write f(8) = 15 and 
we read ‘‘f of 8 equals 15.” 


output 






1. Using the function rule above, tell what number each of 
these outputs represents. 


A f(A)REr Biey(S) Sacer (6) pd f(0) E f(10) 


2. The input and output numbers for Pa a FS pt 


a function rule can be arranged 
in a function table. Give the 


missing numbers for the table. cer pe te 
3. Suppose the function rule was A 

7 — n. How would you complete 

the function table for Exercise 2? B 
4. Explain why the function tables © 

for rules A and B would be the - 

same. 

[a] f(n)=3-n [B] f(n)=n+n+n E 





5. In Exercise 4 above, you can see how repeatedly adding 
the same number is an operation related to multiplication. 
Explain how subtraction and division are related in a 
similar way. 





Using the Ideas 


1. Using the function rule f(n) =n - 9, give the output number for 
each of the following input numbers. 


A 5 B 3 G7. D 1 E 10 F 2 G 0 H 100 


In Exercises 2 through 4, give the missing numbers for each table. 





2. Function Rule 6}, Function Rule 4. Function Rule 
Input Output Input Output 
n_ f(n) n___f(n) 
hE ae 
sere: 
ear’ : 
tr} - 





For Exercises 5 through 8, study each table 
and invent a suitable function rule. 








Copy the triangular array of numbers 
and try to give the missing numbers. 
Find the sum of the numbers in each 
row. Do you see a pattern? Now find 
the next row. 





Sums 





Aittyheten tn 





ese Sapa ice, 


A iacReRC RCA etree 


auesiaaea ates. | 





cote eee 


10. 1 
MM WMI 1 








UTILIZATION 
Exercises 1, 2, and 3 provide practice in com- 
puting output numbers, f(n), for given input 
numbers and function rules. Exercise 4 is 
slightly harder because in parts C and D the 
students must think about inverse operations 
in order to compute the input number when the 
output number and function rule are given. 
Exercises 5 through 8 extend the work with 
functions and require that the student find the 
function rule when both the input and the out- 
put numbers are given. The guess-the-function- 
rule game suggested in the Discussion on the 
previous page will help students be successful 
with this type of problem. Exercise 8 should 
be assigned as a challenge problem. 


EXTENSION 

Page 9 of the Duplicator Masters offers addi- 

tional appropriate practice exercises. 
Remedial: Have students compute output 

numbers for the following function rules, using 

input numbers from the set {0, 1, 2, 3, 4, 5, 6, 

7, Sa OMnO}Ns 


l. f(n)=n+8 4. fin) =n+n 
DR ay) =) = ih 5. f(n) =n 
3. a) = I 2 Ip 6. f(n) =8-n 


Enrichment: Have the students construct 
some function tables like those in Exercises 
5 through 8, and ask other students to discover 
the function rule for each table. 


Think Solution 

The array shown is often referred to as ‘‘Pas- 
cal’s triangle.’ Each number is obtained by 
adding the two numbers to the right and to the 
left in the preceding line. Thus, in rows 6 and 7, 
we see this pattern: 


5 10 10 
SW) Aly eee 
15 20 


_ The patterns and significance of the triangle 
are many and varied. For example, the sum of 
each row is found to be a power of 2. The power 
of 2 for the n'" row would be 2”"!. 


Assignments 
Minimum 1-4. Average 1-7. Maximum 1-8 


1-8. 
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Objective 
The student will be able to perform opera- 
tions with numbers grouped with parentheses. 


PREPARATION 

It would be reasonable to begin work immedi- 
ately with the Investigation. However, you may 
prefer to introduce the lesson with some ex- 


Using Parentheses with Operations 
Investigating the ideas 
When more than one operation is used in the same problem, 


you can use parentheses to show which operations to 
perform first. 


pressions like 
1 Oe HA ANC Osta 4 ae 
Ask the students what numbers each expres- 
sion can represent. Since several responses 
may be given for each expression, encourage 
students to try to find a way to resolve the 
ambiguity. Then place parentheses in two ways 
for each expression: 
[2 (6) and (12) 6) a.) 

Lol(S =) aveal (Ge S) = 3 
(iGysiezth)) Se Deaville (bees 2, 
Explain that the parentheses signify that the 
enclosed computation must be performed first. 
Since different numbers result from different 
groupings, students will gain a deeper appre- 
ciation of the importance of the parentheses 

and their placement. 


INVESTIGATION 

Allow enough time for the Investigation to 
enable almost all of the students to complete 
it. Have students display their groupings. 


DISCUSSION 

The main objective of this lesson is to have 
students gain familiarity with parentheses in 
expressions and equations. The concept of 
associativity is not a point of the lesson and 
will be treated separately in the following les- 
son, although Exercises 2 and 3 indicate that, 
for the single operation of either addition or 
multiplication, placement of parentheses is of 
no significance. 

Exercise 4 introduces an agreement concern- 
ing this basic idea: We will often not use paren- 
theses in expressions and equations where the 
combination of multiplication and either addi- 
tion or subtraction are involved. Therefore, we 
agree to multiply adjoining pairs of numbers 
first. This allows us to write equations like 
2:-n+3=11 or 7: x —3=4 without paren- 
theses, yet free from ambiguity. 
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ExAMPLES: (8+3)-2 =22 
8+(3-2) =14 


1.16-7+8=1 5.3-5-4=11 


Can you place 
parentheses 
in the equations 


2. 16.5.0 eS aol 6.3°-5—-—4=3 


so that each 
equation will 
be a true 
statement? 


3. 12+2+4=2 7. 18 2-6-4 


4, 12-2" 410 8. 18+-6-3=9 


Discussing the ideas 


1. Show how the expression 9 — 3 + 2 can be made to represent 


two different numbers depending upon how parentheses are 
placed in the expression. 


. Can you place parentheses in the expression 8+5+7 


so that it will represent two different numbers? 


. Can you place parentheses in the expression 2-3 - 4 


so that it will represent two different numbers? 


. When a combination of multiplication and addition or of 


multiplication and subtraction is used in an expression 
without parentheses, we agree to multiply adjoining 
numbers first and then do the adding or subtracting. 


For example,3-7+4=25 and6+5:-2=16. 


Tell what number each of these expressions represents. 
A9-2+3 G 1673340 Eso °* 0 280 
B 7-3-10 p 12+4:-3 F4-2-3-—5 








* 


. 


1. Tell what number each expression represents. 
Perform the operation in the parentheses first. 


A i2> (3° 4) c 
Bo (5 +2) D 


(leee4yer 
(6-5) — 15 


Using the Ideas 


E 20— (8 ~ 4) 
F (20-8) +4 


2. The examples illustrate how to use parentheses in equations. 


{ 


Solve the equations. 
© (EH -2-» 
. 


G5 + 2 n; 


i hAe SD) ake ic X G 
Set M10 sr 2) an 
(12+ 4) -9=a 
is (81) —d J 
10+ (6—2) =q K 
(17—8)+4=h L 


nmoogoo Pp 


3. Solve the equations. 
A7:-4+5=r 
B 12-2:-4=t D 


ie) 


n=8 

(3-6) =2=n 
5+ (8—3)=a 
4-(7+2)=c 
(23) e- 6=f 
18—6:-3=b 


(24+6)-8=m 


16 = 


8 =m, m=2 


m 6- (6=6)=u 
Nn 6= (6=6) =v 
o (6:6)+6=w 
p 6+ (6+6) =x 
Qa (6+6)+6=y 
R 6— (6+6)=2 


E9-8—-9:-7+9-:-6=n 
F (10:9—14)+2=s 


4. Give the missing numbers in each function table. 


Function Rule 




















Deus 

n | f(n) 
aA 2 | iil F 
B 65 | ill G 
ec 68 (| ill H 
p 10 | ill I 
Epp hse \cllll J 

5. Solve the equations. 

A2:°x+3=13 c 
B3:n+4=10 D 


More practice, page S-5, Set 7 


Function Rule 

















202-1 
n | fn) 

1 i 

3 il 

6 il 

7 il 

10 | lll 
f Fa2n = 27 
10—5:-a=0 


Function Rule 





(ns) =| 

















i 
Ul 
hi 
hi 
i 


A 


Fr 








oO 2 £ 


E 2-b+2-b=20 
F 3:d+2:-d=35 


UTILIZATION 
Exercises | and 2 stress work with parentheses. 
In Exercise 3 the student must use the agree- 
ment stated in Discussion Exercise 4. 

Exercise 5, which is designed primarily for 
the more able students, presents a variety of 
equations to be solved. You are urged not to 
attempt to teach any specific techniques for 
solving these equations. The equations are 
included primarily to help students think about 
the operations in order to discover the solu- 
tions. Encourage students to think about miss- 
ing addends and factors. Thus, for Equation 
SA, the student can reason: 

“Since 2 - x adds to 3 to give 13, 1 know2 - x 
must be 10. Then x must equal 5.” 


EXTENSION 
Supplementary Exercise Set 7 on page S-S, 
Workbook page 12, and Duplicator Masters 
page 10 provide exercises appropriate for stu- 
dents who would benefit from further practice 
with the concepts of this lesson. 

Remedial: Provide additional equations for 
more practice. 


lee(Qee Sie 
De S = PD) SS) = i 
Selb (SiS) = 
4. (6:8)=4=s 
See etal 29) at 
Oe See 
7.3°9—16= 

iy (a 3) = Se 
S)S SSS) = 38) == 
10.62: 7+2-3=m 


Enrichment: Have the students create equa- 
tions like the ones in the Investigation. Then 
ask them to exchange equations and insert 
parentheses in the correct positions. 


Assignments 
Minimum 1, 2A-F, 3A-C. Average 1-4. 
Maximum 1-5. 


Objectives 

The student can identify and use the associa- 
tive and commutative principles for addition 
and multiplication, and can identify and use 
the zero and one principles. 


PREPARATION 
No preparation is needed before beginning the 
Discussion. 


DISCUSSION 

Although the associative and commutative 
principles are important in their own right, the 
most important idea to be brought out is the 
fact that the commutative and associative prin- 
ciples together allow us to rearrange addends 
(or factors) in any way that is convenient. In 
actual practice this rearranging of factors or 
addends is the most common use for these two 
principles. (See Discussion Exercise 3.) 

Although the zero and one principles are 
quite familiar to most students, they should be 
emphasized at this time. Of particular impor- 
tance in this lesson is the fact that there is no 
such operation as division by zero. Thus in 
Exercise 6A if n is any whole number, then 
0+n=0 because 0-n=0 for every whole 
number n. However, in Exercise 6B, we cannot 
divide any number by zero. For example, con- 
sider the equation 7=+0=x. Then x'- 0=7. 
But there is no number x which multiplied by 
O gives 7. 

Also consider the trivial case of 0 + 0= x. 
Then x - 0 = 0 for every whole number x. Thus, 
for a nonzero dividend, we can never find a 
quotient when dividing by zero. For the zero 
dividend, every number could be a quotient if 
a zero divisor were permitted: For these rea- 
sons, we agree never to divide by zero. 

This lesson plays an important mathematical 
role in that the commutative principle, the 
associative principle, and the properties of zero 
and one are seen to be a part of the basic struc- 
ture of the whole number system. 

The material should prove quite easy for 
most students and should be covered rapidly. 


Basic Principles for Addition and Multiplication 


Discussing the Ideas 


Ue 


. Study the associative principles. 


. Study the zero and one principles. 


. Use the inverse relation between 


Study the statements concerning 
the commutative principles. 


A Can you tell, in your own 
words, what the commutative 
principle means? 

B Illustrate the commutative 
principle for addition 
when a= 12 and b= 34. 


lf a and b are any whole 


numbers, then 


a+b=b+a and a-b=b-a 








c Illustrate the commutative 
principle for multiplication 
when a=9 and b= 12. 





If a,b and © are any whole 
numbers, then 


a Is 289 + (746 + 868) the same 
sum as (289 + 746) + 868? 

B Illustrate the associative 
principle for multiplication 
using a=5, b=4, and c=2. 


a+ (b+c)=(a+b)+c 
a, (Dec) =(a- be 








. Together, the commutative and associative principles assure us 


that we can arrange three or more addends or factors in any 
convenient way and still get the same sum or product. 
EXAMPLES: (7+ 9) +3= (7+3) +9 4- (25-9) =—(25- 4) -9 
A Explain how the commutative and associative principles for 
multiplication can help you quickly find the product 5 - 39 - 20. 





Use the inverse relation between 

addition and subtraction and the 

zero principle to explain why 
a—O=aanda—a=0 


Zero is the identity element for addition. 
This means that for each whole number a, 






ees eS nit BREE Ek eae 
The number 1 is the identity element for 
multiplication. This means that for each 
whole number a, a: 1=a 


multiplication and division and the 
one principle to explain why 


a+1=aanda+-a=1 








. Use the inverse relation between multiplication and division to 


explain the following statements: 






le zero 





*7. 


. Which of the expressions do not 


Using the Ideas 


. Tell whether each equation illustrates the commutative 


principle, the associative principle, or both principles. 
aA 8+7=7+8 Di8/ = 74,8 
Bi5+ (6+ 2) =(64 2) +5 Emone(6 2 2)t=(62)— 5 
e°(4+3)+1=4+ (3+ 1) F (3:4) +6=6+ (3: 4) 


. Solve the equations. Think of the basic principles to 


help you solve them quickly. 

A 37+ 26=n+37 

B 51:24=24-a 

© (56+ 2) +138 =—56+ (d +13) 


p 8: (7:6) =(b-7)-6 
—E (4- 3264) -7=4- (s-7) 
F 6+ (156 +38) = (n+ 156) + 38 


. Use the commutative and associative principles to find 


each sum or product. 


A 99+ (47+ 1) p (200 + 653) + 800 GQn2or- 767 4) 
B 96+ (79+ 4) Eeo (lo 2) He(D0r 97) a2 
on999 4 (356 -- 1) F (25-41) -4  t2o"293) eS 

. Solve the equations. 
A 67+x=67 p 67: a=67 G 87+ (x— 12) = 87 
B 92—x=0 E 92-a=1 H 87- (a= 12) = 87 
c 74—-x=74 F 74-a=/74 r 96— (x+ 96) =0 


. Both addition and multiplication are associative. Do you 


think that subtraction is associative? That is, is it true 
that if the subtractions can be performed for all numbers 
a, b, and c, then a— (b—c) = (a—b) —c? 


Answer the same question for division. Is it true that for 
all numbers a, b, and c, then a+ (b= c) = (a+b) +c? 


IRUUAU 










represent numbers? 
AUO=6 B 60 cz05=.0 : 
In numbering the 
pages of a book 


t ts both ch fotete 
Suppose two students bo oose "495 digits were used. \se 


a whole number. What can you say 
about the numbers if 


A their product is zero? 
B their product is 1? 


_ How many pages were th 
How many 9’s were used % 





UTILIZATION 
Exercises | through 4 provide practice in iden- 
tification and application of the basic principles. 


Solution, Exercise 5 

In order to disprove a general principle, only 
one counterexample is necessary. Thus, for the 
question regarding subtraction, pick any three 
numbers for a, b, and c (say, 6, 3, and 2) and 
show 

6= i 2) (63) 2 
6 lio 
5A 





To answer the question for division, consider 
the numbers 24, 6, and 2. 


24+ (6+2) = (24+6) +2 
Ye ye ND) 
8 #2 


Solution, Exercise 7 
If P = 0, at least one number is 0. 
If P = 1, both numbers are 1. 


Think Solution 

There are 9 digits for the pages | through 9. 
There are 180 digits for the two-digit numeral 
pages from 10 through 99. For the three-digit 
numerals from pages 100 through 199, there are 
300 digits. For pages | through 199, therefore, 
we have 9 + 180 + 300 = 489 digits. Thus, we 
need 6 more digits, and these are obtained from 
pages 200 and 201. 

The number of nines used in the digits for 
201 pages is as follows: pages 1-9, | nine; 
pages 10-89, 8 nines; pages 90-99, 11 nines; 
pages 100-189, 9 nines; pages 190-199, 11 
nines; pages 200-201, 0 nines; or a total of 
40 nines. 


Assignments 


Minimum 1-3, 4A-F. Average 1-6. 
Maximum I-7. 
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Objective The Distributive Principle 


The student can demonstrate an understand- 
ing of the distributive principle of multiplica- 
tion with respect to addition in evaluating 
expressions and solving equations. 


Investigating the Ideas 


Study the flow charts and then find the output for each one. 


PREPARATION 











Plan a brief review of flow charts or play the Any three Add the first ah ii: Ousput 

guess-the-function-rule game, previously de- numbers two puTbers third number I 

scribed in the commentary for page A-34 of 

this module. PH TER eine NG PAO Ae Re: 10\*"%27 = 73) 48 

Be Pea rae : | h hace Multiply the Multiply the Add the 
by my estisarion INNOIVES tne RE o : § bai Any three first number second number 

tributive principle; however, the principle itself numbers by the third by the third two 

is not specifically mentioned in the Investiga- number number products 

tion stage. Students are expected to discover 

the fact that regardless of the three input 27, 73, and 10 10,27 1Oe ia 10 = 272 Oe73 ? 

numbers selected for the two flow charts, the Choose three more input numbers. Then find the output. 


output numbers will be the same. 


There is no need to emphasize early verbali- 
zation of the distributive principle. Many stu- What can you say about the two output numbers 


dents who can use it correctly may have some in the flow charts above for any three numbers? 
difficulty in precisely describing it. 








DISCUSSION Discussing the Ideas 
Exercise | formalizes the results of the Investi- = 
gation and states the distributive principle 1. The flow charts illustrate the Distributive principle 
algebraically. distributive principle for | 

Exercise 2 uses sets to present a more con- multiplication with respect If a, b, and ¢ are any 
crete example of the distributive principle. to addition. whole numbers, then 


Note that the principle is presented as “‘break- 
ing apart’ one of the two factors in a multipli- 
cation problem. It might be helpful for students 
to use graph paper to demonstrate this “break- 
ing apart” idea. 

Exercise 3 should be covered carefully in 
order to prepare students for the problems on 


The flow charts show that a- (b+ c) = (a- b) + (a-c) 
10°" (27 + 73) — 10 27) 2 110 Sane 
Illustrate the distributive principle using a = 20, b= 34, andc=9. 





2. The sets below may help you to better understand the 
distributive principle. Describe and explain each display 








the following page. and then give the number for n. 
Han 
4-5 = 4- (2+ 3) = (n+ 2) + (4° 3) 
3. Explain how to find the number for n in each equation. 
A-5~ 6c 5-3 =5 (6-473) =0nen ~ Bp 3:7+3-6=3(n+ 6) =3: 13 
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Using the Ideas 


1. Complete each equation in the left column by choosing the 


correct expression from the right column. 


paae” 5) ) = ill [a] igi +5) 
B (6-2) + (9- 2) =llll (20 2a oS) 
ce (7-8) + (7-5) =Illl [e]e (8 S7)er (6 5) 
Dp 5: (7+8) =ill [p] (6+9) -2 
—E 9: (2+6) =illl fe] (9+2)-6 
F (9-6) + (2-6) =illl ery et)) 


. Solve the equations. 


Ayo O—o° (6+ a) 75: 8— (5:6) + (5 a) 
B 6°4—6-(n+1) ~6- 4= (6: n) + (6: 1) 
© 4-9—4-(3+b) ~4-9= (4-3) + (4-b) 


. Solve the equations. 


amo 5) + (6-1) =6-a F (4-70) + (4: 8) = r 

Bip. 3). (5:4) =5:.m G (7: 100) + (7-50) =7-:a 

On (o7-010)i+ (8; 3).= 8. n H (6-600) + (6-10) +(6:9)=6-c 
om. 10) + (5%7) —5"s 1 (8-400) + (8-30) + (8: 8)=8-m 
E (6-30) + (6:5)=6-y vy (5-900) + (5-90) + (5-9)=5-q 
. The small black dots 

are to indicate that 

many cubes have been 

left out. Give the total 4 rows 


number of cubes, 
without pencil-and-paper 
computation. 





Senne CaRREIERIOEE 
750 in a row 


Meee pee 
250 in a row 


. Copy and complete the equations. 


A a: (b+ ¢) = (a- b) +Illl er: (a+|fl) =(r- a) + (ry) 
B s- pat ) = Ill + (s - F foag uh ame 

c a (¢ +d) = (n-c) + (n-d) G f a ) + (a: m) 

pb: (|[|+n) =(b-m)+(b-n) «ffl = + (b- s) 


UTILIZATION 

When students have finished the exercises, be 
sure to allow adequate time for discussing the 
application of the distributive principle. As 
preparation for work with the multiplication 
algorithm, students should clearly understand 
the role of the distributive principle in problems 
such as those in Exercise 3. 


EXTENSION 
For additional practice exercises, see page 13 
of the Workbook. 

Remedial: Ask students to cut out rectangu- 
lar shapes from graph paper and shade them 
so as to illustrate the distributive principle. 
The example below shows that 

4-7=4- (3+4)=4-3+4-4 


ht ANN 
SW 











3 agi 


Assignments 
Minimum 1-3F. Average 1-3. Maximum 1-S. 


Objective 

The student can find sums and differences 
by using the usual addition and subtraction 
algorithms. 


PREPARATION 

Most of your students will have some skill at 
finding sums and differences. This section pro- 
vides your students with an opportunity to 
review the addition and subtraction algorithms 
and to improve their computational skills. To 
gain some idea of the proper emphasis and the 
amount of reteaching necessary for this lesson, 
you may wish to provide a short diagnostic 
test prior to this lesson. 


INVESTIGATION 

The missing-digit exercises in the Investiga- 
tion will offer much insight into the students’ 
understanding of the regrouping process in 
adding and subtraction. When students have 
completed the Investigation, ask some of them 
to display their completed problems and explain 
how they found the missing digits. 


DISCUSSION 

Exercises 1 through 4 provide additional dis- 
cussion opportunities concerning regrouping 
in addition and subtraction. 


Answers, Discussion Exercises 1 and 2 

1. If you added the two largest digits possible 
in the ones’ place (9 + 9), you would carry 
1 ten to the tens’ column, which would give 
the digit 7 in the tens’ place in the sum. It is 
possible that there would be no tens to carry, 
which gives the digit 6 in the tens’ place in 
sum. 

2. From the sum of the digits in the ones’ place, 
the greatest number of tens that could be 
carried would be two, since 9 + 9+ 9= 27. 
The greatest number of hundreds that could 
be carried from the sum of the tens’ digits 
would be two, since (90+ 90 + 90) + 20 
= 290. The possibilities for the hundreds’ 
digit in the sum are 


(8+5+8) +0=21 (one) 
(8+ 5-+- 8) + 1=22 (two) 
(8+5+8) +2=23 (three) 
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Adding and Subtracting Review 


Investigating the Ideas 


Some of the digits are missing in the addition and subtraction 
problems shown below. 





3. 7Wo5 4. 
—3 8 4| 


ih 7 I 3 


6 illo 2 
—4 3|ll| 5 
16 2illl 


Can you find the missing digits in each of the problems? 


Discussing the Ideas 


In Examples A, B, C, and D, some of the digits are covered by screens. 


ie 


Explain why the tens’ digit in the sum for 


Example A can be either 6 or 7. [a] ill 7 il: 
+ Ill 9 il 
. Explain why the hundreds’ digit in the sum HM 
for Example B can be 1, 2, or 3. 
. Explain why the number of tens in the 
difference for Example C is either 3 or 2. [ce] lik 7 Il 
= Ih 4 


What are the possible digits for the ||| in 
Example D? 


mn 


What are some methods you can use to help you find 
sums rapidly and accurately? 


A How can you check your work in an addition 
problem? 

B How can you check your work in a subtraction 
problem? 


i & i 
i 
+ Ii Ih 
Mn A 
[>] ils il 
= Iii i 


mmm) a 





1. Find the sums. 








A 37 B 86 CG £534 D 
4 led +37 +2506 
F alia G 328 H 2347 1 
314 426 981 
sReDo 153 49 
+ 867 + 6 








kK 57+ 41+ 96 tL 123+ 174 + 6209 


2. Find the differences. 


A 87 B 92 c 131 D 
= IS — 68 = ahs) 

F 5200 G 7891 H 9451 1 
OSI — 4987 — 5789 











The map shows airline distances (km) between 


some cities. Use the map for Exercises 3, 4, and 5. 


WS 
3. Give the total distance for each trip. 
A St. John’s—Vancouver-Los Angeles 
Regina—Chicago-—Miami 


oo 8 


Miami-—New York—Halifax 


AN 


4. Which of the two trips is the shorter? 
How much shorter is it? 


A Toronto—Chicago-—Minneapolis—Vancouver 


B Toronto-Victoria—Los Angeles-—St. Louis 


5. What is the total airline distance 
covered on a trip from Charlottetown 
to Montreal to Winnipeg to Victoria 
to San Francisco to Los Angeles 
to Dallas to Miami to New York? 


More practice, pages S-5 and 6, Sets 8 and 9 


Seattle-Minneapolis—Chicago A 


Using the Ideas 








744 E 2898 
a Caeyl sie Ta s}s) 
6243 J 28705 
1527 44 192 
4639 89 763 
+7254 +17 541 





M 2338 + 5620 + 23 746 


862 —E 1207 
MRA eee) 

23 742 J 987 654 
— 19 888 — 321 098 













PUtts 


HICAse 


FRANC Sco 


MIAME 








The sum of two numbers is 56. 
Their difference is 18. 
What are these two numbers? 


a+b=56 
a—b=18 





UTILIZATION 

The first two exercises provide straightforward 
practice in adding and subtracting. Exercises 
3, 4, and 5 provide experiences in solving story 
problems that involve addition and subtraction. 


EXTENSION 

Appropriate additional practice exercises are 
available on pages S-5 and S-6, Supplementary 
Exercise Sets 8 and 9; page 14 of the Work- 
book; and page 11 of the Duplicator Masters. 
Arithmetic Skill Cards W-\ through W-4 might 
also be used with this lesson. 

Enrichment: Students might be interested in 
planning a trip from their home town to one of 
the cities on the map on this page. This kind of 
activity, appealing to students’ individual travel 
interests, may prove particularly motivating. 


Think Solution 
Although algebraic techniques may be implicit 
in their methods, most students will probably 
solve this problem by trial and error. For 
example: 
(1) Try 30+ 26+ 56, 

but 30 — 26 < 18. 
The difference between the numbers must be 
greater. 


(2) Try 35+ 21 = 56, 
butes5 ee le—al8 
The difference must again be made greater. 


(3) Try 38 + 18= 56, 
but 38 — 18 > 18. 
Just a bit too great a difference! 


(4) Try 37 + 19= 56, 
and 37 — 19= 18. 


Algebraically: , + b= 56 


a—b=18 
2-a =74 
a=37, b= 19 


Assignments 
Minimum | A-H, 2A-H. Average 1|-4. 
Maximum I-S. 


A-43 


Objective 

The student can solve simple word problems 
that involve numbers in the thousands and the 
millions by using addition and subtraction. 


UTILIZATION 

These word problems involve facts about the 
areas and populations of the countries of North 
America. This problem set offers an excellent 
opportunity to relate mathematics to social 
studies. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-7. 





NORTE AMERICA 


POPULATION & 























AREA 
REGION (km?) (1970 est.) 

British Honduras 22 965 130 000 

Canada 9 974 890 21 681 000 

Canal Zone 1432 45 000 

Costa Rica 50 699 1 800 000 

Cuba 109 345 8 553 000 

El Salvador 21 393 3 534 000 

Guatemala 108 889 5 189 000 

Honduras 112 087 2 582 000 

Mexico 1 963 891 48 313 000 

Nicaragua 139 699 1 984 000 ( hos 

Panama 75 649 1 464 000 <U_HoNDURAS 

United States | 9346 460 | 204 766 000 See VAR eR NICARAGU 
COSTA RIC rN 

. How much larger in area is Canada than PANAMA 


the United States? 


. How many more people live in Mexico than in Canada? 


. A Find the total population of Guatemala and Honduras. 
B Find the difference between the total in a and the 


What is the difference in the areas of Nicaragua 
and Cuba? 


population of Cuba. 


. Find the total area of North America. 
. Find the total population of North America. 


. How much more is the population of the United States 
than all the remaining North American regions together? 





Money Problems 


1. What is the 
total cost 
of these 
groceries? 


2. Janet had $10.00. She 
bought a blouse for $5.69. 
How much change did she 
get back? 


3. A sports car has a list 
price of $3096. With 
“optional equipment,” the 
price is $3435. How much 
extra does the “optional 
equipment” cost? 


4. Mr. Johnson bought 
a house for $17 960. 
He made a down payment 
of $3592. How much 
more does he owe on 
the house? 


5. The Watson family had these 


expenses for a certain month: 


$265.00 Housing 


210.85 Food 
36.95 Clothing 
46.72 Utilities 


30.90 Recreation 

79.53 Transportation 
What is the total amount of 
the expenses for the month? 





. Paul saw a 10-speed bicycle 


advertised for $83.60. He 

has already saved $25.95 for 
a bicycle. How much more 
money must Paul save before 
he can purchase a bicycle? 


. Lisa bought some school 


supplies. She paid 69¢ 

for paper, 98¢ for a ball 

point pen, and 79¢ fora 
notebook. How much change 
should she get back if she 
paid for the supplies with 

a 5-dollar bill? 





. Martin earns $10.00 per week 


doing part time work. One 
week he spent $3.75 for 
recreation and $2.60 for 
snacks. He put the rest 
in his savings account. 
How much did Martin 
save that week? 


IRUUAU 


Rick has 44 pennies. ~ 
Can he put a different 


number of pennies 
in each of his 
pockets if he has a 
total of ten pockets? 








Objective 
The student can solve word problems involv- 
ing money by using addition and subtraction. 


UTILIZATION 

Most students can successfully solve the word 
problems involving money with little instruc- 
tion. It is probably unnecessary to discuss the 
role of the decimal point in money notation 
other than to remark that “It separates the 
dollars from the cents.” A few students may 
need to be reminded to be sure to keep the 
decimal points aligned in addition and subtrac- 
tion problems. 


Think Solution 

The sum of the first ten nonzero numbers is 
SB 2 OMB Set Se SSR Sees ts se Davi) = Spi 
Therefore the ten pockets cannot be filled with 
pennies numbering from | through 10. Suppose 
Q pennies are placed in one of the pockets. 
Then 05 l=, 2 1 36-4 st Oo 7 426 1 9 —4 5, 
which is one more than the number of pennies 
available. If the number of pennies is less than 
in any pocket above, two pockets will have the 
same number of pennies. Therefore the 44 
pennies cannot be placed in the ten pockets so 
that there is a different number in each pocket. 


A-45 


Objectives Special Products and Quotients 
The student can find products of numbers 
that are multiples of 10, 100, or 1000. 
The student can find quotients for pairs of 
numbers that are multiples of 10, 100, or 1000. 


Investigating the Ideas 


Study the function tables below. 






































PREPARATION 
Since the Investigation deals with finding miss- punctionsHule ae UngNON. Ra [ce] euneyen Dee 
ing function rules, a good preparation for the I IN IN 
lesson would be to play the guess-the-function- + f(n) is f(n) 
rule game as a warm-up activity. 

6 600 30 3 
INVESTIGATION 
The Investigation introduces the main idea of 13 1300 150 15 
the lesson—finding special products and quo- 145 ] 14.500 490 49 














tients involving multiples of 10 and 100. Most 
students will be able to find the missing function 
rules quickly. Students who are slow in dis- 
covering the rules are likely to need extra help 
with the ideas of this lesson. 











DISCUSSION Discussing the Ideas 

Much of this material will be review for most 

of your students, so you will want to adjust 1. Many special products and quotients involving multiples of 
the time and emphasis on this material accord- 10, 100, and 1000 can easily be found by using the basic 
ing to the abilities of your class. A rapid review multiplication facts, the basic principles, and the inverse 
should be adequate for most students; however, relation between multiplication and division. 


you will find that you may need to proceed 


spanner dane OF TI Ue I A Explain how to find the product of any whole number 


and 10 mentally. 





In Exercise 1, be sure to emphasize that 
students must be able to multiply by 10, 100, B How can you multiply any number by 100? by 1000? 
and 1000 mentally. In Exercise 2, you can ex- 
plain each step as follows: 2. The diagram shows some steps 
30 - 40 = (3 - 10) - (4 10) Multiplication in finding the product of 30 
fact and 40. Give the missing 
= (3-4) - (10- 10) Associativity number in each step. 
and 
Commutativity 3. The flow chart shows a shortcut for multiplying 20 - 60. 


= 12-100=1200 Miultiplication 
facts 
The flow chart in Exercise 3 gives the short- 
cut for finding products like 20 - 60. Stress the 
inverse relationship between multiplication 
and division when discussing Exercise 4. 205460 b= 246 x 100 - IK 


What is the product? 





4. If you know that 20 - 80 = 1600, explain how you can find 
these quotients. 1600 + 20 and 1600 = 80 








Using the Ideas 


1. Find the products. 
Ao 10 cS" 60 —E 100-6 Ga 9-10 1w:400 07 k 9- 1000 
ee 7 bp 2:10 Fasgee100 H 10-4 dea Deced OO t 1000 - 40 
2. Find the number for a. Then find the number for b. 
A 10-10=a ~ 7-:10:10=b ec 10-:100=a ~— 4:-:10:-100=b 
B 7-10:10=a ~70:10=b p 4-10:100=a ~40:-100=b 
3. Find the products. 
A 40-10 pb 100-70 G 4-300 J 120°"20 m 200 - 20 
B 10-30 E 20-40 H 60 - 40 k 60 - 1000 n 90 - 300 
ce 60-100 Fe ouP 50 1 50-40 « 70:30 o 800-60 
4. Find the quotients. 


-7. 


A Since 60 - 30 = 1800, we know that 1800 = 30 = a. 

B Since 40 - 20 = 800, we know that 800 + 20=c. 

c Since 70 - 40 = 2800, we know that 2800 + 40 = x. 

p Since 80 - 20 = 1600, we Know that 1600 + 20 = m. 

E Since 50 - 300 = 15 000, we know that 15 000 = 300 =r. 


. Think about the missing factor. Then give the quotient. 


a(?-30=600° B(?- 40 = 2400 © @. 90 = 1500) 


600 = 30=n 2400 + 40=a 1500 + 50=t 
p r-60= 1800 E m- 8= 1600 F s- 300 = 1200 
1800 + 60=r 1600 +8=m 1200 + 300=s 
. Find the quotients. 
A 400-8 1200-60 —E 63000 = 700 
B 6000 =3 p 2700 = 90 F 280000 = 4000 


Find the products and quotients. Write your answers in 
scientific notation. 


A 3-103- 2-104 E (7: 
B 5-104. 4-105 F 50-103: 102 

c 4-10&= 103 G 60000 +(2 - 102) 
p (3 - 108)+ 108 H 100 000 +(5 - 104) 


107)+7 1 500-102: 20- 102 
J 3000 000 +(30 - 103) 
K (2 - 10)+(10 - 102) 
L 10-104: 4-10 


_ More practice, page S-6, Set 10 


UTILIZATION 

Assign the exercises according to the needs 
and abilities of your students. If feasible, you 
might prefer to have students do most of the 
exercises orally, since mental computation 
should be stressed in this lesson. 


EXTENSION 

For additional practice problems, see Supple- 

mentary Exercise Set 10 on page S-6, Work- 

book page 15, and Duplicator Masters page 12. 
Remedial: Provide students with more prac- 

tice problems like the following. (Answers are 

ieee in italics.) 


- 100 300 6. 4000+ 50 80 
; i 26) 670 7. 70-80 5600 
S200 S20 60 8. 600-10 6000 
4. 800+2 400 9. 5S600=8 700 
5. 100-80 8000 10. 12 000+ 40 300 


Enrichment: To extend the ideas presented 
in exercise 7, provide additional exercises like 
those that follow. 


|. Find the products and quotients. Write your 
answers in scientific notation. 


Answers 
en een ane 6: 107 
Boor erage ar 102 
CP 410! = T0# 4- 10° 
Des 0r= 10" 3- 10° 
E. 7: 107 +7 1 108 
Fe S010? S10e iO? 


tN 


. Write the numbers in scientific notation. 
Then give the product or quotient in scien- 
tific notation. 

A. 10 000 000 - 300 000 
B. 600 000 000 = 30 000 
C. 4 000 000 000 = 200 000 


D. 400 000 000 - 2 000 000 

Answers 

As P 2 ig > 10°) =3 - 10” 

B. aed ee 104) =2- 10% 

G. 03) dei Ne B08 

D. nm catia - 10°) =8- 10" 
Assignments 


Minimum 1-3, oral; 4, S. 
Average |-3, oral: 4-6. 
Maximum 1-6, oral: 7. 


Objective 

The student can compute products using 
factors having 2 or more digits by using the 
multiplication algorithm. 


PREPARATION 

Review orally some problems involving multi- 
plying with multiples of 10 and 100, as in 
the previous lesson. Then proceed to the 
Investigation. 


INVESTIGATION 

The purpose of the Investigation is to examine 
the steps one must use in finding the product 
by the usual multiplication algorithm. Most 
students will be successful in finding the three 
products shown, but some may not be able to 
relate the sum of the three products to the 
multiplication problem 329 x 6. Do not be 
overly concerned about this in the Investiga- 
tion stage, since the purpose of the Discussion 
is to clarify and elaborate upon the ideas pre- 
sented in the Investigation. 


DISCUSSION 

The distributive principle is the key to under- 
standing the multiplication algorithm. Relate 
the steps in the algorithm in Exercise 2 to the 
work of Exercise |. Note that the partial prod- 
ucts are the same but then we find their sum 
as we multiply. Exercises 3 and 4 cover more 
complicated multiplication examples. In step 
2 of Exercise 3, the product 50-23 = 1150 
is found. In step 3 the sum of the partial prod- 
ucts 138 + 1150 is found. 

The amount of emphasis given to the details 
of the multiplication algorithm will depend, of 
course, upon the abilities of your students. 
For some students, a close look at the algo- 
rithm may be enlightening. For students who 
have good computational skill in multiplication, 
such emphasis will not be necessary. 

In general, you should adjust the amount of 
work assigned in this lesson according to the 
needs and abilities of your students. 


Computing Products 


Investigating the Ideas 











Can you find a number such that when multiplied 
by 6 will have a product equal to the sum above? 








Discussing the Ideas 
1. The distributive principle can help you find the number 
in the Investigation. 
6-300+6-20+6-9=6: (300+ 20+9)=6:-n 


What is the number for n? 














5 \ \ 

2. Explain the steps in this ys nied!) Sides) 
shortcut method for finding x6 x6 x6 
products. 4 74 1 Sei 


3. The distributive principle is also applied in the shortcut 
method of multiplying when factors with more than one digit 





are used. Explain 
what you do in 
steps 2 and 3 


to complete a 
the work. os 


4. Tell which two factors Lae 
give the partial product x85 4 
covered by each row of || HM A 
Then give this partial WN) 
product. Find the I ‘I 
total product. HA 


STEP 1 STEP 2 “| STEP 3 


x5 














2: 3.4 
5.6. 









THE HUMAN BODY 


1. Your heart, under normal 
conditions, beats about 72 times 
per minute. About how many times 
does your heart beat during 
A 1 hour? B a 24-hour day? 
c a 365-day year? 
pb a /0-year lifetime? 


2. We breathe (inhale and exhale) ata 
rate of about 18 times per minute. 
About how many times do we 
breathe in an hour at this rate? 


3. An adult man weighs 75 kilograms. 
An adult whale can weigh 1250 
times as much. How many kilograms 
can an adult whale weigh? 





8. Find the products. 


A 32 B 32 c 27 
x 43 x by! x 58 


Gane423 M 367 1 378 J 


x 514 x 425 x 496 











p 352 
x 46 x 84 x 29 


Using the Ideas 


4. A person uses about 275 joules of 
energy per hour while sleeping. 
How many joules are used by a 
person who sleeps from 9:30 P.M. 
to 7:30 A.M.? 


5. A student uses about 550 joules 


of energy per hour while sitting 
at a desk in the classroom. How 
many joules does the student use 
during a 6-hour school day? 


6. The brain of a baby weighs about 


340 grams. The weight of a baby is 
12 times his brain weight. About 
how many kilograms does the baby 
weigh? 


7. An adult weighs about 35 times 


his brain weight. If a man’s brain 
weight is about 2 kilograms, 
what is his body weight? 


EP e257 F 368 


3524 K 4763 tL 8732 











9. Rewrite the following multiplication problems replacing each |lll| 


by a digit so that the answers are correct. 


a Il i B 99 c 
x5 4 >I Il 
Hm i 
mM im 
3 |llll 3.4 2 2 lili 


More practice, page S-7, Set 11 





x 86 x 584 x 4658 
MN D I I 
Xen x9 99 

MII MM 

Il HI 
2 7 6 lll il HA 
4 7 (ill ii iiil 4 


UTILIZATION 

If some students need to improve their multi- 
plication speed skills, they should be asked to 
do most of the parts of Exercise 8. Students 
who are already proficient in multiplication 
should probably concentrate on Exercises | 
through 7, which are designed to improve prob- 
lem-solving skills. 


EXTENSION 
Additional practice is provided by Supplemen- 
tary Exercise Set || on page S-7, Workbook 
page 16, and Duplicator Masters page 13. 
Arithmetic Skill Cards W-5 and W-6 are also 
appropriate for use with this lesson. 
Enrichment: A method called “casting out 
nines” can be an aid in checking multiplication 
problems. First, define the digital sum of a 
number as the sum obtained by adding the 
digits in the number until a sum of 9 or less is 
reached, as in the example below. 


NUMBER: 2188 — 
2+14+84+8=19=14+9=10=1+0=1 


DIGITAL SUM 





Checking a multiplication problem by this 
method involves finding the product of the digi- 
tal sums of the two factors and showing that 
this product has the same digital sum as the 
digital sum of the product in the example, as 
shown below. 


DIGITAL 
SUMS 
626 5 
x 84 x3 


2504 “15> 14+5>6 

5008 

seit iernin eae 
Digital sums are the same. 


Students can quickly master this technique, 
but it should be noted that the method does not 
detect such errors as transposition of digits or 
misalignment of the partial products. 


Assignments 
Minimum 1, 2, 8A-D. Average 1-4, 8A-H. 
Maximum 1-9. 


A-49 


Objective 

Given a multiplication problem, the student 
can round factors to the nearest multiple of 10, 
100, or 1000 to estimate the product. 


PREPARATION 

Give some oral problems of multiplication in- 
volving easy multiples of 10, 100, and 1000, 
such as 3 X 400, 20 x 40, 6 x 1000, 50 x 400, 
etc. 


INVESTIGATION 
Each of the estimation problems suggested in 
the Investigation will probably require the stu- 
dent to round some numbers and then multiply. 
The estimation problems could be assigned 
to pairs or small groups of students since check- 
ing the estimates involves measuring and re- 
cording the results. 


DISCUSSION 

Allow students to describe how they found 
their estimates. Some students may strive for 
needlessly precise answers. For instance, a 
student who is 13 years old may claim that 
his age in seconds is exactly 409 968 000 sec- 
onds. Point out to such a student that unless 
he or she made the computation on the same 
day of the year and at precisely the same time 
of day that he or she was born, the result is 
not exact. 

Exercise 2 reviews the process of rounding 
to appropriate multiples of 10, 100, or 1000 
as an aid in estimating. 

It is useful to ask students whether their 
estimate is greater or smaller than the actual 
product. In Exercise 3A the estimate is clearly 
greater than the actual product since one factor 
was rounded up. In Exercise 3B the estimate 
is clearly smaller than the actual product since 
both factors were rounded down. However, in 
Exercise 3C one number has been rounded up 
while the other number has been rounded 
down, so the student would have some dif- 
ficulty in deciding whether the estimate is 
greater or smaller than the actual product. 


A-50 


Estimating Large Products 


investigating the ideas 
Try one or more of these estimation problems. 
A. Estimate your age in seconds. 


B. Estimate your height in millimetres. 





C. Estimate your total mass in grams. 








Can you find a way of checking your estimate? 








Discussing the Ideas 


1. a Explain how you made your estimates. 
B Were your estimates too large or too small? 


2. In estimation problems, you can often choose the nearest 
multiples of 10, 100, or 1000 to represent the numbers 
in the problems. 
Tell which of the two multiples of 10, 100, or 1000 is 
nearer to the number given in color. 
A 70, 78, 80 ce 100,193,200 € 
B 30, 31, 40 p 600,629, 700 F 


G 6000, 6281, 7000 
H 5000, 5706, 6000 


100, 149, 200 
800, 850, 900 


3. Study the example for estimating products in the table below. 
Give the missing estimated products for parts B and C. 


_Product | ___ We think 


A 80-9 = 720 Sit 
> is approximately 720 
e 800 - 30 = || 
Cc 
600 - 200 = |i 


4. Give an estimate for each product. 
A 69-7 sp 209-8 c 


815= 31 
is approximately ||| 


629 - 193 
is approximately ||| 








72-81 p 427 - 29 





Using the Ideas 


1. Round the first factor to the nearest multiple of 10. 
Then give an estimate of the product. 


A 78-4 B 92:8 ee 


2. Round the first factor to the nearest multiple of 100. 
Then give an estimate of the product. 


: 


A 621:8 Boa G.to 


c 409 - 


3. Round each factor to the nearest multiple of 10. Then 


give an estimate of the product. 
A 23: 41 B 79-52 


4. Give an estimate for each part. 

A Aman drove his car at an 
average speed of 78 kilometres 
per hour (km/h) for 9 hours. 
About how far did he travel? 

B An airplane travels for 5 hours 
at an average speed of 921 kilo- 
metres per hour. About how far 
does it travel? 

c Ball point pens cost 39¢. About 
how much money would 31 
students have to pay for ball 
point pens? 


CBF 9 


p 84:5 —E 59-9 
if p 894-5 e—E 719-9 
p 45: 81 EeSoenS 


pb Terry had to take 1267 steps to 
walk one kilometre. About how 
many steps would she have to 
take to walk four kilometres? 

E In one section of a football 
stadium there are 27 rows with 
63 seats in each row. About 
how many seats are in this 
section? 

F Sound travels about 332 metres 
per second in air. About how far 
does it travel in a minute? 


UTILIZATION 

Most students will benefit from a discussion 
of the word problems in Exercise 4. Have the 
student tell which rounded factors they chose 
to estimate the products. 

Exercises 5 and 6 are important because they 
illustrate the kind of estimation problems stu- 
dents encounter in determining quotients in 
long division problems. 

Do not insist on one particular rounding and 
estimation process. There are a number of dif- 
ferent ways of rounding that may result in 
fairly good estimates. 


EXTENSION 

The exercises on page 17 of the Workbook and 
on page 14 of the Duplicator Masters provide 
further practice with the concepts of this lesson. 


Think Solution 

The output number will be a nine-digit number 
whose digits will be the input number repeated. 
For example, if the number 4 is the input, then 
the flow chart requires computing the product 
36 - 12 345 679, which is 444 444 444. 


Assignments 

Minimum 1-3, SA-D, 6A-C. 
Average 1-3, 4A—-C, SA-F, 6A-F. 
Maximum |-6. 


5. From the set of numbers {10, 20, 30, 40, 50, 60, 70, 80, 90}, 
select the largest number that will make the sentence true. 


Aen 6 = 30/7 c n-9< 555 —En:4< 281 Gn-7 < 644 
Bon: 8 < 658 DB ne —412/ Fn-3<179 H n- 6 < 444 


6. Find the largest whole number for n that will make the sentence true. 


AM S237, p n- 83 < 681 Ga Nine bo4 
Bene 5 .-<-38 1 E n-91< 508 wkH n- 714 < 2347 
Con t2362.1:18 F n- 48 < 380 wk on- 579 < 3827 


Number from | Multiply | Multiply by a | . 
1 through 9 l sf by 9 ihe "| 12345 679 ha 
4 ¢ peel PEL SESS eres aS 








Objective 
Given a division problem with a one-digit 
divisor, the student can compute the quotient. 


PREPARATION 

It may be helpful to review the concept of divi- 
sion as the inverse of multiplication. Give some 
simple division problems that students can do 
mentally, including some in which the dividends 
are multiples of ten. 


INVESTIGATION 

The Investigation might be used as a kind of 
diagnostic test to determine how much review 
or reteaching of division by one-digit divisors 
iS appropriate for your students. The coded 
answers provide some additional challenge as 
well as immediate reinforcement. 


DISCUSSION 
The purpose of Discussion Exercise | is to 
review the basic ideas underlying the division 
algorithm. The algorithm consists of repeatedly 
subtracting multiples of the divisor until a re- 
mainder smaller than the divisor occurs. Then 
the total number of times the divisor has been 
subtracted is counted, in this case 236. 
Discussion Exercise 2 presents the simplest 
form of the division algorithm, usually called 
“short division,” in a flow chart format. Relate 
the steps of this method to the various steps 
shown in the example accompanying Exercise 
1. You may find it worthwhile to ask students to 
work through some additional problems similar 
to those in parts A through D, depending on 
the needs of the students. 


Dividing 


Investigating the Ideas 





How well can you divide 
when the divisor has 
only one digit? 












CODE: 


Coded Answers: 1. © 
Aa aN RUN 





Discussing the Ideas 


1. Refer to the example at the right 

to answer the questions. 

A How many sevens were subtracted 
the first time? 

B How many sevens were subtracted 
the second time? third time? 

c All total, how many sevens were 
subtracted? 

pb How does the remainder compare 
in size to the divisor? 

E What was done to check to see 
if the answer was correct. 


1. 3)87 
4. 9)4621 


Can you find the quotients and remainders 
without getting more than one incorrect answer? 





2. 7)126 
5. 6)7041 








3. 8)234 
6. 5)8003 



















using the co 


1=A,2=0,3=O,4=0,5=%*,6=0,7=0, 8=©0,9=9,0=1 
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Divisor Quotient 
be nugee 
7) 1656 Dividend 


— 1400 ————- 200 -7 


256 | 
= 210 = Sad a 
46 | 


1420s So beef 


4 Remainder 





2. When the divisor is a number less than 10, you can use a 
shortcut method called “short division.” Study the flow 
chart and the example given below it. 


Divide the 


hundreds 
33.34 =.8, Ri 





8 82 827,R1 
4)3309 4)33'09 4)33'0°9 @)33 09 


Divide 
the tens 
10:=4-=,2),,R2 


Divide 
the ones 
29+ 4=7, Ri 


Try this method on these problems. Check your work. 


A 6)2491 B 8)6213 


c 9)4239 


p 7)6905 


Check your answers by 


Quotient and 
remainder 









de below. 








CHECK 


236 
STE 
1652 
+4 
1656 








Output 





ils 


*6. 


*7. 


Using the Ideas 


Use “‘short division” to find the quotients and remainders. 


A 8)386 E 9)4105 1 3)12345 m 5)36 628 

B 9)314 F 7)18 488 J 4)81 624 N 2)3 584 286 
c 6)4455 G 9)61 407 K 9)2300 o 9)111 111111 
p 5)3646 H 7)1001 rt Zeal p 3)186 001 


. On afield trip 4 buses were used to transport 216 students. 


Each bus contained the same number of students. How many 
students were on each bus? 


. The Jameson family traveled 865 kilometres in 9 hours. 


About how many kilometres per hour did they average? 


. John worked in a supermarket. He had to put 9 oranges into 


each produce bag. How many bags would 1000 oranges fill? 
How many oranges would be left over? 


. If the remainder is zero, what is the ones’ digit of each dividend? 


What is the quotient? 


a 7)48235\lI| 8 8)3415\II| ¢ 6)3122\I|  » 9)347 91) 


If the remainder is zero, there are two possibilities for the ones’ 
digit in each dividend. Give both possibilities. 


a 6)31 51 |i B 4)71 43\il| © © 63 00) p 7)68 71\jil 


What division fact is shown by 














the repeated subtraction i Ba C 

fe) Soils : at 21 
c — 4600 What are the digits in bb 
@ y a) 713 the division problem? a)bce 

—690 Each letter stands for . 
23 a single digit. be 
=e) a 
0 


ie 





More practice, page S-7, Set 12 


UTILIZATION 

Keep in mind the ability level of your students 
and adjust the assignment to meet their needs. 
Students who are proficient in dividing need not 
be assigned a great many exercises. Instead 
they should concentrate on improving their 
word problem solving skill. 


Solution, Exercise 7 
The numbers 4600, 690, and 23 must be multi- 
ples of the divisor. Since 23 is prime, the divisor 
must be 23. The number must have three digits, 
since there are three subtraction steps in the 
algorithm. 
231 
23 )5313 


EXTENSION 

For further practice with the concepts of this 
lesson, assignments may be made from Supple- 
mentary Exercise Set 12 on page S-7, page 18 
of the Workbook, and page 15 of the Duplicator 
Masters. For remedial help, Arithmetic Skill 
Card W-7 is recommended. 


Think Solution 
In the division problem, we first know that 
b= 1, because b in the quotient times divisor 
a must equal a. 


Then lc — a= 1, and we know that c = 0 and 
a= 9 because 10 — 9 is the only possible com- 
bination that has a difference of 1. Thus, a = 9, 
b=1,¢c=0. 


Assignments 
Minimum 1A-H, 2, 4. Average 1A-K, 2, 3, 4. 
Maximum I-7. 


Objective 


Given a division problem with a divisor of 


more than one digit, the student can use the 
standard long division algorithm to compute 
the quotient. 


PREPARATION 

This lesson reviews the algorithm for long 
division. You may prefer to introduce this 
lesson by giving a short quiz involving divisors 
having at least two digits. The results of the 
quiz would then aid you in determining the 
amount of emphasis to give the lesson. 


DISCUSSION 

Exercise | is designed to help the student 
understand the reasoning behind the division 
algorithm shown in Steps | and 2 of the dis- 
played example. 

Exercise 2 introduces rounding the divisor 
in order to estimate the partial quotients. Exer- 
cise 3 gives some further practice in estimating 
quotients. Note that in Exercise 3C if the stu- 
dent uses 70 as a trial divisor, then he would 
estimate the tens’ digit of the quotient to be 7. 
But, since 7 - 74 = 518 and 518 > 514, the 
estimate of 7 is too large. 

Similarly, in Exercise 3D, if 30 is used as a 
trial divisor, the tens’ digit would be estimated 
to be 2. But 2 - 27 = 54 and when this product 
is subtracted from 82 the remainder is larger 
than the divisor. Thus, 


aC. ui 
74)5143 


—518 < This product is too large. 


3D. 2 
27 )821 
— 54 < This product is too small. 


28 <— Remainder is greater 
than divisor. 


Using Larger Divisors 
Discussing the Ideas 


1. You can find the quotient for 67 )1594 ; 
by finding one-digit quotients for ——___* 67 )159 and 
A What are these quotients? 
B Explain how the one-digit STEP 1 
quotients are used in the Dividing tens 
two steps of the division 
problem at the right. 


c What is the quotient? 
p What is the remainder? 


—E What would you do to 
check the division? 


STEP 2 
Dividing ones 


23 
=e Ga) i504 
~ -134 











2. The example shows how you 
can think about rounding a 
divisor to estimate partial 


_ Think 


Problem 


: 2 me 
quotients. Complete the 29 )747 30 )747 29)747 
division. 60 58 








3. Estimate the tens’ digit in each quotient. ) 
EXAMPLE: 48)2762 
Hl I 







A 91)4186 B 37)1234 Round 48 to 50. 
Then 276 + 50 
il i gives 5 as the 
ce 74)5143 Db 27)821 tens’ digit. 


4. a Find the quotients in Exercise 3 above. 


B In which parts was your estimate of the tens’ digit 
too large? Why do you think so? 


c In which parts was your estimate too small? Why? 


5. Estimate the first digit of the quotient. 
Round the divisor to the nearest hundred 
to make your estimate. 


A 832)190 851 B 419)322 498 








1. Find the quotients and remainders. 

G 64)2139 
H 77)61 256 
91 )8333 


a 19)564 D 68 235 = 47 
B 52)7922 E 1147=—19 
c 86)2395 F 49/221 = 53 


2. Find the quotients and remainders. 


700)46 464 


B 681)46 464 


500)23 849 


A 512)23 849 


perf? tii 111 


G 676)829 166 


Short Stories 


1. 396 students. 9 school buses. 
Same number of students in each 
bus. How many students in each 
bus? 


2. Strawberries cost $10.80 a crate. 
24 boxes in a crate. How much 
for one box? 


3. Trip: 747 kilometres. 
Time: 9 hours. 
What was the average speed? 


4. Three boys on a scale. 
Total mass: 105 kilograms. 
What is the average mass? 


ayer practice, page S-8, Set 13 


E 832)190 851 


H 964)72 841 


Using the Ideas 


J 36)3024 
K 75)5101 
tL 43)1307 


900)38 574 


ce 902)38 574 


F 429)312 498 


1 2375)643 809 


. Each lawn mowed for $1.75. 


Earnings: $14. 
How many lawns were mowed? 


. A satellite in orbit goes 28 000 


kilometres per hour. 
How far in 15 hours? 


. 400-metre dash. Time: 44 seconds. 


About how many metres per 
second? 


. The Dodgers played 73 baseball 


games. Scored 366 runs. About 
how many runs averaged per game? 


UTILIZATION 
These exercises should be assigned selectively, 
according to the needs and abilities of your 
students. Students who are able to divide ef- 
ficiently should not be burdened with excessive 
repetitive work. Other students, however, may 
require considerable work in order to attain 
adequate skill in using this particular process. 
The short stories present problem-solving 
situations with a minimum use of words. 


EXTENSION 

Further practice can be assigned from Supple- 
mentary Exercise Set 13 on page S-8, Work- 
book page 19, and Duplicator Masters page 
16. Arithmetic Skill Cards W-8, W-9, W-10, 
and W-13 are also appropriate for extending 
the work of this lesson. 

Enrichment: The method of casting out nines, 
which was discussed in the commentary for 
page A-49 as a way to check multiplication, 
can be adapted for use in checking division as 
well. The usual check for division is 

divisor - quotient + remainder = dividend. 

Casting out nines, we need to use only the 
digital sums of the numbers in the equation 
above, as in the example below. 


A == © 
@Q<—— rs — 1 


a The digital sums 
301 are the same, so 
318 the problem checks. 


301 
17 (8) 
(6-7) +8=50 ——>(5) 


Remind students that this method of check- 
ing is not completely foolproof. If the check 
is not successful, a careful reworking of the 
problem will usually reveal a mistake. 

This would be an opportune time to encour- 
age some students to undertake Research 
Projects B and C on page A-S7. 


Assignments 
Minimum | A-F, 2A-C. Average | A-F, 2A-F, 
Short stories 1-4. Maximum All problems. 


A-S5 | 


| 


Objective 
The student will demonstrate the ability to 
work with the ideas presented in this module. 


UTILIZATION 
Assign the exercises according to the needs of 
your students. The exercises could be com- 
pleted by each student independently or by 
small groups of students working together, 
discussing their results, and checking their 
answers. 

The exercises on page 20 of the Workbook 
may be assigned as additional review of the 
ideas presented in this module. 


A-56 


REVIEWING THE IDEAS 


1. Find the output number n 
in the flow chart. 


os} 


2. In the statement following, give the 
other subtraction equation: Since 
6 + 7 = 13, we know that 13 -7=6 
and 13 — Ifill = lll. 


3. Write two division equations that 
are related to the multiplication 
equation 13 : 8 = 104. 


4. Give the missing numbers for each 
screen in the function tables. 
Function Rule 


(Sian) eee 


n | f(n) 


no 63 | ill 
Ei 9 il 
F 0 il 
5. For each equation, give the number 
of the basic principle. 

a+0O=a 

(6+7) +9=6+ (7+9) 

a: (b-c)=(a-:b)-c 
a+7=7+a 
Tae (EO) (7) ei ee) 
586 - 78 = 78 - 586 
5280 - 1 = 5280 


Function Rule 














on moods Pp 


Commutative principle (+) 
Commutative principle (x) 
Associative principle (+) 
Associative principle (x) 
Zero principle 


One principle 


p(s) (2) 5) (St fs) 1) 


Distributive principle 


6. Solve the equations. 
A 8-(7+12) =x 
B (63+/7)-9=y 
CH (S74) ein (OuerS) ez. 


7. Find the sums. 


A 829 B 86 288 
642 127 429 
+189 5 766 
62 981 


8. Find the differences. 


A 2801 B 51 742 
= USE = 3)8) ae 





9. Find the products and quotients. 
AiO c 360-6 
B 50 - 60 pd 7200 = 80 


10. Choose the best estimate 


for each product. 


A 82 Estimates: 2400 
x 37 3200 
3600 

B 609 Estimates: 180 
x31 1800 
18 000 


11. Find the products. 


AD 78 B 288 
x 59 : x 543 





12. Find the quotients and remainders. 


A. 39) 7272 B 265)38 742 


13. Find the number for n. 


326 11 

a 17) n- B n)473 
obi EBES| 

ec 61)33 855 bp n)33 453 





= 


| TEST YOURSELF 


1. Find the output number in the 


ee 


bg flow chart. 

) ea - ee 
* 

2. Write two subtraction equations 
‘. using the numbers in the addition 


equation 9+7= 16. 


3. Write two division equations using 
the numbers in the multiplication 
equation 8 -4= 32. 


4. Complete the function table. 


Function Rule 


Input Output 










a ee 
» ts | im 
© Lo] w | 


5. Solve the equation 7 - (39+ 3) =n. 


RESEARCH PROJECTS 


A The English mathematician John 
Napier invented a device called 
Napier’s rods to multiply whole 
numbers. Find out how the rods were 
made and learn how to use them in 
multiplication. (See The Giant 
Golden Book of Mathematics by 
Irving Adler; New York: 

Golden Press, 1960 available 
from Whitman Goldman, Ltd.) 


B Learn how to operate a desk 
calculator. Make up several addition, 
subtraction, multiplication, and 
division problems and then solve them 
yourself. Check your answers using 
the desk calculator. 


6. Solve each equation. Think of the 
basic principles. 
nota x= t4 sp 84+0=n 
c 27+89=89+y 
Dp (12-31) -28=12- (31: w) 
—eE 8- (20+6) =8-r+8-6 


7. Find the sum and difference. 


A 2356 B 8003 
+ 1098 — 2896 








8. Solve the equations. 
A 30-600=n 
ce 3500+ 50=n 


B 500 - n= 40 000 


9. Find the products. 


A 261 B 742 
<7 x 386 





10. Find the quotients and remainders. 


A 61)7488 B 304)77 777 


C Acommon method of dividing large 
numbers in the Middle Ages was the 
galley or scratch method. Find out 
how this method works and then try 
to use it with some division problems. 
(See History of Mathematics by D. E. 
Smith; New York: Dover Publications, 
1953, Vol. li available from General 
Publishing Co., Ltd.) 


D Construct your own computer. (See 
| Can Learn About Calculators and 
Computers by Raymond Kenyon; 
Evanston, Illinois: Harper and Row, 
1961, pp. 25-104 available from 
Fitzhenry & Whiteside, Ltd.) 


TEST YOURSELF 

These self-evaluation test problems are de- 
signed to cover the objectives stated at the 
beginning of the module. If students have 
difficulty with a specific problem, they should 
reread the objective for that problem and then 
restudy the pages coverjng the material in 
question. Note the annotated correlation be- 
tween the test items and the objectives which 
introduced the module. 


RESEARCH PROJECTS 

Project A would be suitable for use as a large- 
group project. Cardboard models of Napier’s 
rods would provide durable models. 

If desk calculators are available, students 
should be given the opportunity to learn how 
to use them to perform the four basic opera- 
tions, as suggested in Project B. Department 
stores now sell miniature calculators which 
operate on small batteries or AC current. Many 
models sell for considerably less than $100, 
and some students may have such a computer 
at home. If so, they might ask their parents’ 
permission to bring the computer to school for 
a Class demonstration. 










MATHEMATICAL RECREATION 
This puzzle will provide an excellent challenge 
for your students. If feasible, encourage some 
students to make a permanent model of the Up) 
puzzle. The base could be made of wood and J) 
the pieces cut from colored plastic. 

One solution of the puzzle is shown below. 
As a hint for the solution, you might suggest 
that it is helpful to try to work on the two 


SN 
diagonals first. 


a 
ofalolo] F 
iy 
st 


MATH EMATICAL 





A Four Color and Shape Attribute Puzzle 


Make four copies of each of the geometric shapes 
shown below. (Sixteen pieces in all). Color the four 
pieces of each shape in four different colors; for 
example, red, green, yellow and blue. 


HAO® 


The object of the puzzle is to try to place the 16 
pieces on a 4 by 4 square in such a way that no two 
pieces that have the same shape or the same color 
are in the same row, same column, or in either 
diagonal of the grid. 
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UNIT A: THE ARITHMETIC 
OF WHOLE NUMBERS 


Module 3: Problem Solving 


General Objectives 

To improve the student's skill in writing and solving simple linear 
equations. 

To focus attention upon the various aspects of solving word problems. 





Performance Objectives Pupil Text Reteach-Reinforce Related Activities 

20 RED Givena flow chart for an equation, the student will be able to A-60, 61 WB 21 PD f-1, 2 
write the equation. 

21 RED Given an appropriate word problem, the student can write an A-60, 61 WB 21 PD f-1, 2, 3, 4 
equation for the problem. 

22 RED Given a linear equation, the student will be able to solve the A-62, 63 WB 22 PD f-1,2,3,4 SWM 2 178, 
the equation by using inverse operations. DM 17 179 

SWM 3 50, 
51 

23 RED Given anappropriate word problem, the student can estimate A-68, 69 WB 24 SWM 1 178, 
the answer to the problem. wa 

24 YELLOW Given an appropriate word problem, the student can A-64, 65 WB 23 
write and solve an equation for the problem. 66, 67 

25 YELLOW Given appropriate word problems, the student can use A-65, 66, 67 SWM 2 182 
estimation and problem-solving techniques to solve the problems. 

26 GREEN Given appropriate word problems, the student can use di- A-70, 71 WB 25 SWM 2 180, 
agrams, logical reasoning, or other problem-solving techniques to A-72, 73 DM 18 181 
solve the problems. 

Reviewing the Ideas A-74 WB 26 








MATHEMATICS 

Since this module deals with applications of 
mathematics to problem solving, there are no 
new mathematical concepts introduced in this 
module. 


TEACHING THE MODULE 


Vocabulary 
- equation solution 
inverse flow chart variable 





In this module several facets of problem solv- 
ing are examined: 

(1) choosing correct operations 

(2) writing and solving related equations 

(3) finding the significant information in 

problems 

(4) estimating answers 

(5) using drawings to help solve problems 

(6) reasoning in problem solving 
Careful treatment of these facets should help 
students to become better problem solvers. 


— 


— 


In your efforts to attain the objectives of this 
chapter, you should keep in mind that consider- 
able research supports the contention that the 
ability to do rote computation and the ability to 
solve problems are relatively independent abili- 
ties. Thus, it is possible for a student to be quite 
proficient in arithmetic computations but quite 
weak in problem solving. It is equally true that 
some students may be good problem solvers but 
poor computers. 

In teaching the module, it is also important to 


realize that some students have an aversion to 
word problems in mathematics. Such students 
are usually those who have some verbal diffi- 
culties, and a special effort must be made to 
improve these students’ attitude toward solving 
word problems. The basic teaching strategy of 
this series —Investigation, Discussion, Utiliza- 
tion—should be a great help in this effort. 

Probably the most important phase of the 
teaching strategy for the module is discussion, 
not just in the regular Discussion stage, but in 
discussion of the methods of attack on the prob- 
lems at the Utilization stage as well. 

We encourage you to allow students to work 
in small groups rather than individually in this 
module so that ideas may be freely exchanged 
and discussed. 

You might also consider covering the module 
by weaving one or two lessons at a time in with 
work on later modules. The lessons could be 
presented in this manner at any time following 
coverage of Module B 

In general, try to motivate students with the 
challenge of problem solving, but do not over- 
emphasize the material to the extent that stu- 
dents lose interest. 


Lesson Schedule 
Although each lesson is intended to constitute 
about one day’s work, you may find that some 


lessons will require more time for some stu- 
dents. Plan to allow about 8 days with faster 
students and up to 10 or 12 days with slower 
students. 


Evaluation 

Probably the best way to assess students’ prog- 
ress in this module is through a day-by-day 
evaluation based on observing and talking to 
your students as they work through it. 

Any teacher-made test for the module should 
be designed with the realization that most 
students require considerable time to read, 
interpret, and solve word problems. The self- 
evaluation test (Test Yourself) could serve as 
a reasonable model for a teacher-made test, or 
you might prefer to use the Module Achieve- 
ment Test available from the publisher as part 
of the Evaluation Program for this series. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

ESS: Attribute Games and Problems, Webster, 
McGraw-Hill 

Experiments and Puzzles in Logic, Midwest 
Publications 












Let's Play Games in Mathematics, Vol. 7, 
“Baseball Problem,” pp. 56-57, National 
Textbook Co. 

Madison Project: Explorations, Part 2, Addi- 
son-Wesley 

Nuffield Project: Logic, Wiley 

Problem Solving in the Mathematics Labora- 
tory, Prindle, Weber & Schmidt 


Manipulative Devices 

Colored cubes (Addison-Wesley) 
Flowchart template (Addison-Wesley) 
RelationShapes (Addison-Wesley) 


Games and Puzzles 

Beeline (Selective Educational Equipment) 

Chess, checkers, 3-D_ Tic-tac-toe (school 
supplier) 

GO (Mind/Matter:; Sigma) 

Helix (Sigma) 

Kalah (Mancala) (Creative Publications; Mind/ 
Matter) 

MEM (Selective Educational Equipment) 

Mudcrack (Creative Publications) 

Nine-Men-Morris (Mill Game) (Creative 
Publications) 

Score Four (Cuisenaire Co.) 

Tac-Tickle (WffN Proof) 

Vector (Cuisenaire Co.) 

WfFN Proof (Cuisenaire Co.; WffN een 


UNIT A: The Arithmetic of Whole Numbers 


MODULE 3: Problem Solving 





OBJECTIVES: 








After completing this module, you should be able to: 


1, 


ah 


3. 
4. 


Write equations for problems that are given by a 
flow chart or stated in words. 

Solve equations such as 3-n+7=31 by 

using inverse operations. 

Estimate the answer to a problem. 

Read, interpret, and solve word problems using 
diagrams, flow charts, and logical reasoning as 
aids in solving the problems. 


Objective Writing Equations 


Given a flow chart which suggests an equa- 
tion, the student can write the equation. Investigating the Ideas 


PREPARATION 
Review the use of flow charts. On the chalk- 
board or overhead projector display some flow 
charts involving one or two operations and have So eee 
students mentally compute the output numbers 

n 3:Nn 5 n—s 3:n—4=11 


for input numbers suggested by other students 
or by you. 


The flow chart below suggests an equation. 


equation 


INVESTIGATION 

The purpose of the Investigation is to provide 
a step-by-step procedure for writing simple 
equations. You should not ask students to solve 
the equations at this time. Solution of equations 
will be considered in later lessons. Encourage 
students to observe and discuss the fact that 
the equations for the last two flow charts re- 
quire the use of parentheses. 





DISCUSSION 

Exercise | introduces the word variable to the 
student. The flow chart in Exercise 2 differs Discussing the Ideas 
from those in the Investigation in that the 


operations are denoted by the standard sym- 1. The letters used in equations are called variables. A variable 

bols rather than spelled out. is used to represent any number. Any letter may be used as a 
Plan to spend time reading through and dis- variable. What is the variable in each of these equations? 

cussing the word problems in Exercise 3 care- A y+7=13 Bebo x 19 a7 Cu i4= t=6 

fully; the problem of translating an English 

sentence into a mathematical equation requires 2. The flow chart below suggests an equation. 


careful guidance. Illustrate each sentence with : 
a flow chart to help students see the steps. fn | Riga 
he Ca Ea 4-n=28 Which equation do you think it is? 


a3-n—-11=4 B3-:n-4=11 c (n—4)-3=11 


3B. Cs — 1 fete 3-n—-1=11 3. The equation n + 3 = 12 is a mathematical way of writing the 


sentence ‘If three is added to a certain number, the sum is 12.” 


The flow chart for the equation is: (a }+e3}-Ued 


Write an equation for each of these statements, (A flow chart 
may help you think about the equation.) 


A When a certain number is multiplied by 4, the product is 28. 


B lf a certain number is multiplied by 3 and then 1 is 
subtracted, the result is 11. 





Using the ideas 


1. Write an equation for each flow chart. 


A 


ce) 


i 
: 


44 


i 


ra} Ee 


2. Choose a variable for the unknown number in each sentence 
and then write an equation for each sentence. 


A 


B 
c 
D 


When seven is added to a certain number, the sum is 19. 
When 38 is subtracted from a certain number, the difference is 29. 
When a certain number is multiplied by 8, the product is 96. 


When a certain number is multiplied by 2 and then 17 is 
added to the product, the result is 35. 


. Sometimes parentheses must be used when writing equations. 


EXAMPLE: When the sum of a certain number and 7 is multiplied 


by 3, the result is 21. 


EQUATION: Let n represent the ‘certain number.” 3-(n +7) = 21 


A 


c 


Write an equation for each of these 
sentences. 

When 4 is subtracted from a certain 
number and the difference 

is multiplied by 5, the result is 15. 
When a certain number is added to 9 
and the sum is multiplied by 6, 

the result is 120. 

When the sum of 19 and 12 is 
subtracted from a certain number, 
the result is 11. 














“If you had been born in the year 
of 1980 then you would be 45 
years old in the year 452 or 

2025 A.D.” said Jean. ‘That is 
true’ replied Carlos, “But my 
grandmother was rn years old in 
the year n? and she is still living!” 
In what year was Carlos’ grand- 
mother born? 





‘More practice, page S-8, Set 14 


i. 


UTILIZATION 

Keep in mind that the objective of the lesson is 
to enable students to write equations rather 
than to solve equations. 

The equations for the flow charts in Exercise 
| should be readily found by most students, but 
the equations for the sentences in Exercise 2 
and 3 are likely to be more difficult. In discuss- 
ing these problems, a flow chart for each equa- 
tion might be a helpful teaching tool. 


EXTENSION 
Remedial: Provide additional practice exercises 
involving flow charts and equations. (Also see 
Supplementary Exercise Set 14 on page S-8 
and page 21 of the Workbook.) 

Enrichment: Ask students to find the num- 
bers for the variables in the fiow charts for 
Exercise 1. 


Think Solution 

Carlos’ grandmother was born in 1892. Note 
that 442 = 1936, and if Carlos’ grandmother 
was 44 years old in the year 1936, she was born 
in the year 1892. If we try 43, we see that 
432 = 1849, which would mean a birth year of 
1806. A person born in 1806 is not likely to 
be living today! 


Assignments 


Minimum 1A-D, G-H, 2. Average I-3. 
Maximum I-3. 


A-61 


Objective 

Given an equation or a flow chart for an 
equation, the student can find the solution 
for the equation by using an inverse flow chart. 


PREPARATION 
Prepare a brief review of flow charts and equa- 
tions derived from flow charts. 


INVESTIGATION 

The purpose of the Investigation is to give the 
student a technique for solving certain simple 
linear equations. Rather than use the more 
elaborate axiomatic approach to solving equa- 
tions that would be used in a high school alge- 
bra class, we simply help the student think 
about using inverse operations (which “undo” 
the operations that were performed on the 
number) to find a solution. 

Have the students read through the Investi- 
gation slowly. The important idea here is not 
so much to solve the equation, but to relate 
the problem, its equation, its flow chart, and 
the inverse flow chart to each other. 


DISCUSSION 

The logic that underlies the solving of equa- 
tions is beyond the scope of most students at 
this level. Briefly, when we solve an equation 
by using a sequence of steps such as 

Ler Loa ll > 12 e796, > 

n=96= 12=8, 
we have shown that no number other than 8 
could be a solution to the equation. However, 
we have not shown that 8 is a solution. It is 
necessary to substitute 8 for n in the equa- 
tion and carry out the computation to show 
12-8+ 15S= 111. This step is usually called a 
“check” of the solution. It is an important step 
in more advanced algebraic work with equa- 
tions where some numbers we find as possible 
solutions do not always turn out to be solutions 
to the equation in question. 

In discussing Exercise 5, try to get students 
to solve the equation by thinking about inverse 
operations. Thus (18—11)-2=n, hence 
n= 14. 
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Solving Problems with Flow Charts 


Investigating the Ideas 





The flow charts below may help you to understand how 
to solve equations for certain types of problems. 








A certain number is multiplied by 12, and 15 is 
























Problem added to this product. The result is 111. 
What was the original number? 
Equation Let n represent the number. 
12) nel = 114 
Flow chart A 
for the 
equation 
—————o 
Inverse B 
flow 
chart 

















Can you find the output number n 


for flow chart B? for flow chart A? 


What is the input number n 








Discussing the Ideas 


us 


How do the instructions for flow chart A compare with those 
for flow chart B? 


. Explain why flow chart B is called the inverse flow chart of A. 


The number for the variable in an equation that will form a 
true statement is called a solution for the equation. How - 
can you check to see if the output number for flow chart B 
is a solution to the equation 12: n+15=111? 


. You can think of flow chart B as ‘“‘undoing”’ the operations 


in flow chart A. What would the inverse flow chart be for 


this one? 
+2 +11 18 


. What is the solution to the equation (n= 2) + 11 = 18? 


Explain how to solve the equation? 





Using the Ideas 


In Exercises 1, 2, and 3, study flow chart A. Then give the 
instructions and numbers that go with each part of inverse 
flow chart B. 


a( = 





4. Write an equation for flow chart A in Exercises 1, 2, and 3. 
Then use flow chart B to help you solve the equations. 


5. Solve each equation. Use flow charts if necessary. 
A (n—7)+4=14 c (n+ 1/7) -14— 209—71 
Bn:-9+6=33 p (3-9) -7=14 


6. a Construct a flow chart for the following problem: 
If 427 is added to a certain number n and the sum 
is multiplied by 12, the result will be 5760. 


B Construct the inverse flow chart for part a and then 
find the output number for this flow chart. 


UTILIZATION 

Exercises | through 4 provide practice in con- 
structing inverse flow charts and writing equa- 
tions associated with the flow charts. 

For Exercise 5, encourage students to con- 
struct flow charts for the equations that present 
difficulties. Then use an inverse flow chart to 
solve the equations. If this work is covered 
quickly by the students, they can proceed to 
the following page for additional practice. 


Solutions, Exercise 4 

1. n+ 36+ 24= 1500; n= 41 

Dita (52.0) pee! ee 5 4 

3. (n— 48 + 14) - 7 = 245: n= 69 


EXTENSION 
Page 22 of the Workbook and page 17 of the 
Duplicator Masters offer exercises that may 
be assigned to provide further practice with 
the ideas presented in this lesson. 
Remedial: Have the students find solutions 
to the equations in Exercise | on page A-61. 
Enrichment: Have the students find solutions 
for the equations they wrote for Exercises 2 
and 3 on page A-61. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-6. 


Objective 
Given a flow chart for an equation, the stu- 
dent can write and solve an equation for it. 


UTILIZATION 

This page provides additional practice with the 
type of equations introduced in the previous 
lesson. Work through the solution to Exercise 
1A with the students before assigning the other 
exercises. You should expect that most stu- 
dents will be able to complete these problems 
independently. Encourage your students to 
check their solutions by substituting each par- 
ticular solution for the input number in the 
related flow chart. 


Assignments 

Minimum 1. 

Average: Even-numbered exercises. 
Maximum All exercises. 
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Writing and Solving Equations 


1. Write an equation for each flow chart. Then solve the equation. 
Think about inverse operations and inverse flow charts to help 
you solve the equations. Part a is completed as an example. 


A a 6 | EQUATION: (n=+6) +7=10 
SOLUTION: If (n+ 6) +7= 10, 





then n+6=10—7. 
And ifn+6=3, 
thenn=6:3=18 


CHECK: (18 +6) +7=10 


2. Solve the equations. Check your answers. 


A 


c 


y+35=71 
13-z=91 
r—12=99 
3-a—-7=11 
21-7-b=0 


F 











14-t+8=120 

(x+2)+5=9 The operation signs in the 
instruction boxes A and B 

(n—4) +6=2 have been covered. What are 
the two operations? 

(24-w) +9=8 

135—-—9-t=81 


A B 
16 lll 44 Ml 9 








Solving VWord Problems With Equations 


Write an equation for each word problem, then solve the equation. 
The first exercise is completed as an example. 


1. A certain number is multiplied by 8 
and then 11 is subtracted from the 
product. The result is 13. What is 
the number? 


SOLUTION: Let n represent the number. 


Mag ec Bak 
8° n=134+11=24 
n=24-8=3 
n=3 
CHECK: 8-3—11=13 


2. Diane is 153 centimetres (cm) tall. 
She is 19 cm taller than Elaine. 
How tall is Elaine? 


3. A man averaged 63 kilometres (km) 
per hour on atrip. If his trip was 
441 km, how long did it take him to 
make the trip? 


4. Bill said, “| am thinking of a 
number. If you multiply it by 10 and 
then subtract 10, you get 100.”’ 
What was Bill’s number? 


5. Karen had a recipe for a small 
number of cookies but she wanted 
to make more. First she doubled 
the amount of flour and then 
used another extra portion of flour. 
Altogether she used 7 portions. How 
many portions of flour did the original 
recipe call for? 


6. Janice had 23 pieces of candy. She 
ate three pieces and then divided 
the remaining pieces equally 
among 4 of her friends. How many 
pieces of candy did each friend get? 





7. If 6 is added to a certain number 
and the sum is multiplied by 4, 
the result is 40. What is the 
number? 


8. Larry scored the same number of 
points in each of 4 games of a 
card game. In the next game he 
lost 47 points so that his final 
score was only 1 point. How many 
points did he score in each of the 
first 4 games? 


9. Sarah measured the distance 
around her classroom and found 
that it was 40 metres. The length 
of the room was 12 metres. What 
was the width of the room? 


10. David had a certain amount of 
money. He spent half of it for a 
notebook and then spent 30 cents 
for a milk shake. Finally, he had 
14 cents left. How much money 
did he have in the beginning? 


A man needs to take a fox, a goose, 
and a sack of corn across a river. He 
has a boat in which he cannot take 
more than one across at a time. He 
cannot leave the fox and the goose 
together or the goose and the corn, 
for one will eat the other. How can 
he get all three across the river, 
taking one at a time with him in the 
boat? Draw a diagram to show your 
RAONUUORN. Wc) Bs 


SPDs wie 








Objective 
Given a word problem, the student can write 
and solve an equation for the problem. 


UTILIZATION 

Plan to spend some time discussing Exercise | 
and its solution before assigning the remainder 
of the exercises. 


EXTENSION 

Page 23 of the Workbook provides problems 
that would be appropriate for further practice 
or remedial work. 


Think Solution 
The key to this problem is to take the goose 
back to the original side of the river after hav- 
ing taken the fox across. 

F = fox, G = goose, C = corn 





CGF River 
CE ae 

<—_ G 
G = lS 

<GE ja 
G aC 

Se CF 
G> CGT 
Assignments 


Minimum 2-5. Average 2-8 
Maximum 2-10. 


Objective 

Given word problems, the student can recog- 
nize the necessary information and solve the 
problem. 


PREPARATION 
No special preparation is necessary before stu- 
dents undertake the Investigation. 


INVESTIGATION 

Have the students begin immediately on the 
Investigation. The first problem may be easily 
solved by most students, but they may think it 
strange that, unlike most problems in mathe- 
matics texts, it contains superfluous informa- 
tion. The second problem may prove even more 
puzzling, because it cannot be solved on the 
basis of the information given. Do not allow 
students to spend excessive time on the Inves- 
tigation; some of them might become frustrated 
in their efforts to solve the second problem. 


DISCUSSION 

Exercises | and 2 should bring out the purpose 
of the lesson, which is to stress the importance 
of reading word problems carefully and select- 
ing the information pertinent to the solution of 
the problem. 

Exercises 3 and 4 are also significant Dis- 
cussion Exercises. In everyday living we often 
encounter situations in which we have avail- 
able a mass of data from which we must select 
only the information relevant to the solution of 
a given problem. At other times, however, we 
may be faced with situations in which we lack 
sufficient information to solve a given problem. 
Thus, the Discussion Problems parallel our 
real-life experiences. Provide more examples 
if needed. 
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Finding Important Information in Problems 


Investigating the Ideas 





Stuy the RAG RISMES Shown on the chalkboard. 





ee ee KH wats Pacey 24., The oe 


MOPS You tog Die B/15: 
320 kelormetue ? 





Can you solve either one or | Give your solutions and be 


both of these problems? able to explain them. 





Discussing the ideas 


1. 


A Which problem contained some numerical information 
that you did not need in order to solve the problem? 


B What was the information? 


. A Which problem did not contain enough information 


for you to solve the problem? 


B What other information would you need in order to 
solve the problem? 


None of these problems contains enough information to 
solve the problem. What extra facts are needed? 


A There are 90 students in the B Students in the seventh-grade 
seventh grade at Centre Junior class sold 180 tickets for the class 
High. They plan to use buses on play. Adult tickets were $1.00 and 
a field trip. How many will they student tickets were 50¢. How 
need? much did they earn for the class? 


In each of these problems, information that is not 
needed is given. Pick out the unnecessary information. 


A A set of five Canadian coins B A number is multiplied by 5 and 
has a value of 51¢. There is only to this product 4 is added. The 
one penny in the set. What are Original number is an odd 
the other coins? number less than 10 and the 

final result is 39. Find the 

Original number. 








Using the Ideas 


Try to solve each of the problems. Some may not contain 
enough information while others contain more than enough. 


1. Jill is in the seventh grade. Her 
brother is 14 years old. Jill added 
365 to her age in years, subtracted 
52, divided by 13, and ended with a 
result of 25. How old is Jill? 


2. The distance between two cities is 
2351 kilometres. The larger city has 
a population of 129 740. A jet plane 
has already flown 854 kilometres 
from the larger city toward the 
smaller city. How far is the plane 
from the smaller city? 


3. In five days of vacation driving the 
Smith family drove 425, 513, 524, 
411, and 387 kilometres. They used 
294 litres of gasoline. If their 
odometer reading was 23 496 when 
they left home, what was it after the 
five days of driving? 


4. There are 1512 trees in a large 
orchard with 36 trees in each row. 
432 of the trees are apricot trees. 
How many rows of trees are there? 


5. From a board that was 3 metres 
long, Dave cut off a piece 1 metre 
26 centimetres long. How long was 
the piece of board that was left? 


6. Mrs. Charles saw some small boxes 
of strawberries priced at 59¢a 
box. How much would she have to 
pay for a crate of strawberries? 


7. 


10. 


Carla found that the average 
length of one of her paces was 
55 centimetres. About how many 
paces would she have to walk to 
go a distance of one kilometre? 


. A box of a certain kind of cereal 


contains 380 grams of cereal. How 
many kilograms of cereal would 
there be in a carton of cereal? 


. If you save $2.00 per day, how 


many weeks would you have to 
save until you would have enough 
money to buy a bicycle that costs 
$112? 


Sue and Jane together had $2.95. 
Jane spent 98 cents. How much 
money did Jane have left? 


. There are 463 students in grades 


7, 8, and 9 at Jordan Junior High 
School. There are 31 more 
students in the eighth grade than 
in the seventh grade. There are 
17 more ninth graders than eighth 
graders. How many students are 
there in each grade? 


davial 





UTILIZATION 

Assign the exercises according to the needs and 
abilities of your students. The exercises are 
grouped so that Exercises 1-4 contain more 
information than is needed. Exercises 5, 7, and 
9 can be solved, but students must use some in- 
formation not explicitly stated in the problem, 
such as the number of centimetres in a metre, 
the number of metres in a kilometre, and the 
number of days in a week, In Exercises 6, 8, 
and 10, however, the information given is not 
sufficient to yield reliable solutions. 


Solutions, Exercise 11 
The solution to starred Exercise 11 can be 
found as follows: 
Let x = Grade 7 students. 
x + 31 = Grade 8 students 
x + 31+ 17 = Grade 9 students 
Then x + (x +31) + (x+ 31 +17) = 463. 
3x + 79 = 463 
3x = 384 
x = 128 (Grade 7) 
x + 31 = 159 (Grade 8) 
x+ 31+ 17= 176 (Grade 9) 


Think Solution 

Of the 10 coins, 4 are necessarily pennies since 
the value of the coins is 59¢. The problem, then, 
is to find 6 coins such that their value is 55¢. 
Trial and error readily reveal that the other 6 
coins must be either 1 quarter, 1 dime, and 4 
nickels, or 5 dimes and | nickel. 


Assignments 
Minimum 1-6. Average 1-9. Maximum I-11. 
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Objective 
Given a word problem, the student can use 
rounding to give an estimate of its solution. 


PREPARATION 

A good preparation for this lesson would be to 
review rounding of numbers (pages A-12 and 
A-13) and mental computation of sums, differ- 
ences, products, and quotients involving the 
rounded numbers (pages A-46 and A-47). 


INVESTIGATION 
This lesson can be extremely important in help- 
ing students form good habits for estimating 
answers. While your students may have already 
had considerable experience in estimation in a 
strictly computational context, they must now 
be encouraged to apply these experiences to 
problem-solving situations in which they are 
asked to give estimates of the solution before 
they actually solve the problem. 

Allow the students 3 or 4 minutes to study 
and record their estimates for the three prob- 
lems in the Investigation. 


DISCUSSION 

Student estimates for the Investigation prob- 
lems will probably vary, especially for problems 
1 and 3. 

If students rounded the population of Thun- 
der Bay to 100 000, their estimate for the pop- 
ulation of Toronto would be 600 000. However, 
some students may round the Thunder Bay 
population to 110000, in which case their 
estimate of the Toronto population would be 
660 000. 

For problem 2, students should round 4 
hours and 53 minutes to 5 hours and round 
3974 kilometres to 4000 kilometres, which 
would give an estimated average speed of 800 
km/h. 

In discussing Exercise 3, students should 
observe that the possible extreme expenditures 
would be $6 and $9.90, but if they base their 
estimates on the average of the most expensive 
and the least expensive items, the likelihood is 
that their estimate will be closer to the actual 
cost than if they base their estimate on either 
extreme. 
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Estimating Answers 


Investigating the Ideas 


In many mathematical problems, you can come very close 
to the correct answer by making a careful estimate. 


Discussing the Ideas 


A 


\] The population of Thunder Bay, is 115 000. 


YA non-stop flight between two large cities 


$3 Maryann bought ten items at the supermarket. 


. Explain how you made your estimate for problem 2. 


. What was your estimate for problem 3 and how did you 
. Why do you think it is important to make estimates of answers 


. A factory worker earns $132.50 per week. His weekly 


Can you give an estimate for each problem below? 


The population of Toronto is more than six times 
the size of Thunder Bay. What is the approximate 
population of Toronto? 






took 4 hours and 53 minutes. If the distance between 
cities is 3974 kilometres, what was the average rate of =— 
speed? 


Every item cost between 59¢ and $1.00. What is 
the total cost of the items? 


Explain the reasoning you used in estimating the answer 


for problem 1 in the Investigation. 


make it? 


to problems? 


deductions for taxes, insurance, and so forth, amount 
to $23.67. What do you estimate is his take-home pay 
for a year? 


Using the Ideas 


After each problem, three possible answers are given. None 
of them are exact answers but one of them will be quite close 
to the correct result. Use estimation to pick out this answer. 


1. A basketball team scored between 
45 and 65 points in each of 19 
games. About how many points 
did they score in all of their games? 
(ANSWERS: 1500; 1100; 700) 


2. For every 4 students at a track 
meet, there were 3 adults. If 124 
student tickets were sold, how 
many adult tickets were sold? 
(ANSWERS: 40; 90; 150) 


3. The distance from the earth to the 
sun is about 149 000 000 kilometres, 
and that from the earth to the 
moon is about 382 000 kilometres. 
About how many times as far is it 
from the earth to the sun as from 
the earth to the moon? 

(ANSWERS: 4 000 000; 4000; 400) 


ooo 


\ 
Earth eee Sun 
, 


The diagram shows an old 
method of multiplying 46 
and 54 to get the product 2484 





4. What is the sum of the whole 
numbers from 1 to 100? 
(ANSWERS: 500; 5000; 50 000) 


5. Cris counted the number of times 
the letter “‘e’’ occurred in each of 
10 lines of aN Here is the data. 





About va many times, on the 
average, did ‘‘e’’ occur in each 
line? (ANSWERS: 4; 6; 8) 


% 6. Suppose that a rocket ship can 


travel from the earth to Mars in 
260 days. It takes 45 years and 
273 days to reach the planet 
Pluto. Approximately how many 
round trips could one rocket ship 
make between the earth and Mars 
while a second ship was traveling 
to Pluto? (ANSweERs: 30; 80; 6000) 


Using this method, 
find these products. 


SiO 
3 3 


UTILIZATION 

It is important to discuss these exercises after 
your students have completed them, so that a 
number of students have a chance to explain 
their methods for arriving at the estimates. This 
may enable other students to see alternative 
methods of thinking about a given problem and 
estimating the answer. 


EXTENSION 

See page 24 of the Workbook for problems that 

might be assigned for further practice. 

Remedial: Provide the following problems 
with these directions: ““Round the numbers in 
each problem and give an estimate for the 
answer.” 

1. What is the product of 987 and 864? 

(1000 - 900 = 900 000) 

2. How much are 315 m? of soybeans worth at 
a price of $2.89 per m3? 

(300 - $3 = $900) 

3. A jet airplane travels at 680 km/h on a non- 
stop flight from Chicago to Miami. If the 
airline distance is 1973 km, about how long 
does the flight take? (2000 + 700 = 3 hours) 


Enrichment: Have students carry out an 
activity based on problem 3 of the Investiga- 
tion. Ask them to write the numerals 60 through 
99 on small cards or slips of paper and put them 
in a box. Then have them draw out ten cards, 
record the numbers, and find the sum. Have 
them repeat the experiment several times and 
then ask: ‘‘What is the average sum obtained 
by this method?” 


Think Solution . 
The final product is obtained by starting in the 
lower right-hand corner and finding the sums — 
between the diagonals that run from upper — 
right to lower left. The carrying process occurs 
as in normal addition. 

Notice that the idea of place value is operat- 
ing essentially in the same way as in the normal 
multiplication algorithm. Historically, this is 
called the “‘lattice” or a ‘‘jalousie’’ method of 
multiplication. 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 
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Objectives Using Drawings to Solve Problems 
The student can make a sketch to aid in 

solving a problem. Investigating the Ideas 
The student can use a given sketch to help 


solve a problem. A drawing or sketch of a problem may often help you 


solve a problem. Study the problem and then decide 


























PREPARATION , f : 
Vou may find it helpful tonevievssomeronthe which drawing best illustrates the problem. 
problem-solving techniques already covered 
in this module, such as reading carefully to find PROBLEM DRAWINGS 
the relevant information and making estimates 
of answers. A board 200 centimetres 
long is cut into two pieces. 
INVESTIGATION One piece is 3 times as long 
Many problems that students find difficult will as the other. How long 
seem simpler to understand and solve if they is each piece? 
make a simple sketch, drawing, or diagram of 
the significant information of the problem. In [ete os 


the Investigation, the student is expected to 
discover that drawing B best illustrates the ; 
facts presented in the problem and should use Can you use the correct drawing to help you solve the problem? 
this drawing to help solve the problem. 








DISCUSSION : i. 

In discussing Exercise 1, many students may Discussing the Ideas 

explain that they used a process of elimination 

in choosing the correct drawing. Drawing A 1. How did you decide which drawing was the correct one? 
shows the board divided in half, which does 

not reflect the stipulation that one piece is 3 2. Explain how you used the drawings to solve the problem. 
times as long as the other. Nor does drawing C 

illustrate the given facts, because it shows that 3. a Draw a diagram for this problem: 

one piece is twice as long as the other. There- The perimeter (distance around) of a rectangle 


fore, the correct drawing is B. Student explana- 
tions may vary but a simple explanation is that 
from the problem and the drawing one can see 


is 40 centimetres (cm). The rectangle is 12 cm 
long. How wide is the rectangle? 


that the board is 4 times as long as the shorter B What is the distance halfway around the rectangle? 
piece. Hence, the short piece is 200 + 4= 50 c lf half of the perimeter is 20 cm, how can you use 
cm long, and the longer piece is 3 - 50 cm= this fact to find the width of the rectangle? 
150 cm long. The diagram for Exercise 3 might p Can you find the width in another way? 
look like this: 
5 2 = ; 4. a Tell what facts are shown 
width width by the sketch at the right. 
12 cm B Make up a problem about the 





For Exercise 3C, the response should be some- sketch and explain how to 
thing like this: Since P = 2(/+ w) and £ = 20 solve your problem. 

cm, then / + w = 20 cm. We know that / = 12, 

so w = 20— 12, or 8 cm. 
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Using the Ideas 


In Exercises 1 through 5, make a drawing to help you analyze 
each problem. Then solve the problem. 


1. A board is cut into two pieces. The 4. There are two rows of cards on a 
shorter piece is 28 centimetres long table. One row contains 12 cards. 
and the longer piece is twice as If we moved 5 cards from this row 


long. How long was the board 
before cutting? 


to the second row, the second row 
would have twice as many cards 
as the first. How many cards are 


2. The perimeter of a rectangle is 50 in the second row? 
metres. If it is 8 metres wide, how 


long is the rectangle? 


%* 5. Two cars were 100 kilometres 
apart. They drove toward each 


3. A triangle has two sides of equal other and met in 2 hours at a point 
length. The perimeter of the triangle which was 40 kilometres from the 
is 20 cm. The length of one of the starting point of the slower car. 
two sides of equal length is 8 cm. How fast was each car travelling? 


How long is the third side? 


Each sketch or drawing in Exercises 6 through 11 suggests 
a problem. Write and solve your own problem for each. 








¢r STAR 


MARKET 





Perimeter = 18Ocm 








More practice, page S-9, Set 15 


| = 


UTILIZATION 

An important part of the teaching strategy for 
these problems is to allow ample time for dis- 
cussion of these exercises. Students should be 
encouraged to make chalkboard sketches of 
the facts in each problem and then explain how 
their sketches were used to help interpret the 
problems. 


Solutions, Exercises 1-5 


ay er ei Seer 


28 cm 2 - 28cm 
ph length 
Sin Perimeter: 9 Hi 
SO m 
length 
3. 
gs] \o 
on 2 
Perimeter: 
20 cm 
? 
4 7 5 


| 
' 
one 
' 
b---4 
' 
F---4 
' 
b=--4 
' ' 
Leen d 


5. 40 km 
-———___——_—___—_____-—-* 
100 km 


EXTENSION 

Further practice with the ideas presented in this 
lesson is provided by Supplementary Exercise 
Set 15 on page S-9, page 25 of the Workbook, 
and page 18 of the Duplicator Masters. 


Assignments 


Minimum 1-3, 6, 7, 10. Average 1-3, 6-10. 
Maximum I-11. 
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Objective 

Given a word problem with a set of multiple 
choice answers, the student can use logical 
reasoning to choose the correct answer. 


PREPARATION 
Briefly discuss the necessity for careful read- 
ing of word problems before proceeding with 
the Investigation. 


INVESTIGATION 
The Investigation problem is a type of problem 
that is often incorrectly solved because the 
solver does not read carefully enough or fails 
to reason logically in reaching a solution. 
Suggest that students write down their choice 
of solution. Then conduct an oral poll of the 
class and make a tally of the number of students 
who selected solution A, B, C, D, or E. Then 
begin discussion of the problem. 


DISCUSSION 

In dicussing Exercises | and 2, bring out the 
fact that the fastest boy can wax the car alone 
in 3 hrs, which would rule out choices A, B, C, 
D. The two boys together could wax the car in 
less than 3 hours, so 2 hours is a reasonable 
estimate and, in fact, the exact answer. (One 
boy can wax 4 of the car in an hour, the other 
can wax ¢ Of it in an hour, so together they can 
wax 5 of the car in an hour, or all of it in 2 
hours.) 

Exercise 3 gives some practice with the type 
of problem found on the Using the Ideas page. 
Have students explain their choices. Some may 
be embarrassed to find that the answer for 3A 
is given in the question itself. 


Reasoning in Problem Solving 
Investigating the ideas 


Careful thinking and reasoning are important in problem 
solving. Read the problem below carefully. 


Jim can wax a Car in 6 hours. Bill can 
wax a Car in 3 hours. If they work 
together, how long will it take them 
to wax one car? 




















Which of these times is the best estimate for the answer to the problem? 
A 9 hours B 6 hours c 43 hours D 3 hours E 2 hours 





Discussing the Ideas 


1. What is wrong with the reasoning of a student who thought 
that ‘9 hours” was the answer to the Investigation problem? 


2. Explain the reasoning you used to select your estimate. 


3. Unless you carefully read a problem and use logical reasoning, 
you may easily miss simple story problems. 
In each problem below, several answers are given but only 
One is correct. Find the correct answer and explain your 
reasoning for each problem. 


A Harry had 20 hamsters. All but 7 died. 
How many were left? 


ANSWERS: Pf 13 20 iP 


B How many hours are there in 24 days? 
ANSWERS: 12 24 144 576 





c A baseball team has played 150 games. 
It has won 30 more games than it has lost. 
How many games has it lost? 


ANSWERS: 120 60 90 180 








In 


Using the Ideas 


Exercises 1 through 4, choose the best answer for each 


problem. Think carefully! 


1. 


. Mary spent half of her money for a birthday gift and $1.50 


. Aring cost $60. A watch cost $40 more than the ring. 


. It is 74 kilometres from town A to town B. It is 32 kilometres 


. Joan is now 6 years old. Ed is twice as old as Joan. 


. Beth had $20. She spent $2.00 in one store and half of 


: 
. One pipe can fill a tank in 15 minutes. UU 


John had 45 baseball cards. He gave Rick 8 of them. Now 
John and Rick have the same number of cards. How many 
do they have together? 


A 90 B 53 c 74 Dp 16 


for lunch. She has $1.00 left. How much money did she 
have in the beginning? 
A $5.00 B $2.50 


c $10.00 Dp $1.25 





. Six years ago Sam was 6 years old and Mike was 18. What 


is the number by which you must multiply Sam’s present 
age in order to get Mike’s present age? 


A 4 B 3 Cuz 





What was the total cost of the watch and ring? 
A $20 B $100 c $160 


Exercises 5 through 8, solve the problems. 


from town B to town C, and town C is on the road between 
A and B. How far is it from town A to town C? 


When Joan is 12, how old will Ed be? 





the remaining money in a second store. How much money 
did she have left? 





es 


A man fenced his garden so that the 
fence had the form of a square. When 
he finished, there were 10 fence posts 
on each side. How many posts did 

he use? 
lewis aa hon we 


A second pipe can fill the tank in 12 
minutes. If the first pipe is used for 

10 minutes, then shut off and the tank 
is then filled using the second pipe, 
how long will it take in all to fill 

the tank? 











UTILIZATION 

Perhaps the most important phase of this lesson 
is the discussion that should follow after the 
students have completed the exercises. The 
alternate choices of answers for each exercise 
are answers that the student could easily make 
if he simply read the problem too quickly or 
his rationale was faulty. Give your students a 
chance to explain their reasoning and encour- 
age a variety of explanations to establish the 
fact that there is often more than one way to 
interpret and solve a problem. 


Think Solution 

Students who use faulty logic will probably 
think there are 40 posts in all since 4 - 10 = 40. 
This kind of reasoning fails to take into account 
the fact that each corner post is common to 
two sides. Actually, there are 40 — 4 posts, or 
36 posts in all. 


10 
(ace aN 
i 23 40 pete 8 9°16 
36 i 
35 12 
34 13 
33 14 
10 10 
32 15 
3] 16 
30 17 
29 18 
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Assignments 


Minimum 1I-S, oral. Average 1-3, oral: 4-7. 
Maximum 1-8. 


Objective 
The student will demonstrate the ability to 
work with the ideas presented in this module. 


UTILIZATION 

The review problems could be completed inde- 
pendently by each student or serve as a basis 
for small-group discussions by students. Stu- 
dents should be encouraged to refer back to 
those lessons pertaining to a given problem 
if it causes difficulty. 


EXTENSION 
Additional review problems for this module are 
provided on page 26 of the Workbook. 


REVIEWING THE IDEAS 


1. Write an equation for the flow chart. 


OHHH 


2. Make the inverse flow chart for the one 
in Exercise 1. 


3. Find the output number for the flow 
chart in Exercise 2. 


4. Write and solve an equation 
for the flow chart. 


OLEH HE 


5. Solve the equations. 
A 3:n+7=19 
B (n=+3)+1=6 
ce (n—12)+7=9 





6. 236 is added to 928, and then the sum 
is doubled. If this result is divided 
by 6, what is the quotient? 


7. Which of the three answers is correct? 
The average life of a man is about 
2 000 000 000 seconds. The giant turtle 


lives 4 again as long as man. How 
many seconds is the average life of 
the giant turtle? 

A 1000 000 000 

B 1500 000 000 

c¢ 3000 000 000 


8. Write and solve your own problem 
for this picture. 


A Ze 73 km/h B 


re eB 


| 2 ae = =e | 


10. Draw a diagram that will show the 


41. A rectangular lot is 125 metres long. 


12. Janet is 11 years old. Her grandfather 


9. Estimate the answers to the following 
following problems. 

A Acubic centimetre of gold weighs 
about 19 grams. About how much 
does 43 cubic centimetres of 
gold weigh? 

B What is the product of 987 and 
864? 

ec How much are 315 kilograms of 
soybeans worth if the market price 
is $0.89 per kilogram ? 


information in each problem. Then 

solve the problem. 

A The length of a rectangle is 4 
centimetres longer than its width. 
The perimeter of the rectangle is 56 | 
centimetres. Find the length and 
width of the rectangle. 

B A piece of wire 36 metres long is 
cut into two pieces. One piece is 
twice as long as the other. How 
long is each piece? 


If the distance around is 380 metres, 
how wide is the lot? 


125m 











is five times as old as she is now. How | 
old will her grandfather be when 
Janet is 20 years old? 


‘TEST YOURSELF 


4. Write the equation suggested by the 
flow chart. 


ah fe 


_2. Make the inverse flow chart for this 
flow chart. 


mm? le - 2. 
_3. What is the number for n in 


_ Exercise 2? 


pe . Solve the equation. Check your 
answer. 


6+:n—15=939 


5. Write an equation for this sentence: 


& 


. lf 7 is added to a certain number 
and the sum is multiplied by 4, 
the result is 48. 


. Solve the equation in Exercise 5. 





RESEARCH PROJECTS 


A Read about some of the famous 
mathematicians of the past. Write or 
give a report to your class about some 
of the interesting things about the 
lives of the mathematicians. Try to 
find what their main contributions to 
mathematics were. You may find that 
one or more of them may be of interest 
to you in other fields also. 


Fermat Euler Archimedes 
Gauss Euclid Newton 


(see Men of Mathematics by E. T. Bell; 
_ New York: Simon and Schuster, 1962.) 
available from Musson Book Co.) 


7. Estimate the answer to this problem: 
A jet airplane travels at 800 km/h. 
If it flies nonstop for a distance 
of 1592 km, about how long will 
the flight take? 


8. Draw a diagram that will help you 
understand the problem. Then solve 
the problem. 

The perimeter of a triangle is 42 
centimetres (cm). Two of the sides 
have the same length and the 
third side is 6 cm longer than 
each of the other two. How long 
is each side? 


9. Which answer is correct? 
A pencil cost 10¢. A pen costs 
one dollar more than the pencil. 
How much will they cost together? 


A 90¢ B $1.10 c $1.20 


10. Barry took 28 shots at the basket 
during a basketball game. He missed 


3 times as many baskets as he made. 


How many baskets did he make? 


B Suppose you had 12 round pies that 
fit exactly into a shallow rectangular 
tray when they are arranged as in the 
diagram below. 





Could you design a differently shaped 
tray that would hold these pies but 
take up less area than the rectangular 
one? How much less area would your 
tray take? 


TEST YOURSELF 
Keep in mind that development of skill in solv- 
ing word problems is a long-range, continuing 
objective in mathematics. Satisfactory achieve- 
ment of the objectives for this module cannot 
be assumed to insure future maintenance of 
word-problem skills. 

Observe that the annotations on the student 
text page include correlations to the objectives 
listed at the beginning of the module. 


RESEARCH PROJECTS 

For Research Project B, some students will 
find it helpful actually to cut out twelve circular 
disks and experiment with various arrange- 
ments such as these: 


LOS, LOOT 


Then the students can measure and compare 
the areas of the trays that would hold the 
various arrangements. This can lead to learning 
how to compute areas of different geometric 
shapes and the value of 7, and to many other 
geometric ideas. 


MATHEMATICAL RECREATION 
This recreation is a probability game based 
on the product of the numbers coming up on 
the dice, rather than the sum. The scores as- 
signed in the table are such that products that 
are equally likely to occur are assigned the 
same score. Thus, the products 6 and 12 have 
the same score value because they are equally 
likely to occur. A product of 6 occurs if one 
Olsen ee Dalsen (322) ame (se) eee O)) Oo (GmmID) 
comes up. A product of 12 occurs if (6,2), 
(2,6), (3,4), or (4, 3) occurs. 

The probability for each set of events (prod- 
ucts) is given below. 

P(4)=s=7 

P.(6,12) =ge=% 

P (1, 9, 16:25, 36) = +5 

P (all other products) = 3§ = 3 
















PROBABILITY PRODUCT GAME 





This is a game for two or more players. 
The players take turns tossing a pair 
of dice. Using the product of the 
numbers tossed, the player scores 

the number shown on the chart below. 
For example, if a 4 and a 2 come up 
on a toss of the dice, the product is 8. 
According to the chart, your score 5 points! 


LN Cod] UW a@)| 
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15, 18, 20, 24, 30 








ecm ees 


The first player to score a total of 100 points 
wins the game. 


aly ZeaV Sava Avs 


| 


TEST meee uss 
YOURSELF 4. 9 5. (n+7) -4=48 6. 5 7. 2 hours 8. 12 cm, 12 cm, 18 cm 
Answers 9. ¢ $1.20. _—-10. 7 baskets | ee 
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UNIT A: THE ARITHMETIC 
OF WHOLE NUMBERS 


Module 4: Number Theory 


General Objectives 
To review factors and multiples of numbers. 


To provide experiences with prime and composite numbers. 
To develop further skills in working with exponents and powers of numbers. 








To review and strengthen understanding of the greatest common factor 
and the least common multiple of two numbers. 





Performance Objectives Pupil Text 

27 RED Given a number less than 100, the student can list all of its A-80, 81 
factors. 

28 RED Given two numbers, the student can determine if one number A-80, 81 
is a factor of the other. 

29 RED The student can identify prime and composite numbers. A-82, 83 

30 RED Given appropriate composite numbers, the student can find A-84, 85 
their prime factorizations. 

31 RED Given two numbers, the student can find their greatest com- A-88, 89 
mon factor. 

32 RED Given two-numbers, the student can find their least common A-90, 91 
multiple. 

33 YELLOW The student can use exponential notation for the prime A-86, 87 
factorization of a number. 

34 GREEN Given three numbers, the student can find the least com- A-91 
mon multiple of the numbers. 
Reviewing the Ideas A-92 


MATHEMATICS 
Consider the following definition. 
If a, b, and c are whole numbers such that 
a-c=b, then a and c are whole-number 
factors of b. 
With this definition, we can define prime 
number. 
The set of prime numbers is the set of all 
whole numbers x such that x has exactly two 
_ factors. 


Reteach-Reinforce 


Related Activities 





WB 27 SP g-1 
DM 19 
WB 27 
DM 19 
SP g-l SWM 1 152, 153 
SWM 3 20, 21 
WB 28 SP g-1 
DM 20 
WB 30 ASC W-11 
DM 21 SP g-2 
WB 31 ASC W-12 
DM 22 SP g-3 
WB 29 SP g-4 
DM 20 
SP g-3 
WB 30 





Every number greater than | that is not prime is 
a product of one and only one collection of 
prime numbers. Such numbers are called com- 
posite numbers. For example, 6=2- 3; 8= 
DO — 3°93) 10022) 50-5 and So) on: 
Expressing a composite number as a product of 
primes is called the complete factorization of a 
number. The fact that each composite number 
can be expressed as a product of primes in 
exactly one way (without regard to order) is 


called the Fundamental Theorem of Arithmetic. 

Closely connected to the idea of the factors 
of a number is the idea of the common factors 
of two numbers and the greatest common fac- 
tor of two numbers. As far as its use in 
arithmetic is concerned, the most important 
application of greatest common factor is in 
changing fractions to lowest terms. That is, if 
we have a fraction which is not in lowest terms, 
we can change this fraction to lowest terms by 


A-717I1A 


dividing numerator and denominator by the 
greatest common factor of the two numbers. 
We define greatest common factor simply as the 
largest number in the set of factors common to 
both numbers. 

Consider the following definition of the mul- 
tiples of a number. 

If a and b are whole numbers and c is the 

product of a and b, then ¢ is said to be a mul- 

tiple of a (and of b). 
Note that zero is a multiple of every whole 
number. For this reason, when we speak of the 
least common multiple of two numbers, we 
mean the smallest number other than zero that 
is a multiple of both numbers. The concept of 
least common multiple is valuable in the study 
of fractional numbers because the least com- 
mon multiple of two denominators is the least 
common denominator for two fractions, and we 
use a common denominator to find the sum or 
difference of two fractional numbers. 


TEACHING THE MODULE 


Materials 
Centimetre ruler, graph paper, scissors, colored 
strips, adding machine tape. 


Vocabulary 
common factor 
common multiple 
composite number 
even number 
factor 

factor tree 


least common 
multiple (LCM) 
multiple 
odd number 
prime factor 
prime factorization 
greatest common prime number 
factor (GCF) union of two 
intersection sets 
of two sets 


Most of the topics in this module will have 
been covered in earlier books, so you should 
adjust your teaching to your students’ level of 
understanding. If they have a good grasp of the 
ideas, this is an excellent module in which to 
provide considerable enrichment material. The 
teaching commentary accompanying each les- 
son often recommends topics for enrichment. 
Also, call the students’ attention to the Re- 
search Projects at the end of the module. 

Elementary number theory can be a very 
motivating topic for many students. It provides 
opportunity for practice in computation in a 
context which is interesting to students. Many 
of the ideas explored in basic number theory are 
applicable to other topics. The concepts of 
greatest common factor and least common mul- 
tiple, for example, are especially useful in work 
with fractional numbers. Many students find the 
ideas about prime numbers quite fascinating, 
and extra time devoted to this topic may well 
yield dividends of heightened student interest. 


Lesson Schedule 

You should plan to spend about 9 or 10 days on 
the module. However, if you provide consider- 
able enrichment or a more in-depth study of the 
material, you may need as much as 15 days to 
complete the module. 


Evaluation 

Among the skills that students should possess 
at the end of this module is the ability to find the 
greatest common denominator and the least 
common multiple of two numbers. They should 
also be able to express a number as a product of 
primes and use exponential notation. Use day- 
















to-day observations as a guide in helping you 
evaluate students. Encourage them to use the 
self-evaluation test at the end of the module as 
an aid in analyzing their abilities in the work 
of this module. 

A cumulative review of the complete learning 
unit is found at the end of this module. We rec- 
ommend that you provide a thorough review 
before giving an achievement test covering the 
complete unit. Module and Unit Achievement 
Tests are available from the publisher as part of 
the Evaluation Program designed for use with 
this series. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Aftermath 2, ‘‘Goldbach’s Conjecture,” p. 49, 
Creative Publications | 

Let’s Play Games in Mathematics, Vol. 7, 
“Factors,” pp. 46-47, National Textbook Co. 

Modern Math Games, ‘‘Two for the Primes,” 
p. 12; “Prime Factorization,’ pp. 49-50, 
Fearon | 

Nuffield Project: Number Patterns 2; Problems | 
— Red Set, Nos. 4, 4A, Wiley | 


Manipulative Devices 
Spinner Kit (Houghton Mifflin) 


Games and Puzzles 

Domino Number Games (Heath) 

Multifacto/Producto (Scott Foresman) 

Operational Systems Games (Webster, Mc- 
Graw-Hill) - 

Prime Drag (Creative Publications) 

Prime Factor (Creative Publications) 
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A: . The Arithmetic of Whole perods 
Le 4: Number Theory 





OBJECTIVES: 
After completing this module, you should be able to: 
1. List all the factors of any number less than 100. 
2. Tell whether any whole number less than 100 
is a prime or a composite number. 

3. Give the prime factorization of a composite 
number. . 

4. Use exponents with factors when writing the 
prime factorization of a number. 

5. Find the greatest common factor (GCF) of any 
two numbers. 

6. Find the least common multiple (LCM) of any 
two numbers. 


Objective 
The student can find multiples of a given 


whole number and decide whether one number 


is a multiple of another number. 


PREPARATION 
A good preparation would be a short session 
of the guess-the-function rule game. 


INVESTIGATION 
The purpose of the Investigation is to review 
the idea of even numbers (multiples of 2) and 
odd numbers by means of function machines. 
Encourage students to record the results 
of the Investigation in tabular form. This will 
help to emphasize the pattern of input and 
output numbers. 





DISCUSSION 

Exercises |, 2, and 3 review the ideas of even 
and odd numbers and multiples of 2. Other 
multiples are discussed in the remaining exer- 
cises. The amount of time you should spend on 
these ideas will depend largely on the back- 
ground and abilities of your students. 

In discussing Exercise 5, be sure that stu- 
dents understand that for larger numbers, they 
can use division to determine whether the given 
number is a multiple of another number. This 
process stems from the definition of a multiple 
of a number: 

m is a multiple of a number n if there is a 

whole number w such that n - w= ™m. 
Therefore, to check if m is a multiple of n, one 
divides m by n to see if there is a whole number 
quotient w and a remainder of zero. 


A-78 


Whole Numbers and Multiples 


Investigating the Ideas 


Discussing the Ideas 


is 


. Anumber that is 7 more than an even number is called an 


. How can you decide whether a number is even or odd? 


. If each whole number is multiplied by 3, the resulting numbers 


. What are the first four multiples of 5? of 7? 









The two function machines are connected together so that 
the output number for A is always the input number for B. 
The input for A is any whole number from the set of whole 
numbers {0; 1,2, 3,.4,750eae,. 
[Multiply by 2 "] 


PineuT BJouTeur, 
10 


Choose ten whole numbers as input numbers 
for function machine A. Can you find the 
output numbers for both function machines? 





NR a 























FUNCTION RULE 




























Record 
your 
answers. 








A number that is 2 times a whole number is an even number 
or a multiple of 2. Which function machine produced only 
even numbers for outputs? 


odd number. Will the output numbers for function machine B 
always be an odd number? 


are multiples of 3. Give the missing multiples of 3 for each ||llj. 






Donel PhO SS) OK Gio ely DS ey IH OKC eee) SOS} 
oe ee hs a ed ee Oe ek 


| Multiples of3 | o 3 6 ii [il Il i 21 (lI 








Is 51 a multiple of 3? How can you decide? 


> 


Using the Ideas 


. For each number listed, tell whether it is an even or an odd number. 
Bice Iii, c 79 E 0 G 1007 1! 12004 
B 42 De 2, F 358 H 2393 J 237 986 


. Write even or odd to complete each sentence. 

The sum of any two even numbers is ? . 

The sum of any two odd numbers is ? . 

The sum of any even number and any odd number is ? . 
The product of any two odd numbers is ? . 

The product of any two even numbers is ? . 

The product of any even number and any odd number is ? . 


nmooses Pp 


List the first ten multiples of 3. 
B Choose any two of the multiples of 3. 
Is their sum a multiple of 3? 


c Find the product of any two multiples of 3. 
Is the product also a multiple of 3? 


. A List the first ten multiples of 5. 


B What is the smallest number, other than 0, 
that is a multiple of both 3 and 5? 


. The two examples below show how you can use division 
to decide whether one number is a multiple of another. 





EXAMPLE 1: Is 91 a multiple of 7? 


EXAMPLE 2: Is 274 a multiple of 14? 


13 19 
7)91 Since the remainder is 0, 14)274 The remainder is not 0. 
7 ORS RoE Ok ap 14 Therefore, 274 is not 
et 91 is a multiple of 7. 134 a multiple of 14. 
0 | 126 
8 











Use division to answer these questions. 
A Is 442 a multiple of 17? Dp Is 165 a multiple of 15? 
B Is 1008 a multiple of 9? E Is 1001 a multiple of 143? 


ce Is 551 a multiple of 23? F Is 2486 a multiple of 36? 


UTILIZATION 
Students are expected to find the answers to 
Exercises 2 and 3 by trying some examples 
and observing the results. 

You may find it useful to give some other 
examples like those for Exercise 5 before as- 
signing parts A through F as independent work. 


EXTENSION 

Remedial: Ask students to find the first ten mul- 

tiples of each whole number from | through 9. 
Enrichment: Suggest to the students that they 

do some arithmetic of even and odd numbers. 

The problems below are examples. 

1. Copy and complete the addition and mul- 
tiplication tables for “‘Evens” and “Odds.” 





V 7 

OYQE 

O 

. Write odd or even for each blank. 

A. The sum of any three odd numbers is 
2? .(odd) 

B. The sum of any ten odd numbers is ? . 
(even) 

C. The product of any ten odd numbers is 
2? .(odd) 

D. The sum of an even number of odd num- 
bers is ? . (even) 

E. The sum of an odd number of odd num- 
bers is ? . (odd) 

3. A student adds 20 numbers. Seven are odd 
and the rest are even. He gives 4366 as his 
answer. What can you say about his work? 
(He its incorrect.) 

4. Work the problems in the “Arithmetic of 
Odds and Evens.” 

A. E+E+0+E+ E='\lj (0) 

B. O+E+O0+E+0='lll (0) 

Cc.0+0+0+0+0+0=|lll| (B 
* D.O-(E+0) +0: (0+0)=H| (<O) 





Nm 


Assignments 
Minimum | and 2, oral; 3; 5 A-C. 
Average 1-3, 5. Maximum |-S. 


Objectives 

Given a number less than 100, the student 
can list the factors of the number. 

Given two numbers, the student can decide 
if one of the numbers is a factor of the other. 


PREPARATION 

Review the idea of factors and products by 
naming some products and one factor of each 
such product and asking students to name the 
second factor. 


INVESTIGATION 

The Investigation introduces the meaning of 
“the set of factors of a number.’ You may 
wish to give further examples before having 
the students try the open-ended Investigation 
question. 

For part A, any of the numbers in {2, 3,5, 
7,11,13,...} have exactly ‘two factors. Of 
course, these are prime numbers. 

For part B, any of the numbers in {4,9, 
25,49, 121,...} have exactly three factors. 
These numbers are squares of prime numbers. 

In part C, encourage students to try to find 
numbers less than 100 that have more than 6 
factors. Some typical responses might be 24 
(8 factors), 36 (9 factors), 64 (7 factors), 60 
(12 factors). 


DISCUSSION 

During the Discussion, be sure to have some- 
one show (1) that I is a factor of every number, 
(2) that every whole number is a factor of zero, 
and (3) that every number except | has at least 
two factors. You might also find it helpful to 
have students build several more factor trees 
like the one in Exercise 2. It is important to 
point out that several different factor trees may 
be made for a given composite number. Dem- 
onstrate this with the number 36 by having 
your students construct different factor trees 
for it. 

In Exercise 5, make sure students under- 
stand why division can be used to see if one 
number is a factor of the other. Ask them to 
think about inverse operations and the meaning 
of factor. 
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Factors 


Investigating the Ideas 


6 is a factor of 18. 
3 is a factor of 18. 


Since 6 - 3 = 18, we know that | 
{3 is a factor of 18. 


Since 9 - 2= 18, we know that 15 is 5 factor of 18. 


18 is a factor of 18. 

1 is a factor of 18. 

There are no other pairs of whole numbers whose product is 18. 
The set of all factors of 18 is {1, 2, 3, 6, 9, 18}. 


Since 18 - 1 = 18, we know that 


Record your 
examples. 


Can you find an example of each 


of the numbers described below? 











[a] A number with only two factors. 
A number with exactly three factors. 
[¢] A number with more than six factors. 


Discussing the Ideas 


1. Every whole number, except the number 1, has at least two 
factors. Also, sinceO=0-0=1-0=2-0=..., every 
whole number is a factor of zero. 


1=1-1 The only factor of 1 is 1 
pee h | TE The only factors of 2 are 1 and 2 
6=1-:6=2-3 The factors of 6 are i,2,3, and6 


What are the factors of the following numbers? 
A 7 B 8 c 9 dp 10 E 11 ae ie 


2. An interesting way to find the factors of anumber 2 * Ill * ill x 2 
is to build “factor trees’ for numbers. \ Xs 
What are the missing factors ‘aa 
in the factor tree for 40? a aa Ma 


3. What number, other than 1, is a factor of every even number? 


4. Explain how the equation below can help you list all the 
factors of 48. 
48=1-48=2-24=3-16=4:-12=6:8 


5. Is 8 a factor of 136? Explain how you 
can use division to help you decide. 


? 
8 )136 





2s 


Using the ideas 


. Use the equations to help you list all the factors for 


each number. 


(\ Pye 4] oe BoB DO2 (eal 6272 819 
Bee a 87707 ll E 24=1:24=2-:12=3-8=4:-6 
© 9143 Sa 1438 = 14-8 © 100=1-100=2-50—4-25=5.20=10-10 
Copy the factor trees and supply the names for each |||. 
aA 3x2x'| 8 2xiIlx3 ec 5xilxi}l vo 2xiIIlx 
| wed ele Nae \ w s 
3, aed 6 x 3 5 Il fOme> 
\ ra ‘a SS ees Nice ai) 
20 
ih x I< i Fill Mt ch x ht > x ih q iii: x g * Hi > Il 
ape Ii} =x Ds Ww x ai 
— = 
30. a re 
. List all the factors of these numbers. 
A 12 c 40 E 26 G 30 ly cx K 29 
B 15 dp 18 F 6 H 16 J 50 L 64 


. Which number less than 10 have exactly two factors? 


Use division to help you answer each question. 
A ls 9a factor of 297? c Is 13 a factor of 211? e Is 18 a factor of 556? 
B Is 8 a factor of 1000? D Is 26 a factor of 130? F ls 37 a factor of 999? 


Inui 
The three examples below will help you understand the 
meaning of abundant, deficient, and perfect numbers. 








[a] The tactors of 122415.2,13,,46}.144.2 +3 44+ 6=16 <—+_____sym of the 
(except 12) Since 16 > 12, 12 is an abundant number. factors 


[B] The factors of 10: {1, 2, 5} 14+24+5=8 <———__________Eum of the 
(except 10) Since 8 < 10,.10 is a deficient number. factors 


| [e] The factors of 6: {1, 2, 3} $2 AS 2G ig cm of the 
(except 6) Since 6=6, 6 is a perfect number. factors 


Tell what kind of number each of these are: abundant, deficient, or perfect. 
A 18 





B 26 c 28 B 30 — 16 F 32 G 45 





UTILIZATION 

Have the students work on the exercises inde- 
pendently, but allow time for discussion after- 
ward. Observe that in all the factor trees except 
the one in 2G there is only one possible pair 
of factors in the first row above the number 
because of the given pattern, but in 2G there 
are two possibilities. 


ee Exercise 3 


Ae ba 2i3erst6 ye 12 Gly, B60 10: 
Bales ond 15, 30 
Oe 2445 8s UO el el ete 4 oe 

20, 40 | AR oe 
Da 20; 9 LS Jey leew, 0, 50 
Be wll232133426 Ke 1929 
Re d,.25376 I 1 1254558;, 116,32; 64 
EXTENSION 


Appropriate supplementary exercises are pro- 
vided on page 27 of the Workbook and on page 
19 of the Duplicator Masters. 

Remedial: Ask students to do these exercises. 


|. Find all the factors of each number. 
IAG AD) (EYRE WAC A DL SMe Sy 
2. Construct factor trees for each number. 
A. AG Bse30ieC! 40 2Ds27 


Enrichment: Ask students to find how many 
different factor trees can be constructed for 
100. (Answer: 6; any two factor trees are differ- 
ent if the factors on the same row are different.) 


Think Solution 
Every whole number is either abundant, defi- 
cient, or perfect. The next perfect number 
greater than 6 is 28. The next greater perfect 
number is 496. The next is 8128, followed by 
33 550 336 and 8 589 869 056. Only 23 per- 
fect numbers have so far been found. 

To find out more about perfect numbers, 
students should investigate Research Project 
C on page A-93. 


Assignments 
Minimum 1], 2, 
Maximum 1-S. 


3A-F. Average 1-4, SA-C. 


A-81 


Objective Prime and Composite Numbers 


Given a whole number greater than I and 
less than 100, the student can state whether 


it is prime or composite. Investigating the Ideas 
PREPARATION William thought of an interesting function rule. 
Write 8, 13, 15, 18, and 25 on the chalkboard. Study his rule and the way he thought about it. 


Have the students list all the factors of these 
numbers. Discuss which number has the great- 
est number of factors and which has the fewest. 







he number 4 
has 3 factors, 
gee clare) 28 






FUNCTION RULE poe 
Find the number of : oot 
factors of n 









INVESTIGATION 

You will want to ascertain that students under- INPUT 
stand the function rule before they proceed 
with the Investigation. Allow sufficient time 
for everyone to complete the Investigation. En- 


courage fast workers to find the factors of os 3 
some numbers greater than 20. 


sloureur 
OUTPUT 











Number 


Number Number 
Number 2 
of Factors 


: F Number 
of Factors of Factors 


Number 





Can you make a function table for the function machine and give 
the output numbers for each input number from 1 through 20? 


on 





I 
a 
3 
4 
5 
6 
7 


rem wre 
HrryDAivyvhkwh 





Discussing the Ideas 


DISCUSSION 
In discussing Exercise 1, students can refer 
to the table they have completed for the Inves- 


1. A Which number from 1 through 20 has the fewest factors? 
B What is the greatest number of factors that any of 


tigation. The definition of prime number in the numbers from 1 through 20 has? 

Exercise 2 is preferred to the one sometimes f 

given by students: “A prime number has only 2. A whole number which has exactly two factors is called a 

itself and | as factors.” This definition does prime number. Which numbers from 1 through 20 are 

not make it clear whether | is a prime or not. prime numbers? 
The fact that 2 is the only even prime num- 

ber should be emphasized in Exercise 3. 3. Are any of the even numbers prime numbers? How many? 
Composite numbers are defined in Exercise 

4. Note that composite numbers are greater 4. Numbers greater than 1 which have more than two factors 


than |; hence, 0 and | i i : 
puepeuher composite are called composite numbers. 

nor prime. The number 0 has infinitely many ‘ ; 

factors, while | has only one factor. A What is the smallest composite number? 


B Is 39 a prime number or a composite number? 


5. A Is 1 a prime number, a composite number, or neither? 
Explain your answer. 

B Is 0 a prime number, a composite number, or neither? 
Explain your answer. 





Using the Ideas 


. List all the prime numbers less than 100. (If you find 
all of them, there should be 25 numbers in your list.) 


. Tell how many composite number there are 
A less than 10. B less than 100. 


. How many of the prime numbers are even numbers? 


. There is just one pair of prime numbers whose difference is 1. 
What is the pair? 


. The smallest pair of prime numbers with a difference of 2 is 3 
and 5. Such numbers are called twin primes. Find six other 
pairs of twin primes. 


. A Find two prime numbers whose difference is 3. 
B Do you think there is any other such pair? 


. The set of all factors of a certain number is {1, 17, 289}. 
Another number has the set of factors {1, 151}. 


A Which number is prime? B What are the two numbers? 


Subtract 
n 


A Find the output number for the flow chart using the 
numbers 1 through 10 as input numbers. 


B What kind of numbers does the flow chart produce? 


c Try 11 as an input number for the flow chart. 
Is the output a prime number? 


OUTPUT 
tl 





Multiply 
by n 








duu 
No even number after 2 is a prime number. But 4=2+2 Ol Oren 
every even number larger than 2 seems to be 6=3+3 18=7+11 
the sum of two primes. No one has ever been 8=3+5 20=7+13 
able to prove that this is so, but most 1O==6 57 : 
mathematicians believe it. 12=5+7 
1. Check this for the even numbers up to 50. 14=3-411 
2. Express 200 as the sum of two primes. 








UTILIZATION 

Exercise 1 will take most students consider- 
able time. You may find it advisable to assign 
only this exercise initially. Also, you might 
wish to have students use the Sieve of Eratos- 
thenes (see Extension) to find the primes less 
than 100. Then, after the primes are found, 
assign the other exercises. 

The flow chart in Exercise 8 gives the equa- 
tion n* —n-+ 11=output. This interesting equa- 
tion is an example of a ‘“‘prime rich” equation 
because when n is replaced by any whole num- 
ber less than 11, a prime number results as the 
output. However, for 11, we have 11?—11 + 
11 = 121, and 121 is not a prime. This example 
illustrates that we must be careful not to draw 
hasty conclusions! The fact that the equation 
produced ten primes in a row does not mean 
that it will always produce primes. 


EXTENSION 

Enrichment: The expression n? — n+ 41 is an- 
other example of a “prime rich’? formula. The 
expression yields prime numbers for all whole 
number replacements from | through 40 but 
fails for 41. Some students might be interested 
in checking to see that this is so. 


Think Solution 

In most cases, more than one combination of 
addends is possible Sample combinations are 
given below. 


Li22 sll ated 38 = 19+ 19 
24= 11+ 13 40= 11+ 29 
26 = 13 + 13 42=11+31 
28= 11+ 17 44= 13+ 31 
30= 11+ 19 46 = 23 + 23 
32 eB ti 29 48 = 11+ 37 
34=17+17 50 = 13 + 37 
36 = 13 + 23 


ho 


Assignments 


Minimum 1|-4, 7. Average 1-4, 7, 8. 


Maximum 1-8. 


. 200 = 97 + 103 = 3 + 197 = 37 + 163, ete. 


Objective 
Given an appropriate composite number, the 
student can give its prime factorization. 


PREPARATION 

Review the meaning of prime numbers. Stu- 
dents should be able to name the prime num- 
bers that are less than 20. 


INVESTIGATION 

The aim of the Investigation is for the student 
to discover that regardless of the factor tree 
he constructs for the number 60, the prime 
factors in the top row, except for the order in 
which they appear, are always the same. The 
fact that each prime number has a unique set 
of prime factors is called the Fundamental The- 
orem of Arithmetic or, sometimes, the Unique 
Factorization Theorem. (See the Mathematics 
section at the beginning of this module.) 

It is not necessary that students find a// the 
different factor trees possible for 60, only that 
they construct 2 or 3 more trees so that some 
comparison can be made. Other choices for 
the first two factors of 60 are 2 - 30,6- 10, and 
sme be 


DISCUSSION 

In Exercise 1, be sure students understand 
that the Investigation shows that when 60 is 
expressed as a product of prime numbers there 
is only one set of prime factors: 60=2-2-3-5. 
The terms prime factorization and factored 
completely (discussed in Exercise 2) are both 
used to indicate that a number is expressed as 
a product of prime numbers. 

For Exercise 3, students should find the par- 
tial product of designated factors and pairs of 
factors in order to find the composite number 
made up of those factors. 


A-84 


Prime Factorization 


Investigating the ideas 












In order to find which 
prime numbers can be 
multiplied together to 
give a product of 60, 
Kathy made some 
factor trees. 





Do not use 1 as one 
of the factors. 







How many more factor trees can 
you build for the number 60? 





Discussing the Ideas 


1. What do you notice about the ‘‘top row” of all of your 
factor trees for 60? 


2. When a composite number is written as a product of primes, 
we say that we have factored the number completely or have 
given the prime factorization of the number. If the order 
of the factors is disregarded, each composite number can 
be expressed as a product of primes in one and only one way. 


12=2-2-3-— No primes other than 2, 2, and 3 have a product of 12. 
70=2-5-7-~ No primes other than 2, 5, and 7 have a product of 70. 
30 =2-3-5~ No primes other than 2, 3, and 5 have a product of 30. 


A What is the prime factorization of 60? 
B What is the prime factorization of 24? 


3. The top row of a factor tree for a number gives the prime 
factorization of the number. What number has been factored 
completely in each one of these factor trees? 


ec 7x11 13 


A 23 x OP, Be 3x 3X 35810 








Using the ideas UTILIZATION 
The exercises progress in order of difficulty. 


1. Copy and complete the factor trees. The top row of factors In Exercise | factor trees aid the student in 
is the prime factorization of the bottom number of the tree. finding prime factorizations. In Exercise 2, 
jy ee partial factorizations are given. In Exercise 3 

2x lil 8 2x I x ill < I! =e 5 x Ux a > i ea PES chee canes Mira BAL Big Bec, 
x 4 5 x lll 10 alia tion. In this problem encourage students to 
ee Mw a as Ve Ne < make a factor tree if they have difficulty finding 
45 30 the prime factors. 
MM > > Fill x Iliil x it x JM @ iil x Ah x ill >< il EXTENSION 

Il x ‘6 Vi x nia aie Dey See Supplementary Exercises, Set 16, page 
e S-10, and page 28 of the Workbook for addi- 

66 90 na tional practice. 
Remedial: Suggest that students build factor 

2. Copy and complete the equations so that you have the prime trees to find the prime factorization of these 
factorization of each given number. numbers. 

RetO=— 29> d ae E: A. 16 B. 28 C. 48 D. 50 
oes PIGS 27 2°2°h _@. 2452-3:2-m E. 100 F. 80 G. 56 H. 27 

B * <e E 18=2:3:-j H 27=3-3 =n Enrichment: Have the students complete two | 
c 14=2-f F 20=2-2-j 1 28=2-2-p function tables, using the rule 4 - n — | for one 
table and 4- n+ 1 for the other table and the 

3. Factor each of the following numbers completely. numbers | to 15 as input numbers for each 
A 33 c 36 table. Have them check those output numbers 

35 a ht ico K 231 which are prime numbers. Then ask: Do the 
B dD 38 F 42 H 81 J 250 ' 126 output numbers for these functions include all 


; : prime numbers less than 62, except 2? | 
4. Give the number for each prime factorization shown. 


Ape - 5-5-2 Execeri inn 11s TZ P56 5s 5al5 Think Solution | 
geo. 3:7 FIOSINZing $3.5 3 3-19-23 If an odd number has a certain number of fac- 
BAachofiua tors and you multiply it by 2, you will have a 
See 3 OS G 29: 31 Kae ore Ol 2 to associate with each of the original factors. 
Deo f° 13 Bhs 13 ees Lohan hey © 7 This will give you twice as many different fac- | 
tors. The number chosen must be odd, for if — 


* 5. Give the Pome ee auon of 1024. you used an even number such as 8, the factors 

- ; ———— would be {1, 2,4, 8}. When you consider 2 - 8, | 
the original factors {1,2,4,8} are united with 
any new factors that are generated by doub- 
ling each of the original ones; for example, 
{2,4,8, 16} gives {1,2,4,8, 16} as factors 
of 2758. 


Assignments 
Minimum 1, 2, 3A—F. Average 1, 2, 3, 4A-H. 
Maximum I-S. 





fore practice, page S-10, Set 16 A-85 | 


Objective Exponents and Factors 


Given repeated factors of a number, the 
student can express the number as a power of 


sneteneered tactee Investigating the Ideas 


PREPARATION These factor trees are unusual. 
Plan a short warmup in which students build MN Uh > UM TM MM > Uh > MM > esa Nea 


factor trees for two or three composite numbers. Ye Sh | | ING Zi XY Be 
MIM >< Mh AM > Tl 9 x iil s x lll 
va Nw a 


INVESTIGATION fe 
The first two factor trees in the Investigation 8 a Mm 81 343 
will be easy for most students, but the third 

tree is a bit harder. aw VA 


If some students finish quickly, you might 
challenge them to find some other numbers 
whose factor trees have top rows that are 
composed of all the same prime factors. The Can you complete them to find out why they are unusual? 
repeated factors in the factor trees will be 
related to the exponential notation in the Dis- 


cussion section. . Discussing the Ideas 


DISCUSSION 
Use the results of the Investigation to motivate 
a discussion of exponents. Since exponents 
have been used previously with 10 as the base 2 
number (page A-8), the only new idea here is 
the use of exponents with other bases. 
Extend the discussion of Exercise 3 to in- 
clude a review of the zero exponent. That is, 
a° = |, where a # 0. (See the Utilization com- 
mentary relative to zero exponents, Module 1, 
page A-9.) 








1. What did you find out about the factor trees that made 
them unusual? 


. When the same factor is repeated several times, you can 
use exponents just as you did for powers of ten. 




















8-8 
Two factors of 8 


8 squared or 
8 to the second power a 








Bh Sy oS) 
Three factors of 3 


3 cubed or 
3 to the third power 





ei a Fa 
Five factors of 11 





11 to the fifth power 
eu eee 





How would you represent each number in the Investigation 
using exponents? 


3. The prime factorization of some numbers can be simplified 
by using exponents. 
Exampces: 36=2-°2-3-3=2?- 3° 
2002.7 23. 2 ee ene tO 
How would you write the prime factorization of these numbers 
using exponents? 
A 27 B 100 c 90 Dp 64 E 225 


A-86 








Using the Ideas 


. Write each product using exponents. 
EXAMPLE: 7:-7:7=7° 


A4:-4 Cr Oe OHO E222) BE Oe tS 
B oO) DePgagarg O15 81 See Sy Fp Th Peg nto rae a OS 
. Write each number in expanded form and find the results. 
EXAMPLE: 8°=8-8-8-8-8= 32768 
A 16? cnw2* ES" Gro: eh or 30s 28 
B 44 Dp 9? F 17' HY2?. 324! aad Reale Poser lac fe 
. Give the prime factorization of each number. Usé exponents. 
A 80 B 108 c 243 pb 1000 E 144 
. Solve the equations. 
A 59=n D 2°=a G 9°=f J 1%=m 
B 3°=h E 13°=r H 84‘=b K 23'=w 
ce 5°=y r= ¢ | 4o=5 we 49=2" 
. Find the products. 
Nes oie he ay are E1027 104 Guetta 3s 
Behe 2 10)2 Dee sesce Fin 2z nace SF H 82-11) 
. For each number below, a factorization is given. Decide whether 
or not it is a prime factorization. If not, factor the number 
completely. 
Ae — 2" 2 2 J eVe Mo— 23° ol EE 1331=— 11 -“A2t,. a 1001 =77.,13 
B 216=8:3-9 DI62H=1dje5h oF | 360 = 2° - 45 H 6923 = 161 - 43 
. Use the facts 2 -5=10, 2?- 5?= 100, 2%- 5°= 1000, and 
2*-54*= 10000 to find the products quickly. 
Ae f 5 Dee he: Care Yes Bude Jo 238 age | 0 
Beets 13-5? rein 2553 H Zoey 1s oe Kee? (noe 
Cae 45 52 Fe 2e 4 fe 5° bere oO liao La oso 2a 
. Use the fact that 7 - 11 - 13 = 1001 to find the products quickly. 
Ame el fer 13 Coe das 137 Ee (oie gl Oa il L Gui 11132123 
gape radar Set ie LO Fever io OS Hey Ad ho 


UTILIZATION 

In assigning the exercises, consider the fact 
that, although there are but 8 exercises, there 
are nearly 70 responses required of the stu- 
dents. Therefore some selectivity is probably 
necessary. 

In working Exercise 4, some of the students 
may develop computational shortcuts such as: 
C. y=5°=S?- 53 

= 25 - 125=3125 
F. c=4=4- 4 
16 - 64 = 1024 
H. b= 84 = (87)? 
= 64? = 4096 
I. s = 48= (47)4= 16% 
= (167)? = 256? = 65 536 


EXTENSION 
Further practice exerciseses are provided on 
page 29 of the Workbook and page 20 of the 
Duplicator Masters. 

Remedial: Ask students to write each of the 
following using exponents. 


[su ite S Joos! eae oe Se (ako O16) 

CUM Ty Sf Ge ce Tf Cosel De De 
6. 10- 10- 10 TED 9 1 OIE EO Gt 9 
Enrichment: Have students work some exer- 


cises like the ones below. 
1. Give the correct symbol (< or >) for 


each lil. 
A. 2°32 (<)c. s*ils® (>) 
B. 9° ifi's* (>) D. 215 108 (>) 


2. Give the number for each ||| . 
AG BePS2e67= tit 9 
B. 32+ 47+ 12?= lll? (132) 
C. 42+ 52+ 20? = fll? (212) 
D. 52+ 6? + 30? = ill? (312) 
Assignments 
Minimum 1A-D, 2A-F, 3, SA-D. 
Average 1, 2A-H, 3, 4A-F, 5. 


Maximum 1D-F, 2G-J, 3, 4G-L, 5, alternate 
parts of 6, 7, 8. 
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Objective Greatest Common Factor (GCF) 


Given two whole numbers, the student can 
find the greatest common factor of the numbers. Investigating the Ideas 
PREPARATION 
Materials: \cm graph paper (Duplicator Mas- 
ters, page 83). 


Draw a rectangle 18 units long 
and 12 units wide on graph paper. 


Write the numbers 24 and 30 on the chalk- 12 
board. Have students find the set of all factors EE FA 
of each number. Oo 
INVESTIGATION 18 


Distribute graph paper to the students. Em- 
phasize that they are to find the largest possible 
squares that the 18-by-12 rectangle can be 
divided into. Of course students are expected 
to discover that the length of the side of the 
largest square is the greatest common factor of 
18 and 12. This fact need not be brought out 


Can you divide the entire rectangular region into square 


regions so that the squares are all the same size and 
as large as they can possibly be? 











until in the Discussion stage. If this Investiga- Discussing the Ideas 

tion proceeds rapidly, you may have students 

try some other rectangles, such as 6 by 15 1. Tam divided the rectangular region 
(GCF is 3) and 9 by 14 (GCF is 1). into squares that were 3 units 


on each side. Did she find the 
largest possible square that 
could be used? 


DISCUSSION 

In Discussion Exercise | the fact that the 
rectangle can be divided into squares 3 units 
on a side indicates that 3 is a common factor 








2. John said, ‘To find the 








Dive 
baleec an 1 sPut not necessarily the greatest larqeeteded aaterenntnete a Set of factors of 18> A= (1,2,3,6.9, 18} 
Exercise 2 illustrates one method of deter- about the greatest number Set of factors of 12 > B= {1,2,3, 4, 6, 12} 
mining the greatest common factor of two that is a factor of Set of common factors of 18 and 12 is the 
numbers. both 12 and 18.” intersection of sets A and B. 
The flow chart in Exercise 3 gives a method AN B= {1,2,3,6} 
of finding the GCF of two numbers that is What is that number? 
_ based on prime factorization of the numbers. The greatest common factor (GCF) ; 
; Give your students a chance to explain this of 18 and 12 is |i. | 
_ method, encouraging such explanations as the | 
following: “By writing the prime factorization, 3. Study the flow chart to learn how prime factorizations can 


I can then choose the common factors from 
each of the factorizations in order to get the 
GCF for the two numbers.” 


be used to find the GCF of two numbers. Use the flow chart 
to help you find the GCF of 70 and 105 
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1. a List the factors of 12. 
B List the factors of 20. 


2. A List the factors of 28. 
B List the factors of 35. 


3. Find the GCF of each pair of 


Using the ideas 


c List the common factors of 12 and 20. 
pb What number is the GCF of 12 and 20? 


List the common factors of 28 and 35. 
pb What number is the GCF of 28 and 35? 


oO 


numbers. The complete factorization 


is given and may help you. The answer to Part a is 14. 


A 42=2:-3:-7 bp 12=2.-2.-3 G 42=3:7:2 v 90=2-32-5 
70=2-5:-7 18=2:3°3 24=3:-2:2:-2 60 = 22 - Sigs 
Bp 70=2-5:-7 E 10=2:5 H 24=3-: 23 Kk 105=3-5°7 
BU 2-3-5 70=2*5*'7 6=2:-3 225 = 37 Be 
oF 55=5.-11 Fil8=2:-3-3 1940 =5.2:23 Ue88he5'27 * 11 
15=3-5 15=3.-5 10=5-2 ly Seigee 7. 

4. Find the GCF of each pair of numbers. (Sometimes it is 1.) 
me, 25 Fro. 27 Ko lie 12 P 85, 68 
B 6,18 G 8, 18 be 14.35 @ 45, 36 
one, 15 Ht 15,925 m 100, 60 R 90, 120 
pd 24, 36 1 6,8 N 75, 125 s 150, 270 
—E 40, 100 went. 10 o 48, 72 T 450, 360 


5. The letter N represents a number between 50 and 60. 
The GCF of N and 16 is 8. Find the number. 


6. Thirteen is not a factor of N. 


What is the GCF of 13 and N? 


7. The GCF of A and B is 5. What is the GCF of 2: A and2-: B? 


8. Two numbers have a GCF of 


12. One number is 5 times 


as large as the other. Find the two numbers. 





ural 


> 


. practice, page S-11, Set 17 





UTILIZATION 

Assign the exercises according to the abilities 
and needs of your students. Exercises 5 through 
8 are intended to challenge your more able 
students. 


EXTENSION 
To provide additional practice, make assign- 
ments from Supplementary Exercise Set 17, 
page S-11; Workbook page 30; and Duplicator 
Masters page 21. Arithmetic Skill Card W-\| 
would also be appropriate for use here. 
Enrichment: Some students may be inter- 
ested in learning a method of finding the GCF 
of some larger numbers. The method shown 
below is called the Euclidean Algorithm. (See 
Research Project D, page A-93.) Example: 
Find the GCF of 182 and 259. 


Step | | 
Divide the larger —> 182)259 
number by the smaller. 182 

at 

Step 2 ps 
Divide the divisor — 77) 182 
by the remainder. 154 

28 

Step 3 2 
Repeat Step 2 — 28)77 
with new remainder 56 
and divisor. 21 

Step 4 1 
Repeat Step 2. — 21)28 

21 
7) 

Step 5 3 

Repeat Step 2. >7)21 
21 
sn) 


Step 6 
When zero remainder is reached, the last 
divisor is the GCF —in this case 7. 
(S22 — eS 
25 — on 


Assignments 

Minimum 1, 2, 3A—-C, 4A-E. 
Average |, 2, 3A-F, 4A-O. 
Maximum 1, 2, 3G-L, 4K-T, 5-8. 


Objective 
Given two whole numbers, the student can 
find the least common multiple of the numbers. 


PREPARATION 

Materials: Centimetre rulers: scissors: adding 
machine tape, long strips of newsprint, or 
string. 

Since the Investigation requires active in- 
volvement with materials, it may take more 
time than usual; therefore it would be best to 
begin immediately with the Investigation. 


INVESTIGATION 

Distribute the needed materials to the students. 
This investigation will lend itself well to stu- 
dents working in pairs or in small groups. You 
may need to give some students help to be sure 
that they understand the nature of the Investi- 
gation. You might ask: “If you cut off a strip 
of paper 16 cm long, you could divide it into 
2 pieces 8 cm long, but could you also divide 
a 16 cm strip into pieces 14 cm long?” “If you 
cut off a strip 28 cm long, it could be divided 
into 14-cm strips, but could it be divided into 
8-cm strips?” 

If others have difficulty, suggest that they 
mark off lengths of 8 cm along one edge of the 
paper strip and mark off lengths of 14 cm along 
the other edge. Thus it will be easy to see when 
the marks first coincide after the start, and that 
the desired length is 56 cm. 


DISCUSSION 

Exercise | introduces the term least common 
multiple in terms of the activity in the Investi- 
gation. Exercise 2 shows one method of finding 
the LCM of two numbers. 

The least common multiple is the smallest 
nonzero multiple of two numbers. 

Exercise 3 gives a shorter method of finding 
the LCM, which many students will prefer to 
use. One simply thinks about successive multi- 
ples of the smaller number until one reaches a 
multiple of the larger number. You may want 
to point out that, if two numbers have | as their 
greatest common factor, the LCM is simply the 
product of two numbers. 
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Least Common Multiple (LCM) 






Investigating the Ideas 
| 2 X Bite sre) 6 iz, 6 3 


You will need some adding machine tape Ceolmetics 


or strips of paper, a centimetre ruler, 


and a pair of scissors for this Investigation. LS) 





What is the shortest length of paper that can be cut so that 
A you can cut it into pieces 8 centimetres long? 


B you could cut it into pieces 14 centimetres long and 
have nothing left over in either case? 








Discussing the Ideas 


1. The number that is the shortest length of a strip of paper 
that could be cut either into 8 centimetre (cm) pieces or 
14 cm pieces is the least common multiple (LCM) of 8 and 14. 
What is the LCM of 8 and 14? 


2. Thinking about the multiples of a pair of numbers can help 
you choose the LCM of the pair. 


EXAMPLE: Multiples of 4 > A = {0, 4, 8, 12, 16, 20, 24, 28, 32,36,...} 
Multiples of 6 > B= {0,6,12, 18, 24, 30,36, 42,...} 
Common nonzero multiples of 4 and 6 > {12,24,36,...} 

The LCM of 4 and 6 is 12. 

After studying the example, try this problem. 

A List the multiples of 3 to 36. 

B List the multiples of 4 to 36. 

c List the common multiples of 3 and 4 to 36. 

bp Pick out the LCM of 3 and 4. 


3. You may find it easier just to list multiples of the larger 
number until you find a number that is a multiple of the 
smaller. EXAMPLE: Find the LCM of 8 and 6. 

Multiples of 8 {0, 8, 16,24}. 

The LCM of 8 and 6 is 24. 
Use this method to find the LCM of each pair of numbers. 
A 6,9 B 4,14 CG. 12720 dD 3,8 E Sez 


* 5. 


* 6. 


i 7. 


Using the Ideas 


aA List the multiples of 2 that are less than 25. 

B List the multiples of 3 that are less than 25. 

c List the common multiples of 2 and 3 that are less than 25. 
pb What is the LCM of 2 and 3? 


. For each pair of numbers, find the LCM by finding the smallest multiple 


of the larger number that is also a multiple of the smaller number. 


EXAMPLE: 8, 10; Multiples of 10 are {10, 20, 30, 40}. 
t_ 40 is also a multiple of 8. 


Ao DEG yilZ G 5,6 4 NO), Wa mM 4,6 
B 10,4 ERoumi2 Hal 15 K 15, 25 n 40, 60 
Ce: F 8,3 + We L 16, 24 @) 2 WS 


. If you were working these addition problems, what common denominator 


would you oes Think about the LCM of ie SSO 
i5+2 


4 


foo} ¢%) 


tins (eae. 
[N os) ser c E jo+ 8 G 
D H 


al> nly ¢ 
dle al- 


Ae 
APB 


an rwl— 
aol S| 
ale 


Tae 
+ F5+8 


aw nwo 


2 1 
B3+5 J 


. To find the LCM of 4, 6, and 10, we can first find the LCM of 6 and 10. 


It is 30. Now find the LCM of 30 and 4. It is 60. Thus 60 is 
the LCM of 4, 6, and 10. Find the LCM of the following groups of numbers. 








[OPS CB 2e455 E 4,6, 12 G 3,4,8 a0, 20830 
B 2, 3; 4 D2. 4.3 Fay2 uo. © Heo) 105 8, WA IS 
You can use prime factorizations EXAMPLE: 12 + | 

to find the LCM of two numbers. OO 

Study the example, then use this { 
method to find the LCM of each The LCM of 12 

of these pairs of numbers. and 20is 2° 2° 3° 
AON 5 B 6, 20 Cm a4 Dp 9, 24 E 10912 
Find the LCM of each number pair. 

A 2’ and 3? Ge2crandr2 e34 E 2°73 and 3-7" 

Bao7 and.5- Die reo androw.5- |e Ray PT hn MEE ROMS cia Fy 


Two cars are driving around a 2-km track. They start off 
together. Car A makes one lap every 80 seconds. Car B makes 
one lap every 60 seconds. 


A How long will it take the faster car to gain a lap on the slower one? 
B How long will it take the faster car to gain a lead of 10 laps? 


More practice, page S-11, Set 18 


UTILIZATION 

Notice that even though Exercise 3 involves 
work with fractions, the task at hand is simply 
to find the LCM for a pair of whole numbers. 
That is, students need to consider only the de- 
nominators of these fractions. Students should 
understand that they are not required to add 
the fractions. 

Exercise 5 shows a method of using prime 
factorization to determine the LCM of two 
numbers. Although this exercise is meant pri- 
marily for more able students, you may find 
other students interested in learning this 
method. 


Solution, Exercise 7 

A. This exercise involves finding the least com- 
mon multiple of 60 and 80, which is 240. 
After 240 seconds the slower car (80 s/lap) 
will have made 3 laps, but the faster car 
(60 s/lap) will have made 4 laps, thus having 
gained one lap on the slower car. 

B. Since the faster car gains one lap every 240 
seconds, it will gain 10 laps in 2400 s, or 
40 minutes. 


EXTENSION 

For appropriate additional practice, see Sup- 

plementary Exercise Set 18 on page S-1I1, 

Workbook page 31, Duplicator Masters page 

22, and Arithmetic Skill Card W-12. 
Enrichment: Suggest exercises like these for — 

the students. 

1. Find the greatest common factor of 24 and 
40. (8) 

2. Find the least common multiple of 24 and 
40 (120) 

3. Find the product of the GCF and the LCM 
of 24 and 40 (960) 

4. Find the product of 24 - 40 (960) 

5. Compare your answers to C and D. Try 
some other pairs of numbers. Does this 
always work? 


Assignments 

Minimum 1, 2A-I, 3A-D. 
Average 1, 2A-I, 3, 4A-F. 
Maximum 1, 2J—P, 3, 4E-J, 5-7. 
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Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 

You may assign the review exercises for inde- 
pendent study or use them as a basis for small- 
group or large-group discussion. The review 
problems should be excellent preparation for 
the self-evaluation test (Test Yourself), the 
module achievement test accompanying the 
series, or for a teacher-made test. 


Answers, Review Exercises 1, 2, 11 
1 A. Any number that is 2 times a whole num- 
ber is an even number. 
B. Any number that is 1 more than an even 
number is an odd number. 


PA Ta  tat 
Bro: (le 2) 34. hoe TON oe e206 30 
60} 
CP OTT, 293 oh 6nT 10140 15, 21 30 


35, 42, 70, 105, 210} 
11 A. Set A = {1, 3, 5,9, 15, 27, 45, 135} 
B. Set B= {1,5,7, 25,35, 175} 
C. Set (4 MN B) = {1,5} 


EXTENSION 


Additional review exercises are provided on 
page 32 of the Workbook. 
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REVIEWING THE IDEAS 


1. Give a definition for 


A aneven number. B an odd number. 


2. List all the factors of 


aA 14 B 60 c 210 
3. Show that 48 is a factor of 5808. 


A prime number has exactly ? factors. 


A ? number has more than two factors. 


A 
B 

¢ Is 1 a prime number? 

DB Is 0 a composite number? 


5. Tell whether or not each number is 


prime. 

Ae E 25 1 81 
3 F 35 J 83 
c 13 G 51 we K 121 
dD 18 H 63 we 441 


6. Complete the factor trees. 


a iilih > till = WIM = UM I 
re i Wo 
>< eh OS 
Nee 
45 78 


© ill > > Mh > Hl AM >< I > El 
Hermann ee 
10 x= Illi 25 xiii 
140 225 


7. Replace each factorization by a prime 
factorization. 


A 72=8:9 
B 144=16-9 


¢ 100=4- 25 
D 675=5- 135 


8. Give the prime factorization of 84. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. Write each product using exponents. 


Pea ae acy. B 23-23 
c7-7-:7:7:7 30 6:6-6:4-4 
E 10-10-10-10-10-10- 10-10 


Find the prime factorization of each 
number. Use exponents to express 
the factorization. 
A 27 c 48 
B 60 Dp 120 


E 400 
F 72 


If set A contains the factors of 135 
and set B contains the factors of 175, 
list all the numbers in 


A setA. B set B. c setAN B. 


Find the greatest common factor 
(GCF) of these pairs of numbers. 


A 8, 16 C 312,29 E 60, 18 
B 8,15 dp 14, 49 F 26, 182 


Use the prime factorizations to find 
the GCF of each pair of numbers. 


A 15=3°5 25=5°-5 

B 44=2?-11 52 = 2?- 13 
c 77=7- 11 143 = 11-13 
dp 81=3% 12 = 2735 


> 


List the first 5 multiples of 6. 
B List the first 5 multiples of 8. 


c¢ What is the least common multiple 
of 6 and 8? 


Find the least common multiple 
(LCM) of 6 and 
A 3 B 9 c 8 dp 4 E 


Find the LCM of each group of 
numbers. 


A 4,8, 12 
B 3,6, 10 


c 4,6,9 
p 10, 12, 20 








1. List all the factors of 40. 


52. Is 23 a factor of 431 or 437? 


3. Complete the sentence: 


If a number has exactly two 
_ different factors, then it 
sa _? number. 
fe 
|. Which numbers in the set are 
prime number? 


{4, 5, 21, 29, 39, 47, 87} 
Complete the factor tree. 
Mh >< >< >I 
ietacass NF 
es ore 


210 





RESEARCH PROJECTS 


A The Seive of Eratosthenes is a method 
that can be used to find prime numbers. 
Look up this method in a mathematics 
reference book and use it to find all 
the prime numbers less than 200. (See 
A Panorama of Numbers by Robert J. 
Wisner; Glenview, Illinois: Scott, 
Foresman and Company, 1970 available 
from Gage Educational Publishing, Ltd.) 


B How can you tell when a number is 
exactly divisible by another number? 
Find out about some divisibility rules. 
In particular, find out how to tell when 
a number is divisible by 3, 4, 7, 9, 11, 
or 13. (See Enrichment Mathematics 


for the Grades, Twenty-seventh Yearbook; 


Washington, D.C.: National Council of 
Teachers of Mathematics, 1963.) 


. If the prime factorization of nis 
2-5-11, what number is n? 


. Give the prime factorization of 54. 


. Write each product using exponents. 
A’3* 3-3 +3 
Board ft 13 13 ta 
e¢ 10-:10-10-10-10-10 


. Which number is larger? 2° or 57? 


. What is the greatest common factor 
(GCF) of each pair of number? .- 


a 10, 25 B 42,77 


. What is the least common multiple 
(LCM) of each pair of numbers? 


A 8, 12 B 20, 24 


C Find out more about perfect numbers. 
How many perfect numbers less than 
10 000 are known? Is there a formula 
for perfect numbers? (See The 
Enjoyment of Mathematics by Hans 


Rademacher and Otto Toelitz; Princeton, 


New Jersey: Princeton University Press, 
1957.) 


D The Euclidean Algorithm is a method 
of finding the greatest common factor 
of two numbers. It is particularly 
useful if both numbers are large. Find 
out how to use this method and use it 
to find the GCF of some pairs of large 
numbers such as 806 and 1333. (See 
Fundamental Concepts of Elementary 
Mathematics by Clarence H. Heinke; 
Belmont, California: Dickenson 
Publishing Company, 1970, pp.164-165.) 


TEST YOURSELF 

Encourage students to check the objective re- 
lated to any exercise they find difficult. (See 
annotated correlations on the student page.) 
They should then refer to the lesson (or les- 
sons) that treat that objective and restudy it. 


RESEARCH PROJECTS 

Research Project A offers students an oppor- 
tunity to extend their experiences with prime 
numbers through work with the Sieve of 
Eratosthenes. 

Project B, which is related to the lessons on 
multiples and factors (pages A-78 through 
A-81) may appeal to a number of students. 
Among the divisibility rules that they might find 
particularly interesting is the one for 11, which 
can be stated as follows: 


A number nv is divisible by 11 if the units’ 
digit minus the tens’ digit plus the hundreds’ 
digit minus the thousands’ digit, and so on, is 
divisible by I1. For example, 5918 is divis- 
ible by 11 because 8 — 1 +9 —S= 11, which 
is of course divisible by 11. 


Those students who worked the Think prob- 
lem on page A-81 might find Research Project 
C appealing, for it invites them to learn more 
about perfect numbers. 


Objective 

The student will be able to demonstrate a 
basic understanding of the whole-number con- 
cepts presented in Unit A. 


UTILIZATION 

Since there are a large number of problems in 
this Cumulative Review, you may need to be 
selective in making the review assignment. Cer- 
tainly, not every student should be expected to 
complete all parts of every problem. 

If you plan to administer a Unit Achievement 
Test following this review, you might find it 
advantageous to assign the exercises Over a 
two-day period. Thus, the first day’s assignment 
might include only the exercises related to 
Module | (Exercises 1-12) and Module 2 (Ex- 
ercises 13-23) and the second day’s assignment 
might include the exercises related to Module 
3 (Exercises 24-29) and Module 4 (Exercises 
30-39). 

Encourage students to concentrate their 
efforts on problems related to those concepts 
they find most troublesome. Make answers 
available to the students so that they can check 
their own work and try to correct their own 
mistakes. 
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CUMULATIVE REVIEW 


1Set Ais Om oo wa 
Set Bi — 7 0n2s oc alas, 
A List the elements inA U B. 
B List the elements inA 1 B. 


2. In the numeral 18 473 905, which 
digit is in the 
A hundreds’ place? 
B ten thousands’ place? 
€ one millions’ place? 


3. Write the usual numeral for 
9-1000+ 3°: 100+5:-10+1 


4. 10° means 10 used as a factor 
ie atimes: 


5. Give the usual numeral for 10°. 


6. Express 8 000 000 in scientific 
notation. 


7. Round 6 746 283 to the nearest 


A hundred. B ten thousand. 
8. Give the correct symbol (<, =, or >) 
for each ill. 


a 2467 |i 2475 
B 18 429 ll 18 249 


9. Write a numeral telling how 
many dots there are using 


A base-ten numerals. °. wel 
B base-eight numerals. @ es e® 
c base-five numerals. e 


10. Find the sum and difference. 


A Srey =f 6.) 7 HI 
B Atay a Die) a hl 


11. Write the Roman numeral for 126. 


12. 


13. 


14. 


15. 


16. 


17. 


Write a decimal numeral for LXXIV. 


Find the output number for the 
flow chart. 


(as Es} 


Write two subtraction equations 
related to the addition equation 
144+ 8=n. 


Write two division equations related 
to the multiplication equation 
9-n=27. 


B Give the 
function rule. 


A Complete the 
function table. 


Function Rule Function Rule 


























5: nt+2 ee 
n f(n) n | f(n) 

2 12 2 5 

1 i 3 7 

Il 22 0 | 1 

0 ll 5 11 

Hl 52 7 15 











Match the equation with 
the basic principle. 


lie Soi ees 177 


8.6.- (20.43). = 6.20 4. 6.3 

C4 (59. 12),0 5 59.) (2% 5) 

db 106-1=+106 

E 38=38+0 
Commutative principle (+) 
Commutative principle (x) 
Associative principle (+) 
Associative principle (x) 


Distributive principle 
Zero principle 
One principle 


vu Oo MW 8&2 WO ND = 








18. 


19. 


20. 


21. 


22. 


23. 


24. 


20. 


26. 


27. 


Solve the equations. 
Am (20.5) = 3 — Fr 
B3:-9+8=s 

c¢ (10-2—6)—2=t 


Find the sum and difference. 





a 475 B 1075 
963 — 499 
+ 49 


Find the products and quotients. 
IN CHE 2 ale) Ceo 50R a, 
B 900 - 80 pd 4800 = 60 


What is the best estimate for 


829 x 69? 
A 48 000 B 55 000 
c 60000 


Find the products. 
Aen 4/9 B 6438 
X 23 x 305 





Find the quotients and remainders. 


A 32)729 B 495)19 408 


Write the equation suggested by 
this flow chart. 





Make the inverse flow chart for 
Exercise 24. 


What is n in Exercise 24? 


Write and solve an equation for 

this statement. 
When a certain number is multiplied 
by 8 and then 17 is subtracted from 
the product, the result is 39. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Estimate the answer to this problem. 
A satellite travels at about 
28000 km/h. About how far 
will it be in 48 hours? 


Solve the problem. (A diagram 
may help you.) 
The perimeter of a rectangle 
is 460 cm. The width is 100 cm. 
What is the length of the rectangle? 
List the first five multiples of 4. 
List all the factors of 24. 
Is 17 a factor of 221 or 225? 
Which numbers in the set 
are prime? 


(2 9713521,49, 99 


Complete the factor tree. 


Mh > A > > 
ee 
6 x iil 
aN 
60 


VViitCr2ma Canoe 31> 0 - Om OuUSING 
exponents. 


Give the prime factorization of 45. 
Find the product for 2°: 3?- 10%. 


Find the GCF of these pairs of 
numbers. 


A Wie w B 24, 40 


Find the LCM of these groups of 
numbers. 


AES ao B 8,13 
Cron 10,012 


MATHEMATICAL RECREATION 


The repeating difference for any 4-digit number 
selected will be 6174. 


Example: 5972 
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Mev? 
== 71h) 
7173 


7731 
Sui 
6354 


6543 
— 3456 
3087 


8730 
— 0378 
8352 


8532 
23598 
6174 


7641 
— 1467 
6174 





These differences 
repeat 


O 


O 


J) 
= 
© 
< 
If you repeat this process several times, you will 
Li! 
a 
Lu 
oO 
| 
| catew a| 
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THE REPEATING DIFFERENCE 


Here is an interesting number investigation for you. 
Choose any 4-digit number so that not all four 
digits are the same. 
Rearrange the digits of the number from the largest 
to the smallest. Then reverse the order of the digits 
of the number and subtract from the previous number. 
Rearrange the digits of the difference from the 
largest to the smallest. Then reverse the digits and 
subtract as before. 


(el NVa\| 


eventually get a difference which upon rearrangement 
and subtraction will give the same difference again 
and again. 

The flow chart below may help you follow the steps 
for this investigation. 


| 





Try several different 4-digit numbers 
in the flow chart. Can you find 
the repeating difference? 


ae! AVE 8 ee A Re A 


* ere 


my _Y _| 


TEST 1. 1,2,4,5,8,10,20,40 2.437 3. prime 4. 5, 29, 
YOURSELF 5.2-5°3°7 . S/6)110 9 7, 2+ G3 ga 
Answers 9.25 10.4 5;8 7 11. 
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UNIT B: THE ARITHMETIC 
OF FRACTIONAL NUMBERS 


Module 1: Fractions and Fractional Numbers 


General Objectives 

To review the fact that fractions are symbols that compare two sets or 
compare part of a set to a whole set. 

To review pairs of equivalent fractions and sets of equivalent fractions. 

To provide experience in finding lowest-terms fractions. 


Performance Objectives 


35 RED Given appropriate diagrams, the student can give fractions 
that compare sets and regions. 


36 RED Given a fraction, the student can produce a set of equivalent 
fractions. 


37 RED Given a fraction, the student can write a lowest-terms frac- 
tion for it. 


38 RED Given two fractions, the student can determine whether or 
not they are equivalent. 


39 RED Given two fractions, the student can name the larger. 


40 YELLOW Given an equation of the form a = the student can 
solve for n. 


41 YELLOW Given simple word problems involving fractions, the 
student can solve them. 


42 GREEN The student can use fractional numbers to compare 
graphical data and to solve problems. 


To extend the idea that a fractional number can be associated with a set 
of equivalent fractions and that there is a unique point on the number 
line for each fractional number. 

To show that the set of fractional numbers can be ordered. 


Pupil Text Reteach-Reinforce Related Activities 
B-2, 3 SWM 1 218 
B-4, 5 WB 33 ASC F-1 SWM 1 222 
DM 23 PD c-1 
B-6, 7 WB 34 ASC F-2 
DM 24 SP c-1 
B-10, 11 WB 35 SP c-1 SWM 1 227 
DM 25 PD c-! 
B-12, 13 WB 36, 37 SP c-1 
B-14, 15 DM 26 PD c-1 
B-16, 17 
B-16, 17 
B-8, 9 
B-18 WB 38 


Reviewing the Ideas 


MATHEMATICS 

The primary emphasis of this module is on the 
development of fractional number concepts in 
preparation for the later introduction of opera- 
tions on the set of fractional numbers. The term 
fractional numbers is used to denote the set of 
nonnegative rational numbers. follows: 


B—1TA 


Fractions are introduced as symbols, in the 
form of number pairs, that compare two sets. 
The work with sets of equivalent fractions is b d 
of particular importance to the development of 
fractional number concepts. 

A formal definition of equivalent fractions 


Two fractions 
a c 
—and—,b#0,d#0, 
are equivalent to each other if and only if 
a:d=b-c. 
Just as a cardinal number can be abstracted 
from a class of equivalent sets, so can we ab- 


stract the fractional number one half from a set 
of equivalent fractions. Thus, 





{3 rs be $> i0> iz Tae oe rh 
can be associated with one fractional number, 
which in turn is associated with a unique point 
on the number line. 

The fact that each fractional number has 
many different names (any fraction in the set) 
leads us to consider the concept of equality for 
fractional numbers. When we write += %, we 
are indicating that and % represent the same 
fractional number. 

If we wish to compare two fractional num- 
bers such as % and 3, we could easily arrive at 
ay LOY Sersidering the physical interpreta- 
tations from which the fractions % and 3 arise. 
If two fractions have different denominators, 
the most practical method of comparing them is 
by comparing fractions equivalent to the given 
fractions that have a common denominator. 
The following definition gives the shortest 
method of comparing two fractional numbers. 

Be 9 if and only if a - SS Ue) Xe 


Consider these examples: 


Example | 
> since3-14>8-5 


wales 


Example 2 
* >4since9-6> 15-4 


TEACHING THE MODULE 


Materials 
Graph paper and metric measuring devices. 


Vocabulary 

centimetre gram 
denominator greatest common 
equivalent fractions factor (GCF) 
fraction hectare 


fractional number improper fraction 


inequality number line 
kilometre numerator 
litre proper fraction 
lowest-terms region 

fraction scale 
metre set 


metric system 

Many of the ideas of this module may be re- 
view for your students, particularly if they have 
studied from earlier books in the Investigating 
School Mathematics series. If the basic ideas 
are clear to most students, you may find it help- 
ful to spend extra time in building skills in find- 
ing lowest-terms fractions, solving fractional 
equations such as those in Exercise 4 on page 
B-11, or working with inequalities. 

In this module, sequence is very important, 
for concepts of fractions and equivalent frac- 
tions must be developed prior to the introduc- 
tion of the basic fractional number concepts. 
Once fractional numbers are introduced, it be- 
comes feasible to proceed to ideas such as the 
number line, equality, and inequality. 

There is relatively little computation in this 
module because the material is largely concept- 
oriented. Skills for computing with fractional 
numbers will be developed in subsequent 
modules. 


Lesson Schedule 

You should be able to move along at a relatively 
rapid pace through the material in the module. 
It is likely that 8 to 10 days will be sufficient 
time for all but the slower groups. 


Evaluation 

In evaluating student progress in this module, 
remember that the greater portion of the mate- 
rial is oriented toward concepts rather than 
computation. Since evaluation of concept un- 
derstanding is often more difficult than evalua- 
tion of computational skills, you may want to 



















give more attention to observing and interview- 
ing students than to paper-pencil evaluation. 
The module review exercises and the student 
self-test can aid you in making your evaluation | 
and can be used as models for teacher-made 
tests for the module. Also, Module and Unit 
Achievement Tests are available from the 
publisher. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Aftermath 2, ‘Fraction Action,” 
Creative Publications 

Developmental Math Cards, “Bouncing Balls,” 
K10, Addison-Wesley 

Fraction Bars, Introductory Card Set, Scott 
Resources 

Fractional Numbers, Geocards 6-14, Creative | 
Publications 

Geoboard Activity Card Kit, Cards 80-84, 
Cuisenaire Co. 

Nuffield Project: Computation and Structure 5 } 
(Introduction in ordering of rationals), pp. 
7-23, Wiley 


pp. 94-95, 


Manipulative Devices 
Fraction Bars manipulatives (Scott Resources) | 
Geoboards (Addison-Wesley) 
Metric aids (Addison-Wesley; Balla; Creative | 
Publications, Dick Blick; Educational Teach-- 
ing Aids) 


Games and Puzzles 

Action Fractions (Lakeshore; Mind/ Matter) 

Fat Fraction (Educational Teaching Aids) 

Fraction Dominoes (Creative Publications; | 
Sigma) ! 

In-order Game Kit (Midwest Publications) 

Numo (Midwest Publications) 

Spinner Number Games (Heath) 

Tripletts (Midwest Publications) 
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_ UNIT B: The Arithmetic of Fractional Numbers 


| MODULE 1: Fractions and Fractional Numbers 





OBJECTIVES: 


After completing this module, you should be able to: 
1. Write fractions that compare sets and regions. 
2. Build sets of equivalent fractions. 

3. Find the lowest-terms fraction for a given 
fraction. 

4. Locate points on the number line corresponding 
to given fractional numbers. 

5. Check to see if two fractions are equivalent. 

6. Tell which of two fractional numbers is the 
larger. 

7. Solve simple equations such as § = 7. 

8. Solve simple word problems involving 
fractional numbers. 


vite amine Cuneta = 





Objective 

The student can write a fraction that com- 
pares a part of a region to a whole region or 
a part of a set to a whole set of discrete 
elements. 


PREPARATION 

You may wish to review some elementary 
ideas about fractions before beginning the 
Investigation. Give simple examples such as: 


The fraction 2 tells what part of the rectangle 
is shaded. The denominator 5 tells how many 
parts of equal size. The numerator 3 tells how 
many of the parts are shaded. 





INVESTIGATION 

When you introduce the Investigation, suggest 
to the students that they make a table to 
record the information about the headline. 
For example: 


Letter Occurrences 


Th 
E 
N 


This will aid them in discussing Exercises | 
and 2. 








DISCUSSION 

Discussion Exercise | reviews the terms nu- 
merator and denominator. If students con- 
structed a table showing the Investigation 
results, the answers to the questions are readily 
available. 

When discussing Exercise 2, it is not neces- 
sary to discuss fractions in lowest terms, though 
students who know that 46 in lowest terms is 
2 may give the simpler fraction. Lest the term 
improper fraction lead some students to think 
that such fractions are undesirable and must be 
written in mixed-numeral form, point out that 
often it is more convenient to work with frac- 
tions in that form than in mixed-numeral form. 


Sets, Regions, and Fractions 
Investigating the Ideas 

Teenagers Enjoy Space 
Age Rocketry 







In the newspaper headline, 2 of the 30 letters are T’s. 

The fraction Z compares the number of times the letter T 
appears to all the letters in the headline. 

We say that 4 of the letters are T’s. 


Can you write a fraction that compares the number of times each of the 


other letters appear to all of the letters in the headline? 











Discussing the Ideas 


1. The numeral above the bar of a fraction represents 
a number which is the numerator of the fraction. 2 Numerator 
The numeral below the bar represents a number 30 Denominator 
which is the denominator of the fraction. 
A What is the denominator of each fraction that 
you found in the Investigation? 


B What are the numerators of the fractions that you found? 


2. What fraction would compare the number of times a vowel (a, e, i, 0, u) 
appears to all the letters in the headline? 


3. A What part of the circular 
region is shaded? 


B What part is unshaded? 





4. The fraction a compares the length 


of AB to the unit CD. The fraction 4 Ae——_____} ___ip 

. . . AIDS 

is called an improper fraction because © © *——————4D AB: 7 parts 
the numerator is greater than or equal CD: 4 parts 


to the denominator. The fraction 4 is called a proper fraction. 


Tell whether each fraction below is a proper or an improper fraction. 
3 9 5 1 2 3 3 5 
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Using the Ideas UTILIZATION 
The exercises provide experiences with frac- 
1. For each figure, write a fraction that indicates the part tions as parts of regions or parts of sets. 
of the region that is shaded. In discussing Exercise 2, you may want to 
emphasize the language of comparison that is 


A used with fractions. When comparing a num- 


pees 
ber x to a second number y, we write —. 
> 





EXTENSION 
Remedial: Ask students to write a fraction that 
indicates the part of the region that is shaded 


2. The bar graph compares the : 
for each figure. 


heights of four animals. 
Write a fraction that compares elephant 
the heignts in each part. 


A lion to elephant 
cheetah to gorilla lion 
lion to cheetah 

elephant to gorilla 

cheetah to elephant 






gorilla 


cheetah 


moo ow 








a decimetre._= 


3. aA A centimetre is 


what part of a decimetre? = 
B Ten decimetres make one centimetre Enrichment: Have the students draw regions 


metre. What part of a on graph paper and shade them to illustrate 


: these fractions. 
’ 9 4 : 
metre is a centimetre? AL wwe Giexs D. 


to 


4 


3 Py il 
E. too 


4. Write a fraction that gives the part of each region that is shaded. Assignments 


Minimum 1-3. Average 1-4. Maximum 1-5. 





5. What part of the geoboard nails are 
inside the triangle? 


inside the rectangle? 
inside both figures? 
outside of the rectangle? 
outside of the triangle? 
outside both figures? 





nmoo wo PR 


Objective 
The student can name several fractions 
equivalent to a given fraction. 


PREPARATION 
Materials: Graph paper, cm or 3 cm (Dupli- 
cator Masters, pages 83 and 84). 

The Investigation for this lesson will be 
easier for many students if they use graph 
paper to help them construct and shade the 
regions to represent the fractions equiva- 
[eEnutOrse 


INVESTIGATION 

Have the students study examples A and B in 
the Investigation and give several more frac- 
tions for each. Then suggest that they draw 
several regions all the same size and shape on 
the graph paper and shade } of each region. 
Now the student should further subdivide the 


region by doubling, tripling, and quadrupling 
the number of parts of equal size in the regions. 
Thus, a student might show figures like these: 





Note that doubling, tripling, quadrupling, and 
so on, the number of subdivisions has the ef- 
fect of multiplying the numerator and denomi- 
nator of the fraction by the same whole number. 


DISCUSSION 
The main purpose in the Discussion is to give 
meaning to the method of finding fractions 
equivalent to a given fraction. Exercise 2 intro- 
duces the arithmetic needed: 

if 


; is any fraction and n is any nonzero 





Gis 7 (RIG al 
whole number, then 73 is equivalent to oa 
5 : 


Exercise 3 states that n can be any whole 
number except zero. If a student should ask 
why n cannot be zero, you might note that this 
would give a product of zero in both numerator 
and denominator, and zero denominators are 
not permitted. 


B-4 


Equivalent Fractions 
Investigating the Ideas 
Two different fractions may be suggested by the same subset of a set 


or by the same part of a region. The fractions in a and Bname the 
shaded part of each region. Give four more fractions for each sequence. 


— 





a a 3 4 eee 
2 4 6 8 
i a = ae 
2 ci & ay ie 
5 10 15 20 


Can you draw and shade some Record the fractions for each of your 


regions. 


regions for the fraction 3? 





Discussing the ideas 


1. Two different fractions which show the same part of a region 
or the same part of a set are called equivalent fractions. 
Use the figures in A and B above to answer these questions. 


1 : j i 
A IS 5 equivalent to é ? B Is2 equivalent to =? c Is 5 equivalent to é @ 


2. The diagram below may help you find other fractions for above. 
What are the fractions for a, B, c, and bp? 


22-1 282 2:3" 2:4 @uomommmmeets 

Ly a te), On] ) OP Sirs 5-4 Sra Sie 
| | | | \ J 
ps ee A B c D 
iS 10 


3. If nm represents any whole number except zero, what can you 


conclude about the pair of fractions E and ane 





Using the Ideas 


1. Each pair of figures suggests a pair of equivalent fractions. 
Write the pair of fractions. 














° ie 
(1 eT eae | 


2. Write the missing fractions for each row. 
Deo «| Sige 5e 3 


a oe 
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3. Write the next three fractions in each set of equivalent fractions. 


2A 6S dy 32 13 AUP LEST 3 

A Meets) ee D La oes aS G i eR ah J (2, + 
aol 3 4 3 36.219 Da A. 4 

B {a. 5. 6 E ie 16> 24) sd H LF, 14) | K {S¥.,} 
SEG 8.9) 12 i, Beak z- 5 

c 13, 14, D1, 28) } F 13, 18) 27> } I a... eee Aa 


4. One of the fractions in each set is not 
equivalent to any of the other fractions 
in that set. Which fraction is it? 





13, § Beil val 


IRUU AU 





A \4: 8) 12) 16) 20 
le gi ee 4 £.} 
B 13) 3) 9) 12) 15 
Se GwS te, 15 
c (3,5. 5. 36. te} What part of 
Be lee olbis the clock face 
D 13. 4) 8 12) ae is shaded? 
5 10 15 20 25 
E Lz, 6» 12) 16) 36} Time: 
\& iS) 25 46 +} 9:24 
F | 24) 20) 8 18 12 





More practice, page S-12, Set 19 


UTILIZATION 

Exercise | gives the students an opportunity 
to use regions to develop the general idea of 
equivalent fractions. The other exercises are 
designed to help your students understand the 
concept of equivalent fractions and the idea 
of building sets of equivalent fractions. 


EXTENSION 

To provide additional practice, make assign- 
ments from Supplementary Exercise Set 19 
on page S-12, Workbook page 33, Duplicator 
Masters page 23, and Arithmetic Skill Card 
F-1. 


Think Solution 

At 9:24 the minute hand is exactly on the first 
minute mark before 5 and the hour hand is on 
the second minute mark after 9. There are 60 
minute marks in all. Thus the shaded part 
covers #3 of the clock face. 

Assignments 

Minimum 1, 2, 3A-C. Average 1-3. 
Maximum |-4. 


Objective 

The student can decide whether a given 
fraction is in lowest terms and give the lowest- 
terms fraction for a given fraction. 


PREPARATION 
Review the idea of equivalent fractions by 
naming some fractions like 3, $, 3, 2 orally and 


ask students to name or write several fractions 
equivalent to each one. 


INVESTIGATION 
This Investigation will require only a few min- 
utes. Have the students record the “simpler” 
fraction for each part. Most students will 
probably name the lowest-terms fraction since 
those are the fractions most commonly used. 
To extend the Investigation, you might suggest 
that students make up some other statements 
that contain fractions which are not in lowest 
terms. For example: 
I ate 3$ of a candy bar. 
My notebook is about 75 of a metre wide. 
On a basketball team 75 of the players are 
forwards. 
Then have other students give simpler frac- 
tions for each. 


DISCUSSION 
The first exercise introduces the term “‘lowest- 
terms fraction,” while the second exercise de- 
fines the term and suggests a method of finding 
the GCF of the numerator and denominator of 
the fraction. 
Note that the flow chart in Exercise 3 gives 

a practical and commonly used method of find- 
ing the lowest-terms fraction for a given frac- 
tion. It is not necessary to divide numerator and 
denominator by the GCF, provided one re- 
peats the division process until a// common 
factors greater than | in the numerator and 
denominator have been divided out. Thus, for 
+# a student might proceed as follows: 

T2 oa lice Bo 94 4 A ae 

I8 18+3 6°6 6+2 3 
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Lowest-terms Fractions 
Investigating the ideas 


Read each statement below. 


1. Mary bought 739 litre of milk. 3. A dime is 75 of a dollar. 


es aa of the students walk to school. 4. The team won a of its games. 





Can you replace each fraction in the statements 


above with a ‘simpler’ equivalent fraction? 





Discussing the Ideas 


1. For each set of equivalent fractions there is one fraction that 
is the ‘‘simplest’”’ fraction in the set. This fraction is the 
lowest-terms fraction. What is the lowest-terms fraction for 


the set of equivalent fractions that contains 2h? 


2. A fraction is in lowest terms if the greatest common factor (GCF) 
of both the numerator and the denominator is 1. 


A Which of the fractions 
ar or a5 is in lowest terms? 
B What is the lowest-terms 


fraction for each fraction 
in the chart? 


Fiber 0; ele 
1, 3,5) 45} 
{1, 3, 9} 

{1, 2, 4, 8, 16} 





3. Study the flow chart. Then explain how to use it in order 
to find the lowest-terms fraction for each fraction below. 
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Using the Ideas 


. Give the lowest-terms fraction for each fraction. 


8 10 18 35 18 ei 45 
A 70 C 46 E 148 G 50 1 81 K 98 M 750 
12 97 36 12 60 105 72 
B 14 D 145 F 40 H 20 J 45 L 475 780 
. Tell whether or not each fraction is in lowest terms. 
If not, give the lowest-terms fraction. 
10 8 13 al 0 70 12 
A 12 C9 E 39 G 44 1 30 K 66 M 727 
15 14 25 21 4 28 38 
B 24 D +5 F 36 H 28 J 45 L 337 95 
Find the lowest-terms fraction for each set. 
{4 ‘Geet 0 30 | { 20, 900 9000 39-000 | { 38 68 eo 
6> 9» 15> 30 C | 100; 1000, 10 000; 100 000 E } 27; 51> 105 
15) 16° 40 8 65 25 100 15 10 24 42 
B | 80, 64, 160; 32| p {83,50, 60" 13] F (35.84, 447 | 


. If the prime factorizations of the numerator and the denominator 
are known, then you can easily find the lowest-terms fraction. 
Study the example and then give the lowest-terms fraction for 
each part. 











302735 95 
EXAMPLE: 755740777 
2 - 19 - 23 Pgh ae Seles 
Pes P49. 31 SST 1g TIO Nee QU scan 
2-3 B35 Sensor Aotteodaboak 
3-5 S aSe7 CATS C7 oe wiealg) 
ei if, 627-11 peligii ig a3 219-31 
11-13 Dab o7 1-13-31 7-3-19 


. Give the missing numerator or 
denominator in order to form 
fractions equivalent to the given 
lowest-terms fraction. 


IauUAU 


Discounting wind resistance and starting 

















= eo 9 il ait from rest, an object will fall approximately 
4 20° Ill» 40> iil cre 
as indicated in the table below. 

pF im 4 6 wy 

pe t2t> M+ ir 70 490-12cminisec 490 -32cmin3sec 
c 5 (at a ae, Hh 490:22cmin2sec 490 -m?cmin msec 

5 ti i 40 75 If a skydiver jumps from 2960 metres, 
D yy 

e 18: partie is about how many seconds should he 
eEi-> {a5 tt, hi. wait in order to pull his ripcord at 


about 1000 metres? 





More practice, page S-12, Set 20 


UTILIZATION 

Gear your assignment to the needs and abili- 
ties of your students. If they are already pro- 
ficient at expressing fractions in lowest terms, 
you may want to concentrate on exercises like 
Exercises 4 and 5, which provide a different 
approach to the ideas involved in finding the 
lowest-terms fraction. 


EXTENSION 

Supplementary Exercise Set 20 on page S-12 
offers more practice. See also Workbook page 
34, Duplicator Masters page 24, and Arith- 
metic Skill Card F-2. 

Remedial: For students having difficulty 
finding lowest-terms fractions, give additional 
examples and have them use the flow-chart 
method in Discussion Exercise 3 to help them 
simplify the fractions. Avoid fractions with 
unwieldy numerators and denominators: real 
life presents few instances in which it is neces- 
sary to simplify such fractions. 

Enrichment: The fractions below are partially 
factored. Ask students to find 
(a) the lowest-terms fraction and (b) the origi- 
nal fraction before factoring. (The lowest- terms 
fractions are given in parentheses.) 


ee nas Gla) 
iS a) -\5 oi Sasa tals 
9-1] (3) e ekg 1S 
setrees oo Adle\G RN 
LO saTael 307 14 33- 10-6 
a re F =| CAE SETI 








to 





(3) 


Think Solution 

If the skydiver jumps from 2960 metres and 
must pull the ripcord at 1000 metres, he 
will free-fall a distance of 2960 — 1000 = 1960 
metres. 

To arrive at the solution, find what 
number squared times 490 equals 196 000 
(1960 metres = 196 000 cm). 

490 - n? = 196 000 
n* = 400 
n= 20 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-S. 
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Objective 

The student can associate one fractional 
number with a set of equivalent fractions and 
match the number with a unique point on the 
fractional number line. 


PREPARATION 

As preparation for this lesson, you might 
choose to review sets of equivalent fractions, 
to make sure that your students are able to 
build these sets efficiently. It might also be 
helpful to display on the chalkboard several 
sets of equivalent fractions each of which con- 
tains at least five or six fractions. 


INVESTIGATION 

This lesson is basic both to the development 
of the module and to the develolment of all 
the fractional number concepts in the text. 
This section makes the transition from the 
concept of fraction to that of number. Prior to 
this, the idea of number has not been asso- 
ciated with a given fraction. The concept of 
number will be abstracted from a set of equiva- 
lent fractions, just as, at some time, the number 
2 was abstracted from a large class of equiva- 
lent sets. 

The diagram in the Investigation points out 
the relationship between a set of equivalent 
fractions, a fractional number, and the cor- 
respondence of each fractional number to a 
unique point on the number line. If some stu- 
dents have some difficulty finding the number 
for the points on the number line, suggest that 
they count the number of divisions between 0 
and | to find the denominator and then count 
over to the colored arrow to find the numerator. 


DISCUSSION 

It is not necessary to be formal in making the 
transition from sets of equivalent fractions to 
fractional numbers. We use the term fractional 
numbers to denote the non-negative rational 
numbers. Emphasize that we usually find it 
convenient to use a lowest-terms fraction to 
name a fractional number, but this is not an 
absolute requirement. 


Fractional Numbers 


investigating the Ideas 


Fractions are symbols for fractional numbers. For each 
set of equivalent fractions, we think of exactly one 
fractional number. Each fractional number can be paired 
with exactly one point on the number line. 


two thirds 





Can you give a fraction that names the | Record 
fractional number for the point above your 
the arrow on each number line below? | answers. 








A Cc 
0 I 1 0 
B D 
0 I 1 0 t 


Discussing the Ideas 


1. For the point on number line a, Steve wrote 2. 
Margaret wrote 3. Which student is correct? 


2. Any fraction in a set of equivalent fractions can be used as 
a name for the fractional number associated with that set. 
Usually, the lowest-terms fraction is used as the name for 
the fractional number. Give the lowest-terms fraction for 
points X, Y, and Z on the number line. 


SOS (EZ 


<+——_@___-r-__e____»___»—___»—____@—____»—_______e ___g __» 


0 1 


3. The arrows designate points halfway between points shown on 
the number line. What number goes with each lettered point? 


Aen. C 
14 | 
0 te 





Using the Ideas 


1. Use the denominator suggested at the left of each number line to 
give the fraction for the point indicated by each letter. 


ie) al 3 4 
3 3 3 3 
D EB F G ae 
Sixths <_e—_e__e___e—___e___e___e—__e__0__e—__e_#e_# > 
o} al 2 as 
6 6 6 6 


2. The number line is scaled in fourths because each segment 
between two whole-number points is divided into four congruent 
segments. Give the fractional number for each lettered point. 


A B C D E 
>o—__e_____e_____e+____@®_____e+____+_____e—___@_____e___{_e_____o—_ © 
0 1 2 3 


3. Give the fractional number for each lettered point. 
A B C D l= 


4. One of the five numbers 5, 4 3 | Z y, is matched with each point 


on the number line. Match the numbers with the lettered points. 


R V S TU 
<+—e—___+ 9 _.+_» _+ _» __e + _@ __> 


0 1 2 3 4 


5. Draw a number line and mark the points for 0, 1, 2, 3, 4, and 5. 
Then mark the approximate location of the point for 
each number below. 


ale 
ct 
ar 
NM 
NS 


12 10 9 1 
BS Cis D Eo F 40 G 


> 
Nl 
= 
3) 
= 
= 
3) 


% 6. Give the fractional numbers that go with the points A, B, C, D, and E. 
C D le 








UTILIZATION 

You may find it necessary to discuss with some 
students the meaning of a sca/e on the number 
line since Exercise 2 shows a number line 
scaled in fourths and the number line in Exer- 
cise 3 is scaled in fifths. The number line in 
Exercise 6 is scaled differently between each 
pair of whole numbers. 


EXTENSION 
Remedial: Use examples such as the ones be- 
low for reteaching and reinforcement. 
1 A. How is each number line scaled? 
B. Give three fractions that name the ra- 
tional number for the point indicated by 
the arrow on each number line. 


1, 4G ® 


2. Use the denominator suggested at the left 
of each number line to give the fraction for 
the point indicated by each letter. 





Thirds 
A B Cc 
OO OO Oh LO 
0 1 2 3 4 5 & 
3 3 = 3 3 Bars ty} 
Sixths 
D & F G He 
e—2__2—__2__2>__2__o___o__>___o_o_ o> 
gp ae m= Se: ae i i 4 wh Wabeet eZ 
6 6 6 ra 6 Gi G To G a 
Assignments 


Minimum 1-3. Average 1-4. Maximum 1-6. 
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Objective 
The student can use the “cross products” 
method to decide if two fractions are equivalent. 


PREPARATION 

Review some ways of building a set of equiva- 
lent fractions for a given fraction. Since each 
fractional number has many names, it is im- 
portant for the student to have a short method 
of deciding whether two fractions name the 
same or different fractional numbers. This is 
the purpose of the lesson. 


INVESTIGATION 

Have the students study the method of check- 
ing equivalence of two fractions shown in the 
illustration. Then have them use this method 
to decide which pairs of fractions A through 
D are equivalent. If two fractions are equiva- 
lent, they name the same fractional number. If 
two fractions are not equivalent, they do not 
name the same fractional number. 


DISCUSSION 
The Investigation introduces the student to a 
simple test for determining whether or not two 
fractions are equivalent and, hence, name the 
same fractional number. The example in Exer- 
cise | shows why the two cross products for 
equivalent fractions will be the same. It is 
important that more able students understand 
this basic idea, while for slower students it is 
important only that they learn to use the test. 
The example in Exercise 3 illustrates how 
the cross products method can be used to solve 
some simple fractional equations. Observe that, 
after finding the cross products to obtain 
3 - n= 24, the student is expected to solve the 
equation by thinking of the missing factor or 
by using the definition of division to find that 
n= 24+ 3=8. This method will be used later 
in solving simple proportions. 


B-10 


Equality of Fractional Numbers 


Investigating the Ideas 


Pete showed his classmates 
a method they could use to 
tell whether or not two 
fractions were equivalent. 


Study his method in the 
examples shown on the 
chalkboard. 





4 
=> 4-15=6- 10, oe 


: - . 
> 4-1§5#9-6,so—# 
9 18 








Can you use this method 
to decide which pairs of 
fractions are equivalent? 


@lw 
=| 

alo 
| > 
ln 
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Discussing the Ideas 


1. The class wondered whether Pete’s method would always work. 
The teacher suggested that they look at some sets of equivalent 


fractions. She listed the set of fractions equivalent to 2. 





3 EG: go te 15 18 cal 
fe 10°. 15 ””—tO 0 50 eee 
ih } | | { { | 

3 Wine ind ae 8e Stiw SoAaig(s 25/4 3.6 |& 3 27 
ler BO 5 8 ee de ee iG: a 


Then she chose several pairs of fractions from the set and 
circled the factors in the “cross products.” 


GD?) GNED |" Gesu 


Are the factors circled in color the same as the factors 
circled in black for each pair of fractions? 


2. How would you use the ‘‘cross products’ method to decide 


which pairs of fractions are equivalent? 
3) 8 6 4 2 We, 3°12 OS 
247129 DE 46°98 ep3i9G Ort Diy Tp lEnFagaR 
3. The ‘‘cross products” method can be used to solve equations 
involving fractional numbers. 
Study the example. Then explain 
how you would solve these equations. 
Sm papal Leng = c 4_12 
4 20 2556 n 15 
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Using the Ideas 


1. Which pairs of fractions are equivalent? 
5 9 Se YI RES Sey Ss 20 2 18 
A 6:10 © 140, 100 E 42; 25 G 3; 12 Lita 
8 12 aa eS 1 0 0 1 33 
B 6,9 D 20; 25 F 8, 20 H 7,8 J 3,100 


2. Copy each exercise and insert the correct symbol (= or #) for each ll 





























a 5 ili 0 ilil 0G ilillits + io till 

i Eee ns (| 

o 32 ih’ Aen | cD || ee | 
3. Answer true (T) or false (F). 

As > D aiqee a 3=%8 J 93 =48 

52-3 : (5 SCS ete 

c 7=%3 F 6= 48 1 ie=30 *&L 17 =269 
4. Solve the equations. 

i= ORS BRS 

>” «Siplgae OI lnofpeé 


%* 5. Choose any four whole numbers 
greater than 0. Form two fractions, 
using these four numbers in the 
following way: Select two of your 
numbers. Their product is the 
numerator of the first fraction. The 
product of the remaining pair of 
numbers is the denominator of the 
second fraction. Now make another 
selection of two of your original 
numbers. Their product is the 
denominator of the first fraction. 
The product of the remaining pair 
is the numerator of the second 
fraction. 


A Are the two fractions equivalent? 


B Can you choose the numbers so 
that the two fractions will not 
be equivalent? 


a 





ore practice, page S-13, Set 21 


UTILIZATION 
Exercises | through 3 provide ample practice 
in using the cross products method of checking 
for equivalence. 


Solution, Exercise 5 
Suppose the numbers chosen are 3, 5, 7, and 8. 
Then the steps for forming the two fractions 
might be as follows: 


First Second First Second 
fraction fraction fraction fraction 
cod AA Chie ey 


Ia et ey NCE 


Note that the cross products in each pair con- 
tain precisely the same factors; hence the frac- 
tions are equivalent. 


EXTENSION 

Additional practice is provided by Supple- 
mentary Exercise Set 21 on page S-13, Work- 
book page 35, and Duplicator Masters page 25. 

Remedial: Write two different sets of equiva- 
lent fractions on the chalkboard, such as: 

1 2 3a. Ze 6. 28 M10) 
Have the students check pairs in each set by 
the cross products method to show their 
equivalence. Then have the students choose a 
fraction from each set and show that they are 
not equivalent. 

Enrichment: Discuss the following equations 
with the students and ask them to decide for 
each equation which statement is true. 

(A) There is exactly one whole number for 1. 
(B) There is no whole number for n. 
(C) There are many whole numbers for n. 





O_n ue a is 
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Think Solution 

It is impossible to make the specified arrange- 
ment. There will always be one of the shaded 
letters that cannot be moved as prescribed. 


Assignments 
Minimum |, 2A-I, 3A-I. Average 1-4. 
Maximum 1|-S. 


Objective 

The student can tell which of two fractional 
numbers is the greater by using regions, num- 
ber lines, or fractions with common de- 
nominators. 


PREPARATION 

Before beginning the Investigation, conduct a 
brief review of equivalent fractions and locating 
points for fractional numbers on the number 
line. 


INVESTIGATION 

Discuss examples of A, B, and C in the In- 

vestigation and have the students give the 

correct word for the blank in each sentence. 

Ask them to explain their answers. Typical 

responses might be as follows: 

A. Less of the region is shaded for § than for 
%, SO # is Jess than @. 

B. The point for # is to the right of the point 
for 3, so # is greater than 3. 

C. Since = #4 and 2= 338, and 4 is greater 
than #2, then 7 is greater than %. 

Suggest that students choose fairly simple 

fractions to illustrate each method. 





DISCUSSION 

Work with inequalities takes on new signifi- 
cance when it involves the set of fractional 
numbers. Our efficient place-value notation 
makes it fairly easy to compare two whole 
numbers, but fractional numbers represented 
by non-unit fractions with unlike denominators 
are more difficult to compare (for example, 3 
and 33). In such cases, some tests must be 
devised in order to find which of two fractions 
represents the larger number. The common 
denominator method shown in Exercise 5 is the 
most efficient, but some students may prefer 
the shortcut shown on Patty’s paper. Observe 
that this method is based on using a common 
denominator which is the product of the two 
denominators, rather than the LCD of the 
fractions. 


Comparing Fractional Numbers 
Investigating the Ideas 
You can use different methods to compare two fractional numbers. 


Use points on [¢] Use common 


[a] Compare parts 





of regions the number line denominators 
14 3d a8 88, 
ye 

0 8 3 Gh Bho (5 8 

: : 5_5:8 _40 

2 a 6 -8 48 

ree 5 

2i 5 Ce 5 g is 2 than =. 

3 |S 2? than €. ais 2 than. 


Which is the correct word for each blank, greater or less? 








Can you choose any two fractional numbers 
and compare them using each of the methods? 


Discussing the Ideas 


1. Which method above do you think is most practical to use? Why? 


2. You can use the symbol > for ‘greater than” and < for ‘‘less than” 
for fractional numbers just as you did for the whole numbers. 


Tell which symbol goes in each li. 
a sills 5 SiS cc oil: 


3. a Give a fractional number for 
the shaded part of each region. 
B Which fractional number 
is greater? 


> io lds 


4. a Which number is greater, the number 
for X or the number for Y? 
B Write an inequality statement about the numbers for X and Y. 





5. Jack used the common denominator 
method to compare @ and §. 


Patty used a shortcut. 
Use either method to decide which 


fractional number in each pair is the larger. 


47 5 MTL QUT he 7 
A558 B 9,12 C 5,10 Dio; 6 





Using the Ideas 


1. Give the numbers for a and b. Then give the correct symbol (< or >) for each nA 


i et} 5 a 
intl qs = ta | agp, 
‘one Is oo % | giz, 
12 = 48 
S_a 7 a 
Stl s@i + b=8| cg 
UI 
go a4 3 earn % || lie 
5 = 30 
3 a 3 
el ee 
4] 40% ore) dt 
9 — 36 100 = 100 
2. 1 a 
rivtl cq: * -&| 39 
| = || \\3 ; x 5 || liz as 
Com 35 30 — 90 


. Copy each problem and use any method you wish 
to find the correct symbol (< or >) for each li. 


a sills =o Sillhs oo Fils Bi ill 
oils © oilhso Fibs wk eS Sl 
ells or Sills + solllbss use ls = 40 Fils 

. Which number in each pair is the larger? 
RES SF b8 wd gun ib me dgig ow wotek 


A set of three consecutive even numbers — {24, 26, 28} 


__ Aset of four consecutive odd numbers — {7,9, 11, 13} 


1. Find a set of three consecutive even numbers whose sum is 216. 


_ 2. Find a set of four consecutive odd numbers whose sum is 216. 


_ 3. Find a set of three consecutive whole numbers whose sum is 216. 





lore practice, page S-13, Set 22 


UTILIZATION 

Exercise | utilizes the common denominator 
method of comparing fractional numbers. Ex- 
ercises 2 and 3 permit the students to use any 
method they choose. 


EXTENSION 

For further practice with the concepts of this 
lesson, see Supplementary Exercise Set 22 
on page S-13, Workbook page 36, and Dupli- 
cator Masters page 26. 

Enrichment: It is easy to compare fractional 
numbers when they are represented by frac- 
tions with the same denominator. The fraction 
with the largest numerator is the largest. Thus, 

3 ye 5 7 re, 1] 
8) D858, 8m 180 

Ask students to try to develop a way of tell- 
ing which fractions represent the larger number 
when the numerators are the same but the de- 
nominators are different. For example, which 
fraction in the set below is the largest and 
which is the smallest? 





Think Solution 

1. 216 +3 =72. Thus, all three numbers can- 
not be larger than 72. Choosing the even 
numbers immediately preceding and follow- 
ing 72 gives the numbers {70, 72, 74}. 

. 216+4=54. Choosing the odd num- 
bers preceding and following 54 gives 
Hel shoei be 

3. 216 +3=72. Choosing the preceding and 

following whole numbers gives {71, 72, 73}. 


bho 


Assignments 
Minimum 1, 2A-E. Average 1, 2A-I, 3A—-J. 
Maximum |-3. 


Objective 

Given three or more fractional numbers, the 
student can list them in order from smallest 
to largest. 


PREPARATION 

Review comparing two fractional numbers by 
using the common denominator method that 
was introduced in the last lesson. 


INVESTIGATION 

Have the students study the diagram to see if 
they can discover how the number halfway be- 
tween } and #4 was found. By building sets of 
equivalent fractions for } and 4 the number 75 
is readily found. Of course, this number is the 
arithmetic mean of 3 and #:; i.e. (? + #) + 2, but 
to find the mean would require skills in addi- 
tion and division of fractional numbers which 
have not yet been developed in this book. 





DISCUSSION 

This lesson is an extension of the previous 
one, with emphasis shifted from inequalities 
to the ordering of sets of fractional numbers. 
Because of the fact that between any two frac- 
tional numbers there is always another frac- 
tional number, the fractional numbers have 
what is called the property of “density.” Exer- 
cises 1, 2, and 3 emphasize the density prop- 
erty. No matter how close the points for two 
fractional numbers may be on the number line, 
we can always name another fractional number 
for a point between the two points. 

Exercise 4 introduces the notation for con- 
tinued inequalities. The relation “is less than” 
is a transitive relation. By this we mean that, 
if a, b, and c are fractional numbers such that 
a < band b < c, thena < c. Therefore we can 
introduce the notation a < b < ¢ to stand for 
the conjunction of a < band b < c. You might 
encourage students to read statements like 
ts 3 as Sis between sand 3.’ 








. A What is the name for the 


Order of Fractional Numbers 


Investigating the Ideas 


Is there a fractional number for 
the point that is halfway between 0 


the points for 3 and +? 


ain 


on 
bla 
ni 
a 


4 
a 


Study the diagram to see why al 


F 15 16 
is halfway between 2 and. 20 20 
30 31 32 
40 0 40 


Can you use this method to 
find a fractional number that 


is halfway between 4 and 2 2 


Discussing the Ideas 


. The number 3 is halfway between 3 and 4 Is there 


a fractional number halfway between 3 and 342 


Can you name a fraction for it? 


. Can you give the name of the fractional number that is 


halfway between 5 and #3, Explain how you found it. 


. Do you think there is always another fractional number 


between any two different fractional numbers? 


. From the number line «——e—~—__--—__-__-—__.-—__-—_.—_-_2-_2+>_@_> 


oy &} 
7 ips oom 


oO 
ni 





you can see tha 2 aS 4 You can shorten this statement 


by writing 3 <$ <2 


fractional number for the 0 
point halfway between the 


points for s and 3? 


Ni- 
AIO 
= 


B Give a fraction for the ll: 3 <M <¥. 








1. What fractional number is halfway between 2 





Using the Ideas 


and 29 


2. a Find the fractional number for the point on the number line 


that is just halfway between the points for 3 and 4 
B Is 5 larger or smaller than this number? 
Is the point fora closer to the point for or the point for 4? 


Find the fractional number for the point on the number line 
that is halfway between and. 


. Write a shorter statement that has the same meaning as the 
given statement. 

















EXAMPLE: Fors <4 and4 <3, write 4 <3 <3 

a s<iand3 <i c 7 <3 and3 <3 —E 3>gandg >i 
B s<7and3 <2? Dp + <gandg <3 rF 2<fandg>3 
. Give the missing numerator for each |||. 

3 ae c oe 20 = 10 Eg 45 G3 KS Boe 
px<t<? oi<t <8 pzeM as gcd 


. A What is the smallest number in 
1 queries <9 
the set {3a 16:8:4) 24? 
B Give the names for two fractional 
numbers which are less than 3. 


° 
N+ 
al- 
oi 
bi 
nis 


. What is the smallest number in the set {3 ohsn Geer $.3}2 


. What is the largest number in the set Ez a 3s ON TTE ai? 


' : Eas 
. A Which number is larger, g or 7? 
4 5 

B Which number is smaller, 5 or 6? 


SEO same. WSs Sin 2, 19 
If the numbers 5, 4,8, 6, 16) 8) 3» 16 Were 


listed in order of their closeness to 1, 
what would the order be? 





Is there a ‘‘smallest’’ fractional 
number that is still larger than zero? 





UTILIZATION 

Exercises | and 2 provide students with further 
experiences in finding the fractional number 
halfway between two other fractional numbers. 

In Exercise 3 the students are asked to write 
the equivalent shorter form for comparing three 
fractional numbers. It might be helpful to notice 
the different ways they can read a sentence that 
they have written. For example, + <#< #, 
when read from left to right, is “one half is less 
than three fourths is less than seven eighths.”’ 
If you begin with } and read first to the left and 
then to the nght, it is “three fourths is greater 
than one half, and three fourths is less than 
seven eighths.’’ You can even begin with % and 
read from right to left, which would be “‘seven 
eighths is greater than three fourths, which is 
greater than one half.” Each of these sentences 
means the same thing. 

Exercise 10 offers an excellent opportunity 
to discuss the density of the set of fractional 
numbers. Ask the students to think of the 
smallest fractional number greater than zero 
that they know. After some students have 
given examples, ask others to find still smaller 
ones. For example, if a student says zon. a 
smaller fractional number would be 75 of sow. 
or qo o00- Also, discuss the graphic implication 
of this. Although, jo00 would be very close to 
zero on the number line, 700 Would have to 
be between zero and joo, and so on. 











EXTENSION 
Further practice exercises are provided on 
page 37 of the Workbook. 


Think Solution 

The Pants, pr A and B divide the segment 
from to 3 into thirds. Thus, writing equiva- 
lent Fanon with a denominator of 6 we have 
55 ud. 31 = “8 Hence the fraction for 
point A is 23 and the fraction for point B is §. 








Assignments 
Minimum 1-4. Average 1-7. Maximum 1I-10. 


B-15 


Objective 
The student can use fractional numbers to 
work within the metric system. 


PREPARATION 

Materials: Metre sticks, centimetre, litre mea- 
sures, centimetre cubes, standard metric 
masses. 

This lesson will be enhanced if you have 
available for use and discussion a variety of 
measurement devices. Some equipment might 
be obtainable from your science laboratory. 


UTILIZATION 

The exercises present no new mathematics; 
they deal with application of fractional num- 
bers. The problems involve comparison of 
metric units with other units and no conversion 
of units is necessary. 


EXTENSION 

Enrichment: Encourage students to make a 
model of an “open-top cubic decimetre,” by 
using cardboard and a pattern like the one 
below. Suggest that they wind tape several 
times around the sides of the box to make it 
more sturdy. 


Hs 


After they have completed the model, they can 
line the box with a plastic food bag and fill it 
with water. This will be a litre of water. Then 
have them fasten the top of the bag securely 
and weigh the bag of water on a metric scale, 
if one is available. The water should weigh 
about | kilogram (1000 grams). 





Assignments 
Minimum 1-5. Average 1-6. Maximum 1-7. 


ThE METRIG SYSuEM 


* 6. 


. The metre (m) is the standard unit of length in the metric system. 


. A metre is divided into 100 parts of 


. A kilometre (km) is 1000 metres. The drawing 


. The standard unit of weight in the metric 


North 
Pole 








Originally, the metre was a length such that the distance 
from the North Pole to the Equator measured along a certain 
meridian on Earth was 10 000 000 metres. What fraction 
compares one metre to the distance from the North Pole 
to the Equator? 


equal length called centimetres (cm). 
What fraction compares the length 
of a centimetre with the length of a metre. 


compares the height of Mt. Robson in British 
Columbia with a distance of one kilometre. 

What fraction compares the length of a kilometre 
with the height of Mt. Robson? 


ome | kilometre 


The litre (7) is the metric unit of capacity. 
A litre is 1000 cubic centimetres (cm). 
What fraction compares a Cubic 
centimetre to the litre? 


system is a kilogram (kg). There are 1000 
grams (g) in one kilogram. 

What fraction compares one gram 

with one kilogram? 


The square centimetre (cm?) is a metric unit of 
area. A square metre (m7?) is also a metric 
area. What fraction would you write to 
compare the size of the square centimetre 

to that of a square metre? 





FRACTIONAL NUMBER PROBLEMS 


1. A decimetre is ao of a metre. What lowest-terms fraction 
compares 4 decimetres with one metre? 
ims 
2. The shaded region shows what fractional at SLR A aia maa mt 
part a large garbage can is of 1 cubic Pee ey a 
metre (m°). What is this fraction? 
Np 


. Jan’s house is +o km east of school. 


. Container A holds 2 litre. 


garbage can 


The average mass of the earth per cubic metre Average density of the earth 


is greater than that of the moon. We say that the eer 
density of the moon is less than the density of 
the earth. The graph compares these densities. p—_4_} _J 


Express the average density of the moon as a Average density of the moon 
fraction of the average density of the earth. 

A cubic centimetre of gold is heavier 
than a cubic centimetre of iron. The 
graph compares the densities of these 
metals. Express the density of iron 

as a fraction of the density of gold. 


Density of gold 


as Ld 





Density of iron 


‘ . 3 
Lisa lives on the same street 5 km 


east of school. Susan lives halfway 
between them. How far does Susan 
live from school? 


Container B holds § litre. 
Which container holds more? 





. A T-bone steak weighed * kilogram. A piece of sirloin 


steak weighed am kilogram. Which steak weighed less? 


. A hectare is a metric unit of area and 


is 10000 square metres. The graph 
compares the size of a hectare with 
the size of a building lot. 

What fraction compares 

them? 


a: 


Objective 
The student can use fractional numbers to 
solve problems involving metric measures. 


PREPARATION 
Materials: Metre sticks. 


UTILIZATION 

The exercises require little factual knowledge 
of measurement since they involve application 
of fractional numbers for comparison purposes. 
However, you may want to discuss some of the 
exercises and extend them by exploring the 
relevant units of measure in greater detail. 


EXTENSION 

Enrichment: The hectare, mentioned in Exer- 
cise 8, may be less familiar to students than are 
some of the other metric units. If space is avail- 
able on the school playground or athletic field, 
have students mark off a square that is 100 
metres on each edge. Have one student stand 
at each corner of the square, which represents 
| hectare. This model of the hectare will help 
students estimate other areas in hectares. 


Assignments 
Minimum 1-5. Average 1-7. Maximum 1-8. 


B-17 


Objective 
The student can demonstrate the ability to 
work with the ideas presented in this module. 


UTILIZATION 
In assigning the review exercises, notice that 
there are more than SO responses required of 
the student if every part of each exercise is 
assigned. Therefore, you may wish to assign 
only one or two parts of some exercises. For 
example, if a student has demonstrated pro- 
ficiency in finding lowest-terms fractions, then 
two or three parts of Exercise 4 may suffice. 
Other students, however, may need extra prac- 
tice. With some students, you might consider 
giving the students themselves the responsi- 
bility of choosing how many parts of each prob- 
lem they feel they should complete in order to 
adequately review the material covered in the 
module. 

Additional review exercises are provided 
on page 38 of the Workbook. 


REVIEWING THE IDEAS 


1. Each figure suggests a pair of equivalent 7. 


fractions. Give these fractions. 
B c 





2. Give three fractions equivalent 


to the fraction given. 


1 
Ad Bé& Cc 


ole 
m 
ale 


Oln 


3. Give the GCF of the numerator and 


denominator of each fraction. 


26 
E 39 G 


14 


A 


B F H 


lo olin 
ry 


SS ais 
ojo OM 


= 

nN 
i} 

=I 


4. Give the lowest-terms fraction 


for each fraction. 
16 20 
A 20 E 34 ! 


10 16 
B 42 F 36 J 


a 
nN 


r iN) 
on 
oe 
b ©| 
ry 
38 


yn oO 


c G K 


Slay SUN 
OD A+ 
NON 

IS sje 


3 2 1 





Le) 
(es) 
NI 
nN 


11. 


5. Give the lowest-terms fraction 
for each letter. 
A B G 


D iS F 12. 


4_ 2A 32nd 
A 5>=20 D 16 = 64 
3. o49n 9 n 
Boa i6 E 40 = 100 
1 on 2 2A 
Cc 2—30 LE ey Sey 


10. 


Copy and give the correct symbol 
(<, =, or >) for each | 


a SihtS > 3 fg 
e sills =e Sills 
e 2S & Sls 


. Copy and correctly fill in each screen. 


A The statement, = < § <2, 
2 
means 3 <§ and /l> tl 
3 5 
Bq < 7 <5 
1 
2 


5 
c <h<3 


. Give the fractional number for the 


point that is halfway between the 
points for g and 3 


<—~g—______—__—-e——____»—______0—_>—_____-@-—> 


eee oe, 3 
0 a 8 2 4 1 


Wh 


. 1 1 
Give a whole number for n: 6 < 60 <5. 


Mr. Knowlton sells a litre of cider for 
48 cents. Mr. Shoup sells a litre of 
cider for 56 cents. What is the 
fraction that compares Mr. Knowlton’s 
price to Mr. Shoup’s price? 


The graph compares the density of 
gasoline to the density of water. 


Gasoline 





Water 





What fraction compares the density 
of gasoline to the density of water? 





| TEST YOURSELF 


1. What part of the exe e 


set is composed y& 
of stars? exe * 


2. Name a pair of 
equivalent 
fractions 
suggested by 
the figure 





3. Write three more fractions in this 
set of equivalent fractions. 


S47 S | 
5) 10) 155 --- 


4. Give the lowest-terms fraction 


for each fraction. 


10 15 42 
A 42 Bot C 36 


RESEARCH PROJECTS 


A Read about how the Egyptians used 
“unit fractions.”’ Then explain 
their method to your class by 
giving example of your own. (See 
Twenty-seventh Yearbook, National 
Council of Teachers of Mathematics; 
Washington, D.C., 1963, pp. 221-226. 
Science Awakening by B. L. Van der 
Waerden; New York: John Wiley and 
Sons Canada, Ltd. 1963, pp. 19-23, 
48-51.) 


B_ Try writing some fractions using 
a base other than ten. For example, 


in base four the fraction 3 would 

be written as uw: In base two, the 
i : Ua 

fraction do would be written 7o70.)- 


List some sets of equivalent fractions 
using other bases. Make a chart that 
compares fractions in other bases with 
fractions in base ten. 


5. Give the fractional numbers for 
X, Y, and Z. 


x y Z 
—@-—__e_¢o-_____4-—_o—___1_——__—__> 


0 1 


6. a Is a equivalent to #2 


B Is é equivalent to 76 13? 


7. Find the number for n. 2 


8. Which number is larger, 3 or 45? 


9. What number is halfway between 
¢ and 3? 


10. Give the missing numerator. 2 < go <2 


C How are knots and mathematics 
related? Is the figure below a knot 
or a false knot? Find out about 
problems like this one. 


A B 


(See Topology: The Rubber-Sheet 
Geometry by Donovan Johnson and 
William H. Glenn; St. Louis: 

Webster Publishing Co., 1960 available 
from McGraw-Hill Ryerson, Ltd.) 





TEST YOURSELF 

After completing the self-evaluation test, stu- 
dents should check their answers against the 
answer key and rework any problems that gave 
them difficulty. Encourage them to refer back 
to the appropriate lessons of the module as an 
ald in correcting their own mistakes. 


RESEARCH PROJECTS 

Students who undertake Research Project A 
might find it interesting to read about the Rhind 
Papyrus in James R. Newman’s The World of 
Mathematics; New York: Simon and Schuster, 
1956, Vol. I, pp. 170-178. (Available from 
Musson Book Company, Don Mills, Ontario.) 

Students who are stimulated by the challenge 
of Research Project B might be encouraged to 
create a set of exercises using fractions with a 
chosen base other than ten. Such exercises 
might even be duplicated and given to other 
students to solve. 

If students are intrigued by the sort of topo- 
logical concepts suggested by Research Project 
C, refer them to William Simon’s Mathematical 
Magic, New York: Scribner’s, 1964, pp. 37-59. 
(Available from John Wiley and Sons Canada, 
Ltd., Rexdale, Ontario.) There they will find 
some. interesting topological tricks that they 
will enjoy trying. 


B-19 


MATHEMATICAL RECREATION 
This mathematical recreation was invented by 


the famous English mathematician, William — 


Rowen Hamilton (1805-1865). 
The playing board network has the same con- 


nections as a dodecahedron and, in fact, the — 


puzzle could be tried using a dodecahedron ex- 
cept for the inconvenience of handling the solid. 


Given the condition that no more than five ~ 
consecutive towns are first connected, the puz- — 


zle can always be solved. That is, a path passing 
through each of the remaining towns only once 


and ending at the starting point can always be — 


found. 

For variation, suggest that students try to 
find paths that start and end at specified points. 
For example, find a path that starts at point A 
and ends at point R, passing through each of 
the other lettered points once and only once. 
Of course, not every “‘road’”’ connecting the 
points must be used. 


B-20 


the Pentagonal CIRCUIT 


The 20 points on the diagram below represent 20 
towns. The segments connecting the points represent 


roads. 
D 


A B 


One player selects five towns that can be reached in 
consecutive order such as |, S, T, P, O and draws a 
path connecting them. The second player must start at 
the last town (in this case, O) and draw a path which 
passes through each of the remaining towns exactly 
once and then return to the starting point. If the 
second player cannot find a path, he loses the game. 
Tracing paper can be placed over the diagram and the 
paths drawn on the tracing paper. Or, counters can 

be placed on the diagram to mark the routes taken. 


SIOEKEERE 
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UNIT B: THE ARITHMETIC 
OF FRACTIONAL NUMBERS 


Module 2: Adding and Subtracting 
Fractional Numbers 


General Objectives 

To provide experience in working with the addition and subtraction algo- 
rithms for fractional numbers. 

To provide practice in addition and subtraction of fractional numbers 
using mixed numerals. 


To introduce functions and graphs of functions using fractional numbers. 

To round fractional numbers to the nearest whole number. 

To extend the students’ problem-solving skills in word problems involving 
fractional numbers. 








Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
43 RED Given two fractional numbers with like denominators, the B-22, 23 WB 39 
student can find their sum or difference. 
44 RED Given two fractional numbers with unlike denominators, the B-24, 25 WB 40 ASC F-S, 6 SWM 3 110 
student can find the least common denominator and then find the DM 27 SPic=23 
sum or difference of the numbers. PD c-1, 2 
45 RED The student can write a mixed numeral for an improper frac- B-26, 27 WB 41 ASC F-3, 4 
tion or an improper fraction for a mixed numeral. DM 28 SP c-1 
PD c-1 
46 RED The student can find sums and differences of fractional num- B-28, 29 WB 42 ASC F-7, 8 SWM 2 86 
bers using mixed numerals or improper fractions. DM 29 SP c-2, 3 
PD c-1, 2 
PS g-l 
47 YELLOW The student can solve appropriate word problems in- B-30, 31 
volving addition and subtraction of fractional numbers. 
48 YELLOW The student can complete function tables and draw B-32, 33 WB 43 
graphs using fractional number pairs of the function. 
49 GREEN The student can round fractional numbers to the nearest B-34, 35 
whole number. 
Reviewing the Ideas B-36 WB 44 


MATHEMATICS pe {pare 





. The truth of this statement can ie es are two fractional numbers and b # d, 


In teaching addition of fractional numbers, it 
is important to introduce the student first to 
sums of fractions with like denominators. Thus, 
c 
3 


sol : 
if a and are two fractional numbers, then 


B-21TA 


bale mb bod 


be demonstrated by means of the number line 
or other semiconcrete objects. Once this con- 
cept has been mastered, addition with fractions 
having unlike denominators can be considered. 


then we can choose fractions having the same 
denominator by choosing fractions equivalent 


a (Ge 
to — and — 


b ae Formally, we can show that 


if 
h 


a Guan ds, baecopand alc, 
bid aD dae Dand, b-d 
Subtraction of fractional numbers can be de- 








fined in terms of addition. Thus, if is a frac- 


then we say 


tional number such that eae f= a 
wy ab 


that ‘ is the difference of and Gand we write 


EE ee es 
bids diet aa 
Proceeding much as in addition, we can then 
show that 
mee a dC 
be ¥ds b:d 

Although any common denominator may be 
chosen for the fractions used in addition and 
subtraction of fractional numbers, it is helpful 
to encourage students to use the least common 
denominator (LCD) which is the least common 
multiple (LCM) of the denominators. 





TEACHING THE MODULE 


Materials 

graph paper, sheets of standard typing paper, 
centimetre rulers, scissors, co-ordinate grid 
paper. 


Vocabulary 
associative principle 
commutative principle 
denominator 
equivalent fractions 


least common 

denominator (LCD) 
mixed numeral 
number pairs 


function numerator 
graph prime factorization 
improper fraction slide rule 


zero principle 


This module develops the basic algorithms 
for addition and subtraction of fractional num- 
bers. Along with this development, the mod- 
ule introduces some special topics, such as 
the fractional number functions and graphing, 
rounding fractional numbers, as well as a vari- 
ety of word problems involving computation 
with fractional numbers. 

The general purpose of this module is to 
develop students’ skills in fractional number 
computation to an acceptable degree of profi- 
ciency. Students should also develop an under- 
standing of the special topics as well as the 
basic skills for solving word problems. 

Keep in mind that when, as in this module, 
there is an emphasis on routine computing and 
problem solving, it is especially important to 
keep the material interesting, even if this means 
covering some topics in less detail than you 
would like. You can return to such topics at 
another time or stress them in later reviews. 


Lesson Schedule 

Assigning a time limit for this module is difficult 
since much of the work concentrates upon the 
development of skills which may or may not 
have been attained in the earlier grades. 
Your time schedule should be flexible enough 
to fit the needs and abilities of the students. It 
would be reasonable for a very weak class to 
spend as long as 15 days in this module. A 
group of students with a strong elementary 
mathematics background and average ability 
could be expected to cover the material in 10 
days or less. With a very good class, in addition 
to covering the basic topics, you should en- 
courage solution of the Think problems, the 
Research Projects, and the Mathematical Rec- 
reation as means of stimulating interest. 


Evaluation 
Since much of this module is devoted to com- 
putation, it is easy to determine whether your 
students can add or subtract fractional numbers 
with some facility. It is somewhat more difficult, 
however, to discover the source of any prob- 
lems students may be having. Close attention 
to the students’ day-by-day progress, their 
responses in the Discussion stages, and anal- 
yses of their written work are often revealing 
and will aid you in spotting sources of difficulty. 
Encourage students who do poorly on the 
self-evaluation test to seek help in overcoming 
their difficulties before proceeding to new 
material. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Aftermath 2, “Sum Fractions,” p. 59; “Add- 
Sub Slide Rule,’ pp. 29-31, Creative 
Publications 

Fraction Bars, Card Set 1, Scott Resources 

Fractional Numbers, Geocards 15-18, Crea- 
tive Publications 

Nuffield Project: Computation and Structure 5, 
pp. 24-29, Wiley 


Manipulative Devices 
Fraction Bars manipulatives (Scott Resources) 
Geoboards (Addison-Wesley) 


Games and Puzzles 
Action Fractions (Lakeshore; Mind/Matter) 
Come Out Even (Holt) 
Here-to-There (Scott Foresman) 
Spinner Number Games (Heath) 
TUF (Cuisenaire Co.; TUF) 










MODULE 2: Adding and Subtracting Fractional Numbers 


OBJECTIVES: 


After completing this module, you should be able to: 
it 


2: 


UNIT B: The Arithmetic of Fractional Numbers 








Find the least common denominator for a pair 
of fractions. 

Find the sum of two fractional numbers named 
by fractions having like or unlike denominators. 
Find the difference of two fractional numbers 
named by fractions having like or unlike 
denominators. 

Find sums and differences using mixed 
numerals and improper fractions. 


. Complete function tables and graph functions 


using fractional number pairs. 


. Round a fractional number to the nearest whole 


number. 


. Solve word problems involving addition or 


subtraction of fractional numbers. 


Objective 

The student can find the sum or difference of 
two fractional numbers by using fractions with 
the same denominator. 


PREPARATION 
Materials: Graph paper strips (Duplicator 
Masters, page 83). 

Provide graph paper for the students to con- 
struct the addition slide rule for the Investiga- 
tion. If the strips are mounted to a like-sized 
strip of posterboard, the slide rule will be easier 
to manipulate. You might wish to save some 
time by having duplicated copies of the slide 
rule available for students to cut out and use. 


INVESTIGATION 
After students have constructed their slide 
rules, have them study the example to see how 
the slide rule is used. You may want to point 
out that the slide rule is used much like a num- 
ber line in showing addition and subtraction. 
Have students record their sums they find 
and ask some of them to display the sums they 
have found on the chalkboard. 


DISCUSSION 

Most students will probably recall the method 
of adding fractional numbers using fractions 
with like denominators. Formally, this can be 
stated: 

If; and ; are fractional numbers, 

Ga Com aAciG 

pope, 
Exercise 2 introduces addition involving frac- 
tions with unlike denominators, but since the 
fractions are 3 and }, the student can readily 
use the slide rule and choose % and % in order 
to determine the sum. 

To find the difference % — § (Exercise 3), the 
student can use the slide rule in the same posi- 
tion as for the addition problem shown in the 
Investigation ($+). However, the jump is 
to the left from 3 to 2. 

Exercise 4 will help the student think about 
choosing fractions with like denominators to 
perform addition and subtraction. 





then 
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Discussing the Ideas 


Adding and Subtracting Fractional Numbers 


Investigating the ideas 


Make a number line scaled in eighths on both sides of the line 
on a strip of graph paper. Cut along the line so as to divide 
the strip into parts a and B. 









Af) ea | a a eee ee 

\ 1 4 5 6 7 8 9 10 11 12 13 14 15 

0 8 3 3 8 8 8 8 8 8 "Sheen 8 “6 ae 

One 03 2 4 5 6 7 8 § 1b Waleed ean ets 
3 3 ey Cee eins oy Moe ae Mame) Ce 8 $e 


You can use the two parts, a and B, i ee 7 
as an addition slide rule. For A, : s| 
example, with the strips in the ' ' . 
position shown at the right, you 
can see that 





+ 


o/h 
(oo) fee) 
Clon 
















Can you use your slide rule to 
find at least 10 more sums? 


Write an equation for 
each sum that you find. 


1. a How can you use your slide rule to find 3 +2? 
B What is the sum as a lowest-terms fraction? 


2. a What fractions would you use on the slide rule to find 3 + $? 
B What is the lowest-terms fraction for this sum? 


3. How can you use the slide rule to find the difference 3 = 39 


4. Study the examples. Then give the missing sum or difference. 
a To find3 +8, we think {3, 2, 3,4, ...} 


and write 3+ 3 =1I 


B TO find + — 3, we think { 3,8, 45, qa, is i 


. 11 
and write 3 — 3 = Tr 


. Give an addition and a subtraction 























Using the ideas 














equation for the slide rule. Use Aa 4 3 3 ; 2 
the fractions shown in color. 
Oke | He 3 4 5 6 7 8 
B® 8 8 8 8 8 8 8 
2. Find each sum and difference. 
Oe 8, 8 SS Re 3) ES 5 8 16 4 
Agts Cc gts Saat A G44 161 16 Kaas 75 
ys) Gs Gi Sees. 9,3 4 10 il 9 
B 3-8 Dts a Fis => H 414 2+ t2 L a4 + 34 
3. Give the numerators x and y. 
3) py. ly Sh ee 1S Siseenion x ly en. 5: WC) | omeeey: 
A ave 4 4re 4 Bs —4>"s —8=8 eA IRA IS Ae 
(4, efi oa (sts) (24.6 3 
21 A Oo era 4,5 8:12) 3» 629») 12: D 
4. Give the numerators rand s. 
7 al i ras 9 ie r i s 3 
Abs to — 52.3. 8 Ri5a= 5-9 ge 8-8 G 3 eee o—40 
Se eg til (Mes a ye 8 5 5_s 
Bia eo at — 4 Eee 4 a a 4 H 3-g=6-8=6 
fl Oa [te cot 3 9 r Oma s ial & 
Crst4--¢ i 3— 6 F4t+ie=ietie-ie § @+e=¢+2=% 
5. Find the sums and differences. 
3,3 ih asa 9,3 13 =«9 OMe SE 3 
Ag+? Cats E4+8 Q 3.8 8 — 16 K 5+5 
1 Gal SS) Gy al Se th 15 
Bioe. 4 Dw5 4 Fl giz 4 H 4+ 16 4-4 Lot+4 
%6. If a, b, and c are whole numbers 


and b # 0, then 2+ $=. 


IRUUAU 





The ancient Greek mathematicians gave 


the name triangular numbers to the following 


Bet. 71,3, 6, 10, 003} 


The square numbers are the numbers in 
this set: {1,4,9,16,...} 


1. Give the next five triangular numbers. 


2. Give the next five square numbers. 


3. Pick any triangular number. Add it to the next one. 


Do this several times. What do you notice? 





UTILIZATION 
The main thrust of the exercises is to find sums 
and differences by using fractions having the 
same denominator. Although Exercises 3, 4, 
and 5 contain fractions that have unlike denomi- 
nators, all of them involve denominators with 
halves, fourths, eighths, and sixteenths, so stu- 
dents should not find them difficult. Fractions 
having denominators that pose greater prob- 
lems will be discussed in the following lesson. 
Exercise 6 deals with the generalization for 

adding with fractions having the same de- 
nominator: 

ee pee 

babi” UP 
A similar generalization for subtraction would 
be: 





Ml oes UE 


ay Cam tga C 
Dah. BaP 
EXTENSION 
Workbook page 39 offers exercises that would 
be appropriate as an assignment for additional 


practice. 





bese. 


Think Solution 
This is a problem that students of all levels of 
ability can do. You will note in the problem 
that the number | is considered to be both a 
triangular number and a square number, simply 
for convenience. Although it is difficult to 
think literally of a dot as being either a square 
or a triangle, this convention plays a vital role 
in helping us construct the patterns for tri- 
angular and square numbers. 

The pictures below may help some students 
see why the sum of any two consecutive tri- 
angular numbers is a square number. 





6+ 10= 16 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-6. 
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Objective 

The student can add or subtract two frac- 
tional numbers represented by fractions with 
unlike denominators. 


PREPARATION 

As an introductory activity, display a pair of 
numbers, such as 6 and 8, 4 and 6, or 8 and 10, 
and ask the students to list 6 to 8 multiples of 
each. Then ask them to find the multiples that 
are common to both lists. 


INVESTIGATION 

The purpose of the Investigation is to enable 
students to understand that to find sums and 
differences of fractional numbers they must 
choose fractions for the fractional numbers 
that have the same denominator. Encourage 
students to observe that the various fractions 
which they write for the sum of 3 and §, 
{Zz 13, +x, 33, .-.}, form’a set of equivalent 
fractions. This shows that the correct sum is 
found regardless of which common denomi- 
nator is selected, though the computation is 
simpler when the LCD is chosen. 


DISCUSSION 
If they consider the LCM of the two denomina- 
tors, most students will not find it difficult to 
select the LCD for two fractions, especially if 
the denominators are not very large. However, 
if the denominators are large, then the LCD 1s 
often easier to find by considering prime fac- 
tors of each denominator. (See Exercise 3.) 
Consider 72, 45, and 60. 
a= DD Din 3 

45=3:-3-5 

60.= 2.-.2- 3-5 
The LCM for these numbers must include 
every prime factor found in the different num- 
bers, and these factors must be included the 
maximum number of times that they occur in 
the prime factorization of any one of the 
numbers. Thus: 


Factors of 60° 
a 


2-2:-2:3:3: 5,= 360 (LCM) 
Factors of 45 


Factors of 72 
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Choosing the Least Common Denominator (LCD) 
investigating the Ideas 


You can find the sum of two fractional numbers by choosing 
fractions that have the same denominator. 


Consider the sum 4 a zo 


il We 2 4 11 
> (2.3.08. 3. Bea. OB 20, oe en. - | 
a Ty tet 
oe oS 3.8 6 i 4 
re etd ‘ae 
ee - w i. a — <a 


Can you give each of the missing Write at least three more 
fractional numbers for the screens addition equations for the 
above and show that they are 
equivalent to each other? 

















on 





1 
sum of 5 and 2 








Discussing the Ideas 


1. Although you may use many different pairs of fractions to find a 
sum, your work will be easier if you choose pairs with the smallest 
possible common denominator. This denominator is called the 
least common denominator (LCD) for the two fractions given. In 
the example above, 6 was the LCD for 3 and §. Notice that 6 is 
the least common multiple (LCM) of the denominators 2 and 3. 
What is the LCD for 3 and ¢? 


c What is the LCM of 8 and 14. 
p What is the LCD for g and 74? 


2. a List the multiples of 8 up to 80. 
B List the multiples of 14 up to 140. 


3. You can find the LCD for two fractions by thinking about the prime 
factorization of their denominators. 


Consider the sum 30 ay zz. 
Prime factorization of 30= 2 - 3 
Prime factorization of 42= 2-3 +7 
LCM of 30 and 42: 2-3-5 - 7=9210;LCD for 39 and 43 is 210 


A Find the sum 3 +38 
B Explain how to use this method to find the LCD for a = a. 





Using the Ideas 


1. a Give two common multiples of 16 and 40. c What is the LCD for is and 40? 


B Give the LCM of these two numbers. p Find the sum 3 +H. 


2. Find the LCD for the pair of fractions by finding the LCM of the denominators. 








a7 203 ed i 2 7 BQ: Sa. 
A 3,9 C 45,10 E 4,9 G35 1 72, 16 K 9,72. 
i a 5 1 285 ie i 165 
B 6,8 D 8,12 F 7,8 H 10, 100 Jo2,77 L 166 
H . if aod 
3. A Find the LCM of 27 and 45. c Find 57 +45. 
: da 11 . th 11 
B What is the LCD for a7 and a ? Dp Find 57 — 4. 
4. In simple addition problems, practice finding the LCD mentally. 
PROBLEM: THINK: 
LCD is 12 
Find the sum or difference. Give your answer in lowest terms. 
2 3 11 7 a 
A 3 B 4 Cc 12 D 68 E 20 
3 3 1 5 3 
+4 +8 +4 76 8 
1 8} Sel 4. ey 6 [Oem 
Fries — 4 G63 H5+6 eta J 707-3 
77 7 Syne ey ue 18 Fays2 1 2b 
K 700 — 70 Lest 3 eM 20 + 16 KN 27 —64 xO 2g +56 
5. For each problem, rename two of the three fractional numbers 
so that the fractions have the same denominators. Find the sum 
of the three numbers. 
it Alem! 1305 if GY © eae 47 il) 
Alo; 458 Clio5 4416 Eon Sn 0 G 5,6) 30 § 7,10) 70 
tet 3 ot 5 Gp Bos Ped a Cyr dk Foe i pa 
B 4,8; 16 D 2;3;6 F 3,5) 15 H 8,7; 56 J 4, 25; 100 
6. Find the sums 
1 2 tl 4 i rps ete 7 acer ies Ma 
A 35 +65 D 24 +9 a3t+a+e ws 35 +48 + 105 
2 2 3 5 20a 7 0" jp aloee “fe 
B is +27 E 22 +26 H5+6+30 wK og +24 +36 
5 3 8 5 5 7 bth a Chat Abe Al 
C 14 +20 F j05 + 63 wi 30 +42 +54 ke g+to+ to 


More practice, page S-14, Set 23 


UTILIZATION 

Adjust the amount of work assigned in this 
section to the abilities of your students. When 
your students have finished the assignment, 
the additional set of Supplementary Exercises 
on page S-23 may be used for those who need 
extra practice. 


EXTENSION 
To provide further practice, make assignments 
from Workbook page 40, Duplicator Masters 
page 27, and Arithmetic Skill Cards F-5 
and F-6. 

Remedial: Have students build sets of equiva- 
lent fractions for 3, 3, 4, and #. 


LA fied p2y pb) 4 } 

J ie WD a6 Bos wh 

aie |) Zag Gh 8: 

s: 1st af 
Aref 414i 18 1254.6 
Sts) Tor ise zeke 
ae ie ke ea } 
4: 3 85 i2s 165 2° 


Then write several addition and subtraction 
problems on the chalkboard, using the lowest- 
terms fractions. The students can then find the 
sums and differences by selecting from the 
sets of equivalent fractions those that have 
common denominators. 
Suggested Problems: 


Ampeg iy apr 
Bees Wri: Deuchy mere 4 
CAPee” UiRpsye gee Tr, dese 


Enrichment: Ask students to copy and com- 
plete these magic squares. 





Assignments 
Minimum 1, 2A-H, 3, 4A-E. Average 1-4. 
Maximum 1|-6. 
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Objective 

The student can write an improper fraction 
for a mixed numeral or write a mixed numeral 
for an improper fraction. 


PREPARATION 

Since you will want to allow sufficient time for 
most students to discover the pattern and com- 
plete the Investigation, you should keep any 
preparatory activities to a minimum. 


INVESTIGATION 

The Investigation defines an improper fraction 
and a mixed numeral and gives the student an 
example of the way a mixed numeral can be 
found for an improper fraction. Note that this 
is a power skill method here. (The flow chart 
in Discussion Exercise 3 will help to develop 
the speed skill aspect of the method.) 


DISCUSSION 
Students may find more than one way of ex- 
tending the pattern of fractions. Using the 
sequence of improper fractions, they may see 
that the sum of the numerator and denominator 
of a given fraction is the denominator of the 
next fraction. This sum added to the denomina- 
tor gives the numerator of the next fraction. 
Thus, considering +3, we have 17 + 12 = 29, 
and 29+ 12=41, so the next fraction is #4. 
Then 41+ 29=70, and 70+ 29=99, giving 
#5. Another pattern students may discover is 
that doubling the denominator of a given frac- 
tion and adding the denominator of the previous 
fraction gives the denominator of the next 
fraction. 

In Exercises 2 and 3 the student is exposed 
to the power and speed skill methods of finding 
a mixed numeral for an improper fraction. The 
flow chart in Exercise 4 gives the speed skill 
method for finding an improper fraction for a 
mixed numeral. However, you may wish to 
give a few examples showing the power de- 
velopment before discussing the flow chart. 
Example: Express 2 as an improper fraction. 


bE = 
= 


Improper Fractions and Mixed Numerals 


Investigating the Ideas 


A fraction whose numerator is greater than or equal to its 
denominator is called an improper fraction. Sometimes 
a mixed numeral is written for an improper fraction. 


Improper 9 5 & 4 3A Ae Mixed 


fraction 5 oS 5 5 numeral 





Study the sequences of improper fractions and mixed numerals below. 
Improper 4S a7, ls a4 








fractions joj e2*8i5” 280129 % ° Can you find the next three 

me EN | improper fractions and mixed 
Mixed A qo teed oe numerals for each sequence? 
numerals ° 2’ 5’ 12’ 29’ 


Discussing the Ideas 


1. Explain the pattern for the sequences in the Investigation. 


2. Give whole numbers for a and b and a mixed numeral for c. 


17 Aeon b 392. 21 a b 
A j= tT +iz=1+7=C B3=3+3=/71+3= 


3. The flow chart shows a shortcut for finding mixed numerals 


for improper fractions. 
Improper Divide numerator Use quotient as Write the remainder 
fraction by denominator whole number over the denominator 
4 5 
37 , li 





Mixed 
numeral 
5 


Le es 4—= 4— 
8 8 )37 il 8 8 
32 
5 
Use the flow chart to help you find mixed numerals for these improper fractions. 
Aazecan Mince Lic) tar tetpires Ons mira: Fi, 6G $5 


4. This flow chart shows a shortcut for finding an improper fraction 


for a mixed numeral. 

Mixed Multiply the denominator Add the 
numeral by the whole number numerator 
3 
2— 






Write the sum over 
the denominator 










11 
2-4=8 8+ 3=11 can 
Use the flow chart to find improper fractions for these mixed numerals. 
a1§ p35” c 3s ow 7 “ & 9% F 5% “a 106 


1. Write a mixed numeral for each improper fraction. 


7 25 39 
A3 D 4 G 3B 
13 47 66 
B 5 E 12 H 7 
ria 27. ibs 
Cc 410 E 2 ! 9 


31 


J 


eer 
— OO 


= 


ja y) 


L 


= 
wo 


49 610 
M 40 P “80 
223 75 
N 700 Q 24 
5287 90 
© 74000 60 


2. Write an improper fraction for each mixed numeral. 


aA 7x » 8% a 62 J 375 
B28 © 333 1017 K 187 
Cc 34 F 102 I 94 L 33 


9 


Mm 165 p 303 
n 112 Qa 625 
o 193 R 833 


. Give the missing numerators of the fractions. 


a 3==9=9 c¢ 10= 


I 
| 

I 
— 
° 


Il 
4 


“4. Give the numerators a and b. 
© 33=2+(3+§) =23 
p 7e=6+ (2 +4) =68 


a 45=3+(3+3) =38 
B 6g=5 + (444)'=5? 


F 0 Hy Bus mu 





5. Solve the equations. Give your answers in lowest terms. 
a 44+n=33 c 12¥=13+4+9 


B 10+n=9— wb 23+ 


n=2238 


E 30f=31+n 
F 724¢=73+n 


6. Write each mixed numeral in such a way that the fractional 
part is not an improper fraction and is also in lowest terms. 


a 132 c 26¢ 


BOY p 15 





! fore practice, page S-14, Set 24 


E 1072 


24 
F 370 


G 3233 


mu 1138 


Using the Ideas 


UTILIZATION 
These exercises will help to develop skills 
needed in adding and subtracting fractional 
numbers represented by mixed numerals or 
improper fractions; they also provide useful 
background for later work in multiplication 
and division involving such fractions. 
Unfortunately, the word “improper” may 
suggest to some students that there is some- 
thing “wrong” with these fractions, so be sure 
to stress that improper fractions represent frac- 
tional numbers just as legitimately as do proper 
fractions. The term “improper fraction’’ need 
not be stressed, but it should be introduced 
because students are likely to encounter it in 
future work. 


EXTENSION 

Supplementary Exercise Set 24 on page S-14, 
Workbook page 41, and Duplicator Masters 
page 28 are recommended for students who 
would benefit from additional practice with 
the ideas presented in this lesson. Also see 
Arithmetic Skill Cards F-3 and F-4. 


Think Solution 
The reasoning for this problem might be: The 
number n must be equal to both 

[15 - (the number) + 13] and 

[18 - (the same number) + 1]. 
1S times any number ends in 5S or 0, so 
[15 - (the number) + 13] ends in 8 or 3. The pre- 
ceding fact tell us that [18 - (the number) + 1 ] 
must end in 8 or 3, which means that 
[18 - (the number)] must end in 7 or 2. Since 
no number times 18 ends in 7 (because 18 times 
any number is even), we only need a product of 
18 and a number that ends in 2. [18 - (anumber 
ending in 4)] ends in 2, and [18 - (a number 
ending in 9)] ends in 2. Using this information, 
the student might try [(18 - 4) + 1] to see if it 
equals [(15 - 4) +13]. Since 72+ 1 = 60 + 13] 
and since 72 + 1 = 60 + 13, the solution is: 


4, R13 4,RI 
15 )73 18 )73 
Assignments 


Minimum 1A-I, 2A-I, 3. Average 1-5. 
Maximum 1-6. 


B-27 


Objectives 

The student can identify and use the basic 
principles of commutativity, associativity, and 
zero for addition of fractional numbers. 

The student can find sums and differences 
of fractional numbers represented by mixed 
numerals. 


PREPARATION 

Since there is no Investigation for this lesson, 
you might review the basic principles for addi- 
tion of whole numbers, so that students will be 
ready to discuss these principles for fractional 
numbers. 


DISCUSSION 
Students are likely already to be aware of the 
fact that the basic principles that hold for addi- 
tion of whole numbers also hold for addition of 
fractional numbers. The principles for frac- 
tional numbers are formalized in Exercise |. 
In Exercise 2, it is brought out that in most 
applications, we use both commutative and 
associative principles freely and simultaneously. 
Plan to spend some time discussing the exam- 
ples in Exercises 5 and 6. Slower students may 
need extra help in the subtraction example 
since regrouping is required. If Exercises 4, 5, 
and 6 on page B-27 were not assigned or dis- 
cussed previously, it would be helpful to include 
them in this discussion. Supply extra examples 
like the ones below as needed. 














Ay gl Se 
Sekt hale 
BeRP = e7s 
+3%= 34 
102=114 
C 2734 27%2= 26% 
— 188 = — 188 =— 183 
83 = 84 


a 
1.1f2 


| 
| 
. Since addition is both commutative and associative, | 


. Explain the steps used 1 25 =1 2% 
to find this sum. eto Sit Go 
31433=32% 
. Explain the steps used 234=232=223 
to find this difference. 4.122 sod ates 
“Nee 


Basic Principles for Addition of Fractional Numbers 


Discussing the Ideas 


c 


wan and ¢ represent any fractional numbers, the basic principles 


in the table below hold for addition of fractional numbers. 


Commutative principle Associative principle Zero principle . 





A Which principle states that the sum will be the same even 
though the order of the addends is changed? 

B Which principle enables you to change the grouping of the 
addends without changing the sum? 


we may omit parentheses and arrange the addends in 
any way that we choose. 


+> + +54 


&/oO 
O|n 
QO|n 
w|— 
Bes) 


w|— 


What are some other ways that you could arrange 
the addends 3, 2, and 2? 








. A Which principle enables you to find the sum of #3 + 0 mentally? 


B What is the sum? 


. Explain how you can use the basic principles to help you find 


these sums. 


agt+(gta) eB ($+0)+3 co (244) +(6+%) | 




















Using the Ideas UTILIZATION 
Exercise | is designed to encourage the student 


1. Use the commutative, associative, and zero principles to find the sums. to use the associative, commutative, and zero 
1 Se al & Bae |: Gi ees eal ay Pye BOP yee principles freely. Many of your students will 
HEWES or cha ao E¢é6+iot+ G se aq 
one (3 ’) soak (70 3) - ee M3 he 6 ie be able to do the parts of this problem mentally. 
B @ fe 3} +4 D (3 0) +3 ra +3 +4 w 3434 3 It may be helpful to have parts of Exercises 





2 through 5 put on the board and explained to 
the class. Some of your students will be quite 


2. Find the sums. efficient at this type of addition-subtraction 
























































a\3 B c 3 D 5 Ee « rF 8 exercise, but others will need more practice. 
+5 +3 +3 +9 +8 +93 EXTENSION 
i) i tha “— iy ers | Ap To provide further practice for the students, 
G 235 4 11% 1 833 J 525 K 413 L 193 make selective assignments from Supplemen- 
4 3 2 7 5 5 tary Exercise Set 25 on page S-15, Workbook 
+325 +164 + 163 + 2970 + 336 + 206 page 42, Duplicator Masters page 29, and 
Arithmetic Skill Cards F-5 through F-8. 
Enrichment: Ask students who solve the 
3. Find the differences. Think problem to create three more problems 
A 7 B 164 c 354 D 84 E 248 E 40 that follow pattern 4 and show that the pattern 
holds for the problems they write. 
—33 — 123 — 285 —79%5 —113 — 273 
=e Think Solution 
G 1145 H 145 1 193 J 66§ K 5345 L 313 Notice that the sums for Exercises | through 
5 s 3 ‘ ; 4 follow a pattern. The factors of the denomi- 
aD 10) aos —A34 SOA — 425 Sa RAS nator of the last fraction written as a proper 
fraction are equivalent, in lowest terms, to the 
sum. For example, the sum 
1 ] 
4. The price of a certain stock iia ioe 
was listed at 683. Three days equals § or 3, which is a proper fraction using 
later, it was listed at 653. Find the eunis for Exerciess 1 the factors of the last denominator. 
How much did the price drop? through 4. Use these results 


Assignments 

Minimum 1, 2A-C, 2G-I, 3A-F. 
Average 1, oral; 2G-L, 3A-F, 4. 
Maximum 1, oral; 2-S. 


to find the sum for Exercise 5. 


5. Roberta lives 23 blocks from 
Joan. She ran 13 blocks and 


walked the rest of the way to 
Joan’s house. How far did she 
walk? 





More practice, page S-15, Set 25 B-29 





Objective 

The student can use addition and subtraction 
to solve fractional number problems involving 
length and perimeter. 


PREPARATION 
Materials: Standard typing paper (two sheets 
per student), centimetre rulers, scissors. 

Before assigning the problems, you might 
review the idea that the perimeter of a rec- 
tangle is the sum of the lengths of the sides. 


UTILIZATION 

Since these problems involve measurement, 
you should allow for some variation in an- 
swers. However, the following comments and 
the given answers are based on a sheet of 
paper that measures 21; by 277% centimetres. 

If feasible, allow pairs of students to work 
together on these problems. The students can 
alternate measuring and recording the required 
information. Also, they can share rulers and 
scissors. While it is possible to complete the 
problems without actually cutting the paper, 
most students will find it helpful to do so. 

In Exercise 4 if the strips are cut as indicated 
by the drawing, there will be two strips about 
277% cm long and two strips about 17% cm 
long, so the total length will be about 2775 + 
Qi tee Wicniin) oEROleoacm sOthemaddends 
are possible, depending on how the strips 
are cut. 

For Exercise 5, the perimeter of the remain- 
ing 17% by 233% cm rectangle is 83 cm. Simi- 
larly, for Exercise 6, using the smaller rectangle 
(134% by 193% cm), the’ perimeter is 67 cm. 

Exercise 7 can be solved by using the formula 
for the area of a rectangle. However, this in- 
volves multiplication of fractional numbers. 
Students can avoid this difficulty by placing 
all the strips they have removed in Exercises 
4 and 6 on the remaining rectangle to see 
whether or not the strips will completely cover 
it. They will find that the strips will more than 
cover it, so it must be less than half the size of 
the original sheet. 





Assignments 
Minimum 1-3. Average 1-6. Maximum 1-7. 
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PAPER PROBLEMS 


The problems below refer to the 
size of a sheet of paper that is 
ordinarily used for writing and 


typing. 


1. 


* 7. 


What is the perimeter (distance 
around) of a sheet of typing paper? 


. Measure one of the diagonals of the 


paper to the nearest ;4 centimetre. 
What is its length? 


. If you cut a square from the paper 


whose sides are the same length as 
the shorter side of the sheet of 
paper, how long and how wide is 
the rectangular piece of paper 

that is left? 


. Suppose that you cut a strip of paper 


two centimetres wide from each of 
the four sides of a piece of typing 
paper and then placed the four 
strips end-to-end lengthwise. 
What would be the total length 

of the four strips? 


. What would be the perimeter of 


the rectangle that is left after the 
2-centimetre strips were cut 
from the sheet? 


. Repeat Exercise 4 using the rectangle 


that was left after the first set of 
2-centimetre strips have been 
removed? What is the perimeter 
of the new smaller rectangle that 
is left after the second cutting? 


Is the last rectangle more or less than 


half the size of the original sheet of paper? 














1500-METRE OLYMPIC RECORDS 


For years it seemed nearly impossible that man would be 

able to run the Olympic distance of 1500 metres in less than four minutes. 
But in 12 Olympic meets many runners have run the distance in less 

than four minutes. The table gives the men who have won this event 

over the past seventy six years. 


1. According to the table, 
who was the first to run 
the 1500 in less than 4 
minutes? How much less 
than 4 minutes was his 
time? 





. min sec 
Edwin Flack (Br.) | 1896 ook: 
Charles Bennett (Br.) 1900 
James Lightbody (U.S.) 1904 


James Lightbody (U.S.) 1906 
2. How many seconds less did Mel Sheppard (U.S.) 1908 
Ron Delany take to 

























i) 
on 


record time and Pekka Vasala’s__ | Herb Elliot (Australia) 
time? Peter Snell (N.Z.) 


oO Ww 
- @® 


Kipchoge Keino (Kenya) 
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ce 
run the event than did Arnold Jackson (Br.) 1912 5670 
Jack Lovelock? Albert Hill (Br.) 1920 14 
Paavo Nurmi (Fin.) 1924 538 

3. Nurmi and Larva were Harry Larva (Fin.) 1928 Ke 
two famous Finnish — ; 2 
runners. How much difference pa eee aly) IP 32 “s 
was there in their Olympic Jack Lovelock (N.Z.) 1936 4770 
times? Henri Eriksson (Swed.) 1948 498 
Joseph Barthel (Lux.) 1952 455 
4. How many seconds difference Ron Delany (lre.) Ate 
is there in James Lightbody’s 6 
10 
Ne 
10 
gS. 
10 
3 


5. Which person in the table was Pekka Vasala (Fin.) 
the first to run the 1500 in 
almost a minute less than 
Edwin Flack? 


ie) 
(o>) 
° 








6. In 1967, Jim Ryun set a record time for the 1500 metre race. 
His time for this race was 3 minutes 33 79 seconds. How much 
better is this time than the record Olympic time for the event? 


Objective 
The student can use addition and subtraction 
of fractional numbers to solve word problems. 


PREPARATION 
You may find it convenient to assign the exer- 
cises on both this page and the preceding page 
at the same time. 


UTILIZATION 

These problems may have particular appeal to 
those students who are interested in track and 
field events. You may capitalize on this interest 
by having some interested students provide 
records in other track and field events or in 
other sports. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-7. 


Objective Graphing Functions with Fractional Numbers 


Given the input numbers and a function rule, 
the student can compute the output numbers 
and graph the points for the number pairs of 
the function. 


Investigating the Ideas 


Study the function machine rule to see how the number pairs 
PREPARATION for the function can be used as co-ordinates on the graph. 


Materials: Graph paper or duplicated co-or- Function Bute f(n) 


dinated grids (Duplicator Masters, pages 83 1 8 
n+ lp 3r-4 
and 85). Number (eee eel 
Review the use of the function machine using | f(n) pairs 


o;3s 


Al- 
ay ey es 
IW | MI | l= 
tas 
NI+ Al 
hee ans 


whole numbers as inputs and single addition or 
subtraction rules such as n + 3 or 10—n. You 
may also want to review locating points in the 
co-ordinate plane given the co-ordinates of the 
points. 
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| INVESTIGATION 

| Hand out duplicated co-ordinate grids, or 
| graph paper so that students can make their 
| own co-ordinate grids. The two axes of the 
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| grid in the student text extend only to 3 units. 
You may prefer that the students try input 


| numbers other than those in the table. If so, 
| they may need to use a larger grid. Can you mark the points on the grid for the co-ordinates? 


DISCUSSION Discussing the Ideas 
For Exercises 2 and 3, students can use the 


same co-ordinate grid that they used for the 
Investigation. In Exercise 3 students can esti- 
mate the co-ordinates in eighths fairly easily 


Input numbers 


1. Do the points for the co-ordinates for the function above follow 
a pattern? Describe the pattern. 


as halfway between the co-ordinates for the , Function Rule 
fourths, which are indicated by the grid lines. 2. a Complete the function table. inet n> 
B Use the number pairs of this RIS er ee 
function as co-ordinates and sae SNe ON 


mark the points for them on 3 


a grid. Eee 
c Do the points for this function : 


oO 


=—/ plo 





follow a pattern? 2 Hl 
3 
3. a Try the numbers 3 3 and 5 : ul 
as input numbers for the function 1 i 
rule in Exercise 2. 15 | sill 
B Estimate the position of the points 2 m 





for the co-ordinates in part a and 
mark them on your graph. Do these 
points fall in line with your other points? 





Using the Ideas 


In Exercises 1, 2, and 3, graph the number pairs for each function. 


Use a grid similar to the one in the Investigation. 


Function Rule 














1. n+3 
n 
0 
2 
; 
Ato 
2 23 
ot | 3 








In Exercises 4, 5, and 6, complete each function table. 
Then graph the number pairs of the function. 


Function Rule 











4. n+ 3 
n | f(n) 
a 4 | ili 
es >| iil 
ou tes il 
| il 





7. Invent a function rule. Make a table 
for your function and then graph 
the number pairs of the function. 





Function Rule 


1 
n—~4 
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Function Rule 
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Function Rule 


2-+n 





Function Rule 


n+n 








































UTILIZATION 

Provide co-ordinate grid or graph paper for the 
exercises. Suggest that students scale their 
grids in fourths. Each axis should be at least 4 
units long. 

After students have completed the exercises, 
it would be helpful to have selected students 
display the graphs for each of the functions on 
the overhead projector or the chalkboard. Other 
students can compare their graphs with those 
displayed. 


EXTENSION 
Suitable further practice exercises are provided 


on page 43 of the Workbook. 


Answers, Exercises 1-6 
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Assignments 
Minimum 1-3. Average 1-5. Maximum 1-7. 
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Objective A Special Function 


The student will be able to round a fractional 
number to the nearest whole number and find 
sums and differences using rounded fractional 
numbers. The input and output numbers A 
in tables A and B describe 
a special function rule. The 

=> . . 
symbol _n_ is used for this 


Cas 


function rule. 


Investigating the Ideas 


Function Rule B Function Rule 





PREPARATION 
The Investigation involves a discovery prob- 
lem for which no special preparation is needed. 
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INVESTIGATION 

The symbol vig means to round to the nearest 
whole number, with halves being rounded to 
the next larger whole number. Most students 
should be able to discover this special function 
by studying function table A. Then they can 
complete function table B to demonstrate their 
understanding of the function rule. 


@l=| aN} oI] S 
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DISCUSSION k 
In the discussion of Exercise 3, bring out the Can you discover the rule for Complete function table B to 
fact the function rule # rounds fractional num- this special function? show that you know the rule. 
ers MRS op, Wes 2a Berg oa 5 WD ie) ne EA 
larger whole number. 

The flow charts in Discussion Exercise 5 Discussing the ideas 
show that if we add two fractional numbers 
and round the sum, we may get an answer dif- 1. Do you think that the output numbers for the function rule _n_ 
ferent from the one we get if we round each will always be a whole number? a GY 
addend and then find the sum. 

This interesting function opens the door for 2. Mike said, “The function rule rounds each input number 


invention of a variety of other kinds of round- 
ing functions. As a follow-up activity, you might 
have some of your more able students invent 
some special functions of their own. 


to the nearest whole number.” Do you agree with him? 


3. What does the function rule do about numbers halfway 
between two whole numbers such as 23 and 33? 


4. Give the missing whole numbers. 


A, 3 =? Me 6et=? 


5. A Find the output 
numbers for flow 
charts A and B. 

B Explain why the 
output numbers for Bg 
the two flow charts 
are different. 


B-34 





Using the Ideas 


For Exercises 1, 2, and 3, give the output number f(n) for each 
input number n. 



























































1. Function Rule 72. Function Rule 3. Function Rule 
ens eres Ti 

n f(n) n f(n) n f (n) 
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In Exercises 4 through 7, solve the equations. 


Me 2h en 5. 1242) =n 6. 83 — 33 =n 7: 82 = 352 pn 
8. Tell which symbol (= or <) is covered by each |). 
a 3) 3: so silk Sse oh Sl 


Function Rule 


the equation. 


Bees Discover. the 


9. You can find many numbers for N in Aral 


A What is the smallest number rule for the 
for N? function shown 
B The number for N must be less in the table. 


than |. 
c Is there a largest number for N ? 


10. Draw a graph of the function nn. 
Use fractional numbers from 0 
through 5 as input numbers. 





UTILIZATION 

Exercises 1, 2, 3 give further practice using 
the rounding function. The remaining exercises 
involve some computation. 


Solutions, Exercises 9 and 10 
9. Since the given factor 24 rounds to 3, the 
number chosen for N must round to 2 in 
order to equal the given product 6. There- 
fore, the smallest number that rounds to 2, 
according to this special function, is 13. 
Also, N must be less than 23 to round to 2. 
Because of the density of fractional num- 
bers, for any choice of fractional number N 
less than 23, there is always a larger frac- 
tional number between the chosen number 
and 25. Thus N could approach 23 but never 
reach it. Therefore, there is no largest frac- 
tional number for N. 


10. f(r) 
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Think Solution 

The solution to this problem will be difficult for 
students who have not studied bases other than 
10. However, it will be easy for other students 
to discover the rule: Round each input number 
to the nearest whole number and express the 
output as a base-two numeral. 


Assignments 
Minimum 1-3. Average 1-7. Maximum 1-10. 


Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 
The review exercises can be utilized in a variety 
of ways. They can, of course, be assigned as 
individual written work. Another way to utilize 
the problems would be to assign specific prob- 
lems to various students and then have them 
explain the solutions to the class. Still another 
way would be to let pairs of students work and 
discuss the problems together to help reinforce 
each others’ ideas and to correct each others’ 
errors. 

Further module review exercises are pro- 
vided on page 44 of the Workbook. 


REVIEWING THE IDEAS 


. Tell what addition fact is shown by the 


number line, given that it is scaled in 
A units ce ninths 
B halves pb twenty-fourths 


son pT we 


=—?o—e—__+—_—_0—_+_+—_+_“_o_“©“ 
0 


. Give the number for n. 


‘i 

a 2+n=1 E 43-—n=33 
e$+n=19 ~F n—-9=3 

1 11 12 

ec 13+n=2 Gn-7=7 


7 4 4 28 
D9 — 9 Z 


. A What is the least common 


multiple (LCM) of 4 and 6? 


B What is the least common 
denominator (LCD) for 


3 5 
4 and 6? 


. Find the sums. Give your answers 


in lowest-terms fractions. 
1 1 2 2 
A 6+70 C i565 +37 


Olu — 
a|— 


Basta bp 3+ 


. Give an improper fraction for 


each mixed numeral. 


A 103 c 25 E 62 
B 7% p 35 F 52 


. Give a mixed numeral for each 


improper fraction. 


12 33 127 
AS Cera E 44 

17 au 441 
Bo 3 D 10 F 400 


7. Use the associative and commutative 


principles to obtain the sums easily. 
i 3 1 7 5 6 
A 25+5+15 Ciias aaaaeerds| 


B4+32+8 p 224+33+52 


8. Find the sums. 


A 7% B 283 
+43 + 29% 





9. Find the differences. 


A 165 B 423 
— 95 = 75 








. Complete the function rule table. 


Function Rule 





n+3 





3 


f(n) 
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a7 + 
. If m means ‘round nto the nearest 
vider 


whole number,’ what are each of the 


following? 
—— _-__ —_ 
a 15 B 7é c 165 


. A strip of paper is 2175 cm long. 


If you cut off a piece 975 cm long 
how long is the remaining piece? 








ive the sum as a lowest-terms| 
action. 


3. What is the least common 
_ denominator (LCD) for % and 2? 


4. Find the sum. 4 +6 
5. Find the difference. $— 3 


6. Give a mixed numeral for each 
__ improper fraction. 
Baer 0 % 


7. Give an improper fraction for 
_ each mixed numeral. 
a 35 B 83 


RESEARCH 


_A Find the average yearly rainfall 

for your area. Use this information 

to compute the number of kilolitres 
of water that will fall on each square 
kilometre. Find the mass of the water 
that falls on each square kilometre. 


-B Do you know the speed of light? Can 
you find how long it takes light from 
the sun to reach the earth? Look up 
the speed of light and the distance 
from the earth to the sun and find 
the amount of time. 


8. Find the sums. 
aA 125 B 534 
3 3 
5 2935 oh 19% 


9. Find the differences. 
A 31s: ww 400 


= 125 =1040 


. Complete the function table. 
Function Rule 


n+ 
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Round each fractional number 
- to the nearest whole number. 


1 
a 1% e535  c 33 





C Do you think there are more fractional 


numbers than there are whole 
numbers? You know that between 
any two whole numbers there are 
infinitely many fractional numbers. 
Surprisingly, it can be shown that 
there are just as many whole numbers 
as there are fractional numbers. 

Find out how this can be shown. (See 
The Number Story by Herta T. Freitag 
and Arthur H. Freitag; Washington, 
D.C.: National Council of Teachers of 
Mathematics, 1960.) 


TEST YOURSELF 

The self-evaluation test covers all the major 
ideas presented in the module. If the lesson 
on rounding fractional numbers (pages B-34 
and B-35) was omitted, students should not be 
expected to do Exercise 11. Of course, the 
same is true for any other exercises that em- 
body ideas, concepts, or skills that may have 
been omitted from your coverage of the module. 


RESEARCH PROJECTS 

Research Project A requires the student to 
refer to tables of measures and to make several 
conversions in units of area and volume. 

For Research Project B, the student will 
need to use areference book to find the velocity 
of light. A commonly used approximation of 
the speed of light is 300,000 kilometres per 
second; a more precise value is 299,728 kilo- 
metres per second. Thus, students’ findings 
for this project may vary somewhat. The mean 
distance from the earth to the sunis 148,000,000 
kilometres. 

Research Project C deals with the topic of 
infinite sets. The proof that there is a one-to- 
one correspondence between the set of whole 
numbers and the set of fractional numbers, in 
other words, that they have the same (trans- 
finite) cardinal number, was first given by 
Georg Cantor (1845-1918). Another reference 
that you might suggest for students who under- 
take this project is Carl B. Boyer’s A History 
of Mathematics; New York: Wiley, 1968, pp. 
612-613. (Available from John Wiley and 
Sons Canada Ltd., Rexdale, Ontario.) 


MATHEMATICAL RECREATION 

“Peasant multiplication” can be explained in 
various ways, but perhaps the simplest way to 
understand why the method works is to see that 
the principle involved is that multiplication is 
repeated addition. 




















First Second 
Factor Factor 
35 |e = 7 
ily! 2° 27= 54 
8 4-37 = 108 
4 0-276 
2 16-27 = 432 
] 32527-18604 
By 07 O45 


By striking out the lines under the first factor 
that contain even numbers, we are eliminating 
power of 2 multiples of 27 which correspond 
to the zeros in the binary representation of 35, 
as the table below shows. 


| 25 34 | 23 22 21 20 
35 ten) = | l 0 | 0 0 I Is) 


Since every numeral in base ten has a unique 
base-two representation, this method can be 
used to find any product of whole numbers. 
















PEASANT MIUCTIPCICATION 


An old method of multiplying whole numbers is shown 
below. It is sometimes called ‘peasant multiplication.” 
Study the flow chart which explains the steps and the 
example that accompanies it to show how to find the 
DKOGUCIIS Dacre 


Two whole 
number factors 


Halve the first factor 


discarding the remainder 


Double the 
second factor 


Is half of the 
first factor 1? 


First factor Second factor 
35 PLY) 

















17 54 


Yes 


Mark out the numbers in 
the rows which have an 
even number as the first 
factor 





Add the remaining 
second factors 










1 864 





The SUM is the PRODUCT of 


the two original factors 





Total 945 = 35 - 27 





Can you use peasant multiplication to find these products? 
Te 2orot 2. 19 - 43 3. 39 «= 59 4. 24-101 
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TEST 1g0tlg 2.30113 312 43g Geis: 
YOURSELF 6. a 33; 8 23; 7A = eZ | : 
Answers 9. a 1975; B 2375 10. a i B ue 
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UNIT B: THE ARITHMETIC 
OF FRACTIONAL NUMBERS 


Module 3: Multiplying and Dividing 
Fractional Numbers 


General Objectives 

To review multiplication of fractional numbers. 

To increase understanding and skill in division of fractional numbers. 
To introduce complex fractions. 


To introduce methods of simplifying complex fractions. 
To improve problem solving skills with fractional numbers. 


Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
50 RED The student can find the product of factors which are unit B-40, 41 WB 45, 46 
fractions and/or whole numbers. B-42, 43 
51 RED Given two fractional numbers, the student can find their B-44, 45 WB 47, 48 ASC F-9, 10, 11 
product. B-46, 47 DM 30 SP d-1, 2 
PD c-3 
52 RED Given a nonzero fractional number, the student can give the B-48, 49 WB 49 SP d-2 
reciprocal of the number. PD c-4 
§3 RED Given two fractional numbers, the student can find their B-50, 51 WB 50, 51 ASC F-12 SWM 2 94 
quotient. B-52, 53 DM 31, 32 SP d-3, 4 
PD c-4 
54 YELLOW The student can solve equations by using the basic B-42, 43 WB 46, 48 
principles for multiplication of fractional numbers. B-46, 47 
55 YELLOW The student can simplify a complex fraction: B-54, 55 WB 52 
56 YELLOW The student can solve word problems involving multi- B-47, 58, 59 DM 33 
plication or division of fractional numbers. 
57 GREEN The student can solve functions or word problems involv- B-56, 57 WB 53 
ing fractional numbers. B-60, 61 
Reviewing the Ideas B-62 WB 54 
MATHEMATICS C. Apply the basic principles to derive the One of the features that distinguishes the set 


To develop understanding of the multiplication 
algorithm for fractional numbers, the steps out- 
lined below are developed in the student text. 
A. Establish the following two unit-fraction 
principles: 
Pee Lea 
co Sa er 
B. Assume the commutative and associative 
principles hold for multiplication of frac- 
tional numbers. 
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product of any two fractional numbers. 
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al ae = 
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of fractional numbers from the set of whole 
numbers is that each nonzero fractional number 
has a unique reciprocal, or multiplicative in- 
verse. Because of this feature, division, except 
by zero, is always possible and is closed on the 
set of fractional numbers. 

While there are various ways that could be 
used to develop the traditional rule, or algo- 
rithm, for division of fractional numbers, the 
method used in this book is one which relies 


oa 


strongly on the inverse relation between multi- 
plication and division of fractional numbers. 


To find the quotient ; te Ai we seek a number 
* such that ~- “=. If isa factor of a and d 
y yied: b 


F X 
is a factor of b, then x and y and hence y are 
easily found. In the more general case we 


; ‘ a 
choose a fraction equivalent to b and the most 


convenient choice is “= @.21C2.4) 

be Spaetexena) 

GTN Can luge © ge Ge tere 

b« (eed) vd=") "c yh 1a 

Thus, we have proved the division algorithm: 
Os 1 Cos aed 


. Then it is 





easily seen that 


bi de be 


TEACHING THE MODULE 


Vocabulary 

associative principle numerator 
commutative principle one principle 
complex fraction product 
denominator quotient 
distributive principle reciprocal 
equilibrium region 
factor unit fraction 
function unit fraction 
multiplicative inverse principles 


number line 


Although the basic purpose of the module is 
to review and extend work with multiplication 
and division of fractional numbers, there is 
ample material dealing with special functions 
and applications of fractional numbers to vari- 
ous thematic problem sets to meet a wide 
variety of abilities and interests. 

Since many students have had previous ex- 
perience with the multiplication and division 
algorithms, you may want to emphasize under- 
standing of the algorithms and increased facility 
in their use. Additional practice sets as well as 
accompanying workbook and duplicator mas- 
ters material may aid you in this effort. 

If some of your students have good computa- 
tional ability with fractional numbers, you 
should encourage them to devote more of their 
efforts to the special word problem sets and the 
special research projects suggested at the end of 
the module. 


Lesson Schedule 

If one day is devoted to each lesson and addi- 
tional time is alloted to review and testing, you 
will need 10 to 12 days to cover the module. 
However, with groups of students for whom 
most of the material will be review, you may 
be able to cover the material adequately in 
somewhat less time. 


Evaluation 

This module, like the previous one, is largely 
devoted to the development of computational 
algorithms. It is not hard to determine whether 


















a given student can correctly use such an algo- ) 
rithm in a straightforward computational situa- | 
tion. Applying the algorithms properly in word | 
problems is usually more difficult for most stu- | 
dents, and it is sometimes hard to determine} 
whether errors are the result of computational 
mistakes or faulty reasoning. The module re- 

view exercises, the self-evaluation test at the| 
end of the module, and your observations and 

contact with the students should help you make} 
a Satisfactory assessment of their progress. 

Also, you might want to administer the Module} 
Achievement Test that is included in the test! 
package available from the publisher. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Fraction Bars, Card Set II, Scott Resources 

Fractional Numbers, Geocards 19-23, Cre- 
ative Publications , 

Let's Play Games in Mathematics, Vol. 7,{) 
““Number line Football,” pp. 15-16, National} 
Textbook Co. 

Nuffield Project: Computation and Structure 5,\ 
pp. 30-44, Wiley 


Manipulative Devices 
Fraction Bars manipulatives (Scott Resources)} 
Geoboards (Addison-Wesley) 


Games and Puzzles 
Spinner Number Games (Heath) 
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IT B: The Arithmetic of Fractional Numbers 


JODULE 3: Multiplying and Dividing Fractional Numbers 





OBJECTIVES: 


After completing this module, you should be able to: 
1. Apply basic principles for multiplication of 
fractional numbers. BN, 
2. Find the product of two fractional numbers. . 
3. Give the reciprocal for any fractional number 
except zero. 
4. Find the quotient of two fractional numbers. 
5. Simplify a complex fraction by dividing the 
numerator by the denominator. 
6. Solve word problems involving multiplication 
and division of fractional numbers. 
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Objective 

The student can find the product of two unit 
fractions or the product of a whole number 
and a unit fraction. 


PREPARATION 

If possible, prepare some transparencies of 
shaded regions for use with an overhead pro- 
jector to illustrate multiplication of unit frac- 
tions during the Investigation and Discussion. 
For example, shade 3 of a rectangular region 
as in figure A. Then make figure B by drawing 
the horizontal line and shading “3 of 3” or % 


of the region. 


Figure A 





INVESTIGATION 

After students have studied the Investigation, 
you can show additional examples like the one 
suggested above. Other examples of jumps on 
the fractional number line could also be illus- 
trated. Encourage students to keep their exam- 
ples very simple, and use only fractions that 
have numerators of 1. You might suggest that 
they choose one from each list below. 


Whole number times 
unit fraction 


Unit fraction times 
unit fraction 


rigeece ame. 1. 

2 4 - 3 

3°23 39% 

ae} ee 3 

ze 6-4 
DISCUSSION 


In discussing question 3, note that the num- 
ber line could also be used to find 4 of 6. The 
student simply thinks, ‘*3 of the way to 6 is 2, 
soz: 6=2.” 





* of 6 


The statements about wnit fractions in Exer- 
cise 4 are important as background for the later 
development of the multiplication algorithm. 
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Multiplying with Unit Fractions 


Investigating the Ideas 


Study examples a and B below. 








Shade 3 of Shade of 3 
a region. of a region. 
YM OE) 5 
0 5 5 5 5 1 3 


Make 3 jumps of ¢ on the number line. Where do you end? 


Can you find the answers to 


questions for A and B? 





Discussing the Ideas 


é 
1. Example A suggests a multiplication equation. 
Since ; of 3 of the region is 3 of a region, 


you can writez -3=1. 


. Example B suggests another multiplication equation. 


. A What is 3 of 6? eee 
B Complete: 4 -6=$=lllll. Shh’ 
5 


. Fractions such as 3, 3, and ¢ are 


often called unit fractions because 

their numerators are 1. The Investigation 
and the Discussion above suggest the 
statements shown at the right. Give 

a few more examples of multiplication 
using unit fractions. 


Make up two more examples 
using different fractions. 












What part of the 
region has been 
shaded twice? 





If a and b are any whole numbers, 


bee 1 
except zero, 5 |= 25 


If nis any whole number, 


Using the Ideas UTILIZATION 
If your students seem to have grasped the use 

















1. Copy and complete the multiplication equation suggested of unit fractions in multiplication, you may pro- 
by each pair of figures. ceed quickly through the exercises. For many 
students, oral discussions of Exercises | 
- B through 4 would suffice. Adjust your assign- 
ments to the level of your students. 
At 4-4 
EXTENSION 
For additional practice, see Supplementary 
; i ' Exercise Set 26 on page S-15 and Workbook 
4 of a region 3 of a region page 45, 
; ad’ ; Enrichment: Give students oral practice with 
2. Give the multiplication fact suggested by each number line. multiplication problems involving a whole 
number and unit fractions in which the product 
A a Slee lis A ee Cc CEN SPINS NN can easily be computed mentally. Examples: 
o +23 $ 3 $1.8 0 1 2 A. $+ 60 G. 300 - 4 
B. 3° 300 Hees 
, See AY » OAOANINIAAS . (ou fea aig Wainer 
0 1 2 1 4 5 0 Dyieo sy Nb WOO sz 
4 = 3 3 1 EOP" 16 K. 1000 - +45 
Feeders ary ee 
3. Solve the equations. 
A> -3=Nn ¢2-n=n E 36530 :ap=n Le ween Think Solution 
4 goer 1 - 1. The net gain for the bug is | metre per day. 
ceases i ee, ora Pea? H 70700 =" J 700 * 700 =" ibaa deel CONG ERT het Tal SHE HERBIE 
: which the bug reaches at the end of each day: 
4. Find the products. Day (ear or iy Myre 
A 3-4 c 10-q E 10: a0 Gc 0-4 1 30-4 High point (m) 2 3...6 7 8 
{ 1 1 1 1 Net pomti(m)y 192s eo 
BS:3 pd 4-3 F 7 - 7000 Mare J 200 -% 2. As an additional question for this Think, 
ask the following: If the young nephew of 
5. Write a multiplication equation for each part the bug brings him his lunch every day at 
and then solve it. noon and if the bug climbs steadily so that 
EXAMPLE: 3 of 24 ANSWER: 4° 24=%=6 each day he has climbed | m by noon, how 
A 1 of 30 c 4 of 14 E : of 32 a H of 54 : oe of 20 eons the nephew climb up and down the 
Bi0f100 op gof 54 F z0f5 H 3 of 20 J a5 of 100 Answer: Total=2+4+6+8+ 10+ 12+ 
14 = 56 m. 
6. In a carton of eggs, 
4 of a dozen remain. A bug tries to climb an aa neti a yerahdony 2 rate daily 04 
If you use 3 of the e-Melte pole,Eachiday Maximum 1-4, oral; 5; 6 
u dozen of eggs he climbs up 2 metres. é De 
: Each night while he sleeps, 
what part of a dozen he slips down 1 metre. 
did you use? When will he reach the 


top of the pole? 





More practice, page S-15, Set 26 B-41 








Objective 

The student can identify and apply the basic 
principles for multiplication of fractional 
numbers. 


PREPARATION 

Review the basic principles for addition of 
fractional numbers. (See page B-28.) It may 
be helpful to show these principles on the 
chalkboard or overhead projector to compare 
them with the principles for multiplication. 


DISCUSSION 

Have the students study the basic principles 
at the top of the page. Compare them with basic 
principles for addition. Point out that just as 
0 is the identity element for addition because 
¢+(0=,;, | is the multiplicative identity ele- 
ment since ;- 1 = ;. 

In discussing Exercise 1, bring out the fact 
that since 3 - 4 and 3 - 3, both have 7p as their 
product, we can write + - $= 4 - 3, which illus- 
trates a particular instance of commutativity. 
In the same way, parts D, E, and F illustrate 
associativity. 

As in addition, associativity and commuta- 
tivity can be used freely to arrange factors in 
any order or to group in any convenient manner. 
This should be stressed in connection with 
Exercise 3. 

In Discussion Exercise 4, some students may 
not realize why zero denominators are not per- 
mitted. One argument against zero denomina- 
tors is that we do not permit division by zero. 
A better argument, at this stage, is that if a 
symbol like § were used for a fraction, then all 
fractions would have to be equivalent to each 
other. Thus, ¢ would be equivalent to 2 because, 
using the ‘cross product” check, we have 
0:-5=0-2. 3 would be equivalent to 3 be- 
cause 0 -4=0- 3. Therefore we would be led 
to think that ? and # are also equivalent frac- 
tions, which is false. 
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Basic Principles for Multiplification of Fractional Numbers 


Discussing the Ideas 


In the table of basic principles ¢, §, and § represent any 


fractional number and n represents a whole number. 


so 


1. Find the number for x. Then find the number for y. 














Is ee aaa ee eu re ei ys a les 
A 02 i6 > Xe lore D2 (3 lex [2 3) 4—Y 

ly ul eee Sect yse a Bee uli cag) eer agss = *. / fe a tliyps.: 
B37 (sige 4 Es C zx . 5) Boa Y, 

ne alisha) a Pate aT | Al pues Soe fa I. 2) = 
C 856 5% ins iG. a), Fo (4 ax G x) 5 any, 


2. Give the principle that justifies each step of the multiplication 
problem below. 


A (ams as 
4 





3. Which two principles used together allow you to change the order 
and grouping of the factors as shown below? 


Instead of: You can write: 


(33) (3a) 


4. a If a #0, what whole number is a? B If a #0, what whole number is 


5. Find the products. 


9 47 


5 13 7 
A7'9 B es. c D (ir: 


oOln 


)-3 as 
23 E 31°25 


poles 
NI@ 
Plo 


= 


6. Complete the equations. Use the distributive principle. 
a (8-3) +(8-=8- G+)  o §-G+=G-)te 





. Use the commutative principle to find n. 


Using the Ideas 


a Since3-3=8,then§-g=n. _—_ SinceZ- 4g =z5, then 79 -3=" 
Becince 5-7 =>, then? -3 =": E Since $ -3=8, then? - =n. 
ce Since? -2=%, then?-2=n F Since5-§=+2, then§-5=n 
. Solve the equations. 
5 
oe heme nines eta i g°N=3 1 73°n=0 
10 @ 5 7 

0 Se a Feo on H3°4-"Nn JOn-s=8 
. Solve the equations. 

ed 1 lias 1 he ot ihe) = 
Bes (a ball san fericilSey)<-k=n  \(Sog)s elm! te yz (Ft) Sa 

4 i ee es oy rte recs et 
Peis) aan p.5- (3-4) =n F (5%3)-q=n H (7 = a= Nn 


. Solve the equations. 








A (6° 3): 36a) 


b7 asian Sule) c bite cor Tair ei: 


| 
<7 


. Find each product by first finding the product of the 


unit fractions. 


A 3°5°3 c 4-5 4 E 7-3: 
Bey 5 G6 STD 46°49 100 Stee aingg 
Find the answers in the easiest way possi 
3 3 1 US: 4 UZ 
a3 (3 +4) ce (73 +49) «23 
6 5 3 23 16 37 
B7-(3+8) p (35 +38) ° 45 


. Solve the equations. 


1 som 1 1 
5 G°23°59 Too § 3° 407 
1 1 1 1 1 
“76 HES 4 J 3° 24-3 
ble. 
5 hoe 2 3. (Sat \Ou0 
E ($ +3) oe G (Go +70) 11 
Bo 20a ee 
F 9° (3 +3) H (is +75) 48 





A 4-$-2-4= 
il 
vA 


ane 


(o>) 
Ni- al 





Baral)” 





7) 
— 
ine) 
oj sAl= 











UTILIZATION 

The exercises emphasize use of the basic princi- 
ples as an aid in finding products using whole 
numbers and unit fractions. These exercises 
form a necessary prelude to the development 
of the multiplication algorithm in the following 
lesson. 


EXTENSION 
Workbook page 46 offers more practice exer- 
cises suitable for use with this lesson. 

This might be a good time to call students’ 
attention to Research Project A at the end of 
this module (page B-63). Considerable interest 
and excitement in such a project can be created 
if daily changes in the stock prices are shown 
by graphs posted on the classroom bulletin 
board. Such a project would be suitable for 
students of all ability levels. 


Think Solution 

In order to solve this problem, the LCM of 
2, 3, 5, and 7 must be determined. Since 2, 3, 
5, and 7 are all prime numbers, the LCM is 
2 Se Olee LO DUS thersinallestampe cet 
that would leave a remainder of 1 when divided 
by all four numbers would be 210+ 1, or 211. 


Assignments 
Minimum 1-2, oral; 3; 4. 
Average 1-6. Maximum 1-7. 


Objective 

Given two fractional numbers, the student 
can find the product by using the mutltiplica- 
tion algorithm for fractional numbers. 


PREPARATION 

Since this lesson extends the concepts of the 
previous lesson, you can briefly review the 
previous lesson or begin immediately on the 
Investigation. 


INVESTIGATION 
The students should have sufficient experience 
with multiplication involving unit fractions and 
whole numbers to compute the products for 
any selection from the set of factors. 
Disregarding variations due to associativity 
and commutativity, all 11 different products 
can be found. 


1 iL popes ee 
5+3=3 i a li] 

1) 5 al i at 
5+3=3 1-303 =& 
phen Pe 5 he eae 

eer een es 5 
(355 col eens. 
Foi s3 Shue aie Ae See 
ciadest aT 
2 Rye 1G 


The last case involving all four factors is signi- 
ficant since any student who can compute this 
product is very near to understanding the multi- 
plication algorithm for fractional numbers. 


DISCUSSION 

Exercises 1, 2, and 3 refer to the Investigation. 
Exercise 4 gives a power skill method of find- 
ing a product by using the basic principles of 
multiplication for fractional numbers. Exercise 
5 illustrates the speed skill or shortcut method 
for multiplying; a flow chart is used to help ex- 
plain the steps in the algorithm. Once the stu- 
dent understands how the basic principles 
justify the shortcut, the student should be ex- 
pected to use the algorithm as given in Exercise 
5 rather than the power skill method of Exer- 
cise 4. 
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Finding Products 


Investigating the Ideas 


Factors Products 


How.many of the products can you find 
using any of the four factors? 





Discussing the Ideas 


Write an equation for each 
product that you find. 


1. Which two factors above can you multiply to give the product 3? 


2. Which two factors above can you multiply to give the product 5? 


3. Which three factors above can you multiply to give the product 2? 


4. By using the basic principles, arg 
you can find products sien (5 ; 
such as 8 ' Ze 


Can you explain what was done 
in each step? 


wl/- wl 
——— ee 





ape QBs oe 8 

3'5 3 5 ill @ & 15 
Use the flow chart to find these products. 

us AS 2 als) QS oe We) 
ls is Ly 1g Caen D694 Fis 37 


an 
ol” 





1. Find the products. 


Using the Ideas 


3.3 is) S53 | 21 AST yaa ize Bivd 
A4's5 Exor 3 17 “X34 M 46°16 @ 40°70 
ey, Fe i25. > tet es Bi 23a 
B3°5 FIA? Im HS Nees R 400 © 100 
@ 2 $3 ae iG). Bie Gi at 
C7'6 G68 K 19 °7 O 24° 36 S 21° 25 
6.4 “<i er Lovee 10 | 50. aoc 
D6°3 HUTT 113 L 49 °7 P 45 ° 100 lp 

2. The examples below show how products are found by first 
replacing whole numbers and mixed numerals with improper 
fractions. 

EXAMPLES: aA 4-34= 133 34-24 = 83 
oe t ar 
a” 210 YA0 13" on = 65 
1 Gee eee ag 
Find the products as in the examples. 
it 
A 13-35 p 6-53 G 123-23 y 163-18 
ae 1 
Bp 14-13 E 85 - 63 H 35° 25 kK 133 - 197 
z 1 1 
Ceeg its Fes3g%3 117-4 wi 208 - 83 


Before trying Exercise 3, 


following example. 


study the shortcut demonstrated in the 


STEP 


DE 





/ 
4 
% 

3 


using the shortcut. 


lan 


1 


=] W- Oe -|- oO 


STEP 1: 

/ 
m4 
8 
3 
3. Find the products 
eas a 
A 8°21 9 
5 2 14 
B4°45 G 63 
8 14 13 
Coie 12 H 38 
9 25 77 
D20°6 1 32 
oo ed 50 
Lo 42 


‘ —_— 
al 
& 


TS ls Rilo nla 


” practice, page S-16, Set 27 


STEP 3: 


Find the smallest number y 
(between 100 and 125) so that 


the sum of all its factors is 
equal toy+y-+y. (Hint: It must 
be a number with many factors.) 





UTILIZATION 
Exercise | offers practice using the standard 
multiplication algorithm. 

You may prefer to discuss the examples 
given in Exercise 2 before making the assign- 
ment. However, most students should be able 
to find the products after studying the examples 
on their own. 

You may wish to reserve Exercise 3 for only 
your more able students. The shortcut de- 
veloped in this problem is one that students 
have traditionally called “cancelling.” (The 
word “cancellation” has fallen into disrepute 
due to abuse by students and teachers alike, 
and we do not recommend its use unless you 
feel that using it improves communication 
with your students.) Two important steps in- 
volved in the shortcut are: (1) Express all 
fractions in the multiplication example in low- 
est terms. (2) Find the GCF of the first numera- 
tor and the second denominator and then the 
second numerator and the first denominator. 


EXTENSION 

To provide additional appropriate practice, 
make assignments from Supplementary Exer- 
cise Set 27 on page S-16, Workbook page 47, 
Duplicator Masters page 30, and Arithmetic 
Skill Cards F-9 and F-11. 


Think Solution 

The hint suggests that y must be a number with 
many factors. Consider 117, a number with few 
factors. The factors are 1, 3, 9, 13, 39, and 
117. The sum of these factors can never be 
three times the number. Therefore, the stu- 
dents might try to think of a number that has 
factors of 1, 2, 3, 4, 5, 6, and so forth. 

They will probably find it necessary to try 
at least one number other than 120 to establish 
that they have the smallest number that satis- 
fies the conditions. The number is 120: 

120-7 12027 120 
=1424+344454+64+84 104 12+ 
15+ 20+ 24+ 30+ 40+ 60+ 120 


Assignments 
Minimum 1A-L, 2A-F. Average 1, 2. 
Maximum 1I-3. 
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The student can find the product of two frac- 
tional numbers in mixed numeral form by ap- Investigating the Ideas 
plying the distributive principle. 
The two examples on the chalkboard show how you can find products 


EREYPRATION ae using mixed numerals. 
Review the method of finding products such as : 


45-25 by expressing the mixed numerals as ~ pesma aa aan 
improper fractions and then multiplying. B Using Distributive matavell oa Shortcut Method 
It should be noted that in problems involv- e ree A all 

ing multiplication with mixed-numeral notation, nee SOF 3) 

the mixed numeral can always be expressed as 
an improper fraction, but sometimes this is 24 a $ 
undesirable and involves extra labor. Hence, 24 + IZ 
it is useful to learn an alternate method for Sons 
finding the product of two fractional numbers 
when mixed-numeral notation is involved. 


=(4. 6) 4 C43) 








INVESTIGATION Can you find the product 8 - 32 using each method? 
The Investigation shows two methods of multi- 
plying 4 and 63. After students have studied 
the examples, have them try to find the product 
8 - 32 by each method. Some students should 


be asked to display their work on the chalk- vow , ible 
board for others to see and compare their own 1. What steps of the distributive principle method are done 


work. You may want to suggest other examples mentally using the shortcut method? 
for the students to try. 





Objective Using the Distributive Principle 
| 
| 
] 
Discussing the Ideas | 


2. Study the method shown below for finding 23 - 43. 





DISCUSSION : ‘ 
The main difference in the two methods shown 23°43 
in the Investigation is the way in which the 
student records the partial products. The same 
steps must be taken in each method, but the 
first two steps shown under the “Using the 
Distributive Principle’ method are done men- 
tally in the “Shortcut Method.” 
The most general case of multiplication us- 
ing mixed numerals is shown in Exercise 2. 
Step 1 could be broken into the two steps 
2° (4+4) = (2-4) + (2-3). 

Step 2 could be broken into the two steps 
4#°(444+3)=@-4)+@°9). 

Then the sum of the four products can be found. 


(243) - 43. 











Explain how to find 32 - 53 using this method. 


3. Explain how to check your multiplication 
in Exercise 2 by writing both 32 and 53 
as improper fractions and then finding 
the product. 


Bn 
wow 
ala plo 
on 
—ni- 

\| 
— 
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1. Find the products. 


a 124 B 8 c 65 
x4 x3 x43 
F 123 a 163 H 933 
x74 x 125 x 15§ 








2. Find the products. 
aA 4-65 B 7-23 c 3: 4% 


-153 @ 4-83  H 10: B15 


W\/—+ 


3. There are 12 books on a shelf. 
Each book is 35 cm thick. 


What is the total thickness 
of the books? 


CL hh A he th 





UBL 


4. Carla earned $18 a certain week 
doing parttime work. The next 


week she earned 13 times as much. 


How much did she earn during 
the second week? 


5. Jacqueline saw this road 
sign. If she walks 
about 12 kilometres in half an hour 
how many hours to Paris? 


PARIS | 60km 


More practice, page S-16, Set 28 


Using the Ideas 











p 10 E 8% 
x73 x 34 
1 15% y 12075 
x 124 x 253 
ps:10; © g°125 
95 BRAY 5° 106 


6. A note pad is 102 cm wide and 
153 cm long. Find the area of 
a pad by multiplying the length 
times the width. 


7. Alice had $24. She spent half 


of it. in one store and half of her 
remaining money in another store. 
How much money did she have left? 


8. Raymond lives 3 blocks away 
from school. Andy lives 43 times 


as far from school as Raymond. 
How far does Andy live from 
school? 





9. Andrea bought 30 litres of 


gasoline for her car. The price 
was 1195¢ per litre. How much 
did she pay for the gasoline? 


UTILIZATION 

If your students are already proficient in com- 
puting products using mixed numerals, they 
may find the word problems in Exercises 3 
through 9 more motivating and challenging 
than Exercises | and 2. 


EXTENSION 
Supplementary Exercise Set 28 on page S-16 
and Workbook page 48 are designed to help 
improve computational skills using mixed nu- 
merals. Arithmetic Skill Card F-10 would also 
be helpful here. 

Enrichment: Challenge the students to design 
a flow chart which will show the steps in multi- 
plying two mixed numerals such as 33 - S#. 


Assignments 
Minimum 1A-E, 2A-E, 3. Average 1-S. 
Maximum 1-9. 
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Objective 

Given a nonzero fractional number, the stu- 
dent can find the reciprocal of the number 
and state that the product of the number and 
its reciprocal is one. 


PREPARATION 

Review the multiplication algorithm for frac- 
tional numbers. You might have students work 
together in small groups to cut up sheets of 
paper into 15 squares and label them like those 
shown in the Investigation. 


INVESTIGATION 

First, have the students study the two exam- 
ples of multiplication with products of 1. Then 
have the students use the set of squares they 
made in the Preparation to locate and record 
the different pairs of the numbers listed which 
have a product of 1. Only the number ¢ cannot 
be paired with another factor to give a prod- 
uctor dl: 


DISCUSSION 

After the students have discovered the pairs 
of factors in the Investigation which have a 
product of 1, the definition of reciprocal or 
multiplicative inverse of a fractional number 
given in Exercise | should be quite mean- 
ingful. 

Exercise 3 draws together many significant 
facts about reciprocals. After doing this exer- 
cise, the students should realize that the re- 
ciprocals of all whole numbers greater than | 
lie between zero and |. This should further 
reinforce the idea of density exhibited by the 
fractional numbers. Since there are infinitely 
many whole numbers and all their reciprocals 
lie between zero and 1, there must be in- 
finitely many fractional numbers between zero 
and |. Students should also realize that each 
reciprocal of a number is unique. 

If students were using the full set of integers, 
there would be two answers to Exercise 3E, 
namely, | and ~1. However, they are working 
with the positive numbers only, so the answer 
to problem 3E is the number |. 

For Exercise 4, any reasonable response is 
acceptable. 
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Investigating the Ideas 2] 


Reciprocals 


- 
Some pairs of numbers 
have a product of 1. [3 | : [a = 


Using the numbers below, how many pairs Record the pairs 
can you find that have a product of 1? 


that you find. 





Discussing the Ideas 


1. If the product of two fractional numbers is 1, then each number 


is the reciprocal or multiplicative inverse of the other. 
A Since 8- +e 1, what is the multiplicative inverse of 4 2 
B How can you find the reciprocal of 3 


. Do you think that zero has a reciprocal? Explain. 


. The number line shows how reciprocals are related. Study the 


number line and then explain how you can find the number for 
each ||. 


ots 5 4 peree 3 4 

A |f a number is between 2 and 3, then its reciprocal will be 
between ||| and |||. 

B Numbers between 3 and 2 have reciprocals between ||| and ||). 


c Numbers which are very large have reciprocals which are very 
close to |||]. 


p Numbers which are very close to 1 have reciprocals which are 
very close to |||. 


E ||| is the only number which is its own reciprocal. 


. Can you describe an easy method for finding the reciprocal of any 


fractional number? 


*7. 


as 


A 8 


A 12 


A 10 


8 
Bs 


B 14 


B 30 


B 25 


c 3 


cn: 


Dn: 


NID BIO 


dp 8 E 7 


c 18 


4 


. Give the reciprocals of the following numbers. 


F 15 


1 Essa 


1 F/7-n=1 


Dp 1 


Dp 9 


c 100 p 40 


. Multiply each number by the reciprocal of 2. 
Car 


Ee 15 


. Multiply each number by the reciprocal of 3. 


E 60 


. Multiply each number by the reciprocal of 5. 


E15 


G 8 


Using the ideas 


99 
H 7400 


“i= 


. Solve the equations by finding the reciprocal of the given factor. 


Giigg oni 


F 


F 


F 


1 


00-n=1 


20 


8 


if 


. Complete the sentence: Multiplying a whole number by the 


reciprocal of 2 is the same as 
dividing the number by ? . 


Use each number as an input number for the flow chart to 


find the output number. 
3 


2 


A 2 


B 5 


Cc 


1on 





UTILIZATION 
Exercises | through 6 give practice using re- 
ciprocals. In Exercises 3, 4, and 5, students 
should discover that multiplying by the re- 
ciprocal of a whole number is equivalent to 
dividing by the whole number. Thus, 
n times the reciprocal of 2 is the same as 
nosy =n=2. 
The input numbers for the flow chart in Exer- 
cise 7 are restricted to numbers greater than 2 
in order to avoid any need for work with nega- 
tive numbers. 


EXTENSION 

Page 49 of the Workbook may be assigned to 
provide further practice in use of the concepts 
presented in this lesson. 


Think Solution 

The largest number that can be formed using 
2 digits is 9°. This power of nine represents 
387 420 489. 


Assignments 
Minimum 1-3. Average 1-6. Maximum 1-7. 
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Objective 

Given a division problem using fractional 
numbers, the student can solve it by finding a 
missing factor. 


PREPARATION 

Review the inverse relation between multipli- 
cation and division for whole numbers. Review 
the fact that the number for n in the multiplica= 
tion equation n - 6 = 42 is the solution to the 
division equation 42 + 6=n. Use other exam- 
ples like these with whole numbers. Then re- 
mind students that the same relation between 
multiplication and division also holds for frac- 
tional numbers. 


INVESTIGATION 

The missing factors in the inverse flow charts 
in the Investigation can be easily found. Thus, 
in flow chart A, the student can see that since 


gees es 54 220) 
eR, aa le Bs 





At this point, do not attempt to give any 
rules for division of fractional numbers. Some 
students may recall the division algorithm and 
use it here. If they do, have them use the 
inverse flow charts to check their answers. 


DISCUSSION 
The method illustrated by Mark’s work in 
Exercise | is a shortcut that is easily justified 
by using the inverse relationship between mul- 
tiplication and division. This method can be 
used when the numerator and denominator of 
the dividend are multiples of the numerator 
and denominator, respectively, of the divisor. 
All of the exercises in this lesson are of this 
type. The next lesson will develop the division 
algorithm which applies in all cases of division 
of fractional numbers. 

Exercises 3, 4, and S are all illustrative of the 
type of problems that the student will be work- 
ing in the Utilization stage. 
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Missing Factors and Division 


investigating the ideas 


In order to find the quotients (outputs) for the division 
flow charts below, you can think about finding the missing 
factors (inputs) in the inverse flow charts. 


DIVISION FLOW CHART 






INVERSE FLOW CHART 


How many of the missing numbers in the flow charts can you find? 


Discussing the Ideas 


1. In division flow chart A, Mark used 
a shortcut to find the number for n. 
Can you explain how to use Mark’s 
method for for finding the quotients 
for flow charts B and C? 





2. Explain how to find the number for x in the flow chart D. 


A 1 ; : 
3. Since 5 - 3 =49, then. yp +3 =5 and 7% +3 =3. 


What division equations could you write for these 
multiplication equations? 


ily 3 pan: 2. Rees 3 eee Or Shee S} 2) 
Alo. 46 By iees = 21 Coe iia ts oe bey ge 7.) 
4. Find the missing factor. Then show a division equation 
so that the quotient will be the missing factor of the 
multiplication equation. 
ef ze 8) flipsre she 4 AG 3 Sten 
AlN Dies B t-5=j0 Coy. = 35 D5 W=20 


5. Explain how to find the quotients by thinking about 
missing factors. 


1100) F553 
A 2177 B 


are 
an 


ole 
| 
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BIN 
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| 
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Cc 
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2. Write division equations for each multiplicat 


Using the Ideas 


% 
_ 


1. Find the output number for each flow chart. 


c 





on equation. 


Sees Sg el. 25. Se So). M5. SS SNS: 
[So gy Ba. GrcSera 18 Cag O38 Ds8°38>64 


3. Find the missing factor in the first equation=Then find 


the correct ag for the screened oe 


5s) 15 nie 3 a. 
Pe = 32 N= 76 -n=% Gaop n= 1 
4 8 So 3 9 2 

PG 46 (ba 2 AG Hts | 


4. Find the missing factor. Then write a division equation 


so that the quotient will be the missing factor of the 
multiplication equation. 


RGen=$ wo f-n=—~ at-n=$ 5 4-053 

pn-$-8% ef-n=8 nd-n=h x H-n=8 

ce 2-n=5 Fn-3=4 1 2-n=8 L 3-n=3 
5. Find the quotients. 

a i+t ptm 088s thet 

e-$ heh Host we Be8 

Oe ee 





UTILIZATION 

Assign the problems according to the ability 
of your students. If your students can already 
use the division algorithm for fractional num- 
bers efficiently, you may find it advisable to 
treat these exercises very lightly and proceed 
to the next lesson. 


EXTENSION 

Workbook page 50 and Duplicator Masters 
page 31 offer more practice exercises appropri- 
ate for use with this lesson. 

Remedial: Use the number line to illustrate 
division of fractional numbers for students 
having difficulty understanding the meaning of 
division. Keep the examples very simple in 
order not to obscure the ideas. For example, 
the division problem # + ; could be interpreted 
as asking ““How many ;’s in #?” Using the 
number line (or by counting) the student can 
see that there are 3. 


ie) 

ud? 
N\- 
+ 


Think Solution 
The pattern is as follows: 


1 floor: 1?= 1 room 
2 floors: 12 + 3?= 10!/rooms 
3 floors:lacde374n92— 351 rooms 
4 floors: 12 +3? + 5? + 72 = 84 rooms 
Sfloons2 174-3745? 4 77 +2 92. 165)rooms 
6 floors: d2)+.32;4 524.724 924 112 
= 286 rooms 
7 floors: 127+ 32+ 52+ 724 974 112+ 13? 
= 455 rooms 
SMlOONS lise 1S it lo et eles il eel 
152 = 680 rooms 
9 floonsytlaets 32a Oe aa es aa19 7S Ase 1382 
152 + 17? = 969. rooms 


Answer: 9 floors 
Assignments 


Minimum 1-3 
Maximum |-S. 


eAverage 122.5.) 5: 
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Objective 

Given two fractional numbers, the student 
can find their quotient by using the division 
algorithm for fractional numbers. 


PREPARATION 

You will note that there has been considerable 
preparation for the development of the division 
algorithm for fractional numbers. In this sec- 
tion we complete the development of the algo- 
rithm. Therefore begin immediately with the 
Discussion. If your students are already quite 
familiar with the algorithm, you may want to 
review it only briefly, but most students will 
benefit from seeing why the algorithm works. 


DISCUSSION 

You may want to put the division problem 
#2, shown in Exercise I, on the chalkboard 
or overhead projector and proceed through 
the 5 steps. The method shown builds upon the 
method used in the previous lesson. However, 
since 3 is not divisible by 2, nor is 4 divisible 
by 5, we must choose multiples of 3 and 4 
which will be divisible by either 2 or 5; hence 
both the numerator and denominator of } are 
multiplied by (2-5) and the remaining steps 
involve simple division. 

Keep in mind that we do not expect students 
to use this technique in division problems. It 
is used only to show why the division algorithm 
works. Once the student sees that it is perfectly 
plausible to multiply the reciprocal of the 
divisor or, in other words, “to invert and 
multiply,” he should use that rule to work 
division problems without much thought con- 
cerning its development. 

In Exercise 2, the student can conclude from 
the work in Exercise | that the division prob- 
lem } +? has the same answer as the multipli- 
cation problem #-%3. The general case is 
discussed in Exercise 3, and the algorithm ts 
verbalized in Exercise 4. Use Exercise 5 to 
ascertain if students are ready to proceed to 
division problems involving mixed numerals. 
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A Shortcut for Dividing Fractional Numbers 


Discussing the Ideas 


1. 


. The examples above suggest the 


Study the steps of the example below. The example may help you 


understand a shortcut for division problems such as 3 +2. 


Can you explain what is being done in each step of the example? 











STEP 1 STEP 2 STEP 3 STEP 4 STEP 5 
cee hers) ee 3°5 CR ge 5 
4°5 4-(2-5) 5 (4-2-5) 5 4-2 Yi tee wl E 
. From step 4 in the example RE Bi 16 tongs 
above, you can conclude that a5 ae 
5 


A How is the divisor = and the second factor 5 related? 


B Can you explain how you might write the division problem 
as a multiplication problem? What is the quotient? 


general statement at the right 
concerning division of fractional 
numbers. Illustrate the statement 
if $= § and £ =4. 





. How would you complete this sentence? 


To divide a first number by a second number, 
multiply the first number by the ? of the 
second number. 


. In order to divide fractional numbers when they 


are expressed as mixed numerals, you can rewrite 
the problem using improper fractions. How would 
you complete each of these problems? 





a 23+13 0 44> 25 
ie oar 9 ows aed giae 
ply Sp 2. age ay Aaa Ill Wil aieiieg tt) eat ei 
eB 3,+12 Dp 5+33 
Ret ae Pe i ih — mM, il 
Sn Soy ae S ree! ee a Sa : 





Using the Ideas 





1. Find the quotients. The flow chart for dividing 
fractional numbers may help you. 

om.o 

2% Reciprocal 2.3 2 

of § iss. 

A og. 2 hire 3 42 
Ds 3 F090 = 2 K 10+ 8 Pp 3-7 
a 3+8 a B25 La+§ a $+3 
c +3 H 37% M5+8 rR 3=5 
DiZ+3 ita. 2 N27 Ss 3>4 
—e 8=§ J 324 os74 T we 

2. Find the quotients. Rewrite the mixed numerals as 
improper fractions before dividing. 
A 2375 —e 23+12 1 ao715 m 1+ 25 
B 105~6 F 65-4 vy 155+ 53 N 
© 12+15 G 9+33 K 100 + 33 ° 
23-3 H 73-2 rai0 425 





. An airplane travelled 1200 kilometres in 18 hours. 


. Jack wanted to saw a 24-cm strip of plastic into 


If you cut a strip of paper 15 centimetres 
long into pieces 13 centimetres long, 
how many pieces will you have? 






What was the average speed of the airplane? 


5 pieces of equal length. If of acm is lost 
with each cut, how long will each piece be? 


Which number in the set {1,$, $, a, $3} 
is the solution for n a5 = 5 ; 


More practice, page S-17, Set 29 


UTILIZATION 
Call students’ attention to the flow chart in 
Exercise 1, which gives a step-by-step pre- 
sentation of the division algorithm for frac- 
tional numbers. 

Assign the exercises as needed. Keep in 
mind that Exercises | and 2 contain 36 division 
problems. 

Exercise 6 can easily be solved by thinking 
of inverse operations. Since n + 4=4, it must 
be true that 3 -$=n. Hence n= #4. 
EXTENSION 
Assign parts of Supplementary Exercises Set 
29 on page S-17, Workbook page 51, Duplica- 
tor Masters page 32, and Arithmetic Skill Card 
F-12 for those students who need to improve 
their skills in dividing with fractional numbers. 


Think Solution 
Most of your students will approach this prob- 
lem by trial-and-error methods. There are 
two conditions that must be satisfied: (1) the 
product of the numbers must be 1, and (2) 
one of the numbers must be 4 times as large 
as the other. In symbols, those conditions are: 

I 


l 
ral and —= 4n 
n Nn 
From the second equation, 
1 = 4n? 


or =n? 
Thus, 4 
The numbers are } and 2. 


5 Fe 


Assignments 
Minimum | A-G, 2A-D, 3. 
Average 1A-M, 2A-H, 3, 4. 
Maximum 1K-T, 21I-P, 3-6. 


B-53 


Objective 

The student can simplify complex fractions 
by using the division algorithm for fractional 
numbers. 


PREPARATION 

Begin this lesson by writing on the chalkboard 
problems such as 25 + 4, and 32 = 5, observing 
with your students that each quotient can be 
considered as an improper fraction, or that, 
by using the procedure below, they can arrive 
at a mixed-numeral answer. 

6 Rl 
4)25 SS ee SS ES OG = On 





DISCUSSION 

An important aim of this lesson is to develop an 
understanding of the fact that, if a@ and b are 
whole numbers and 6b is not zero, then a di- 
vided by b is equal to the fractional number 
represented by ;. The symbol written for frac- 
tional numbers indicates a division problem 
for whole numbers. These ideas are developed 
in Exercise 1. 

The remaining Discussion questions deal 
with the ideas of complex fractions. Up to this 
point in the text, only fractions with whole 
number numerators and denominators have 
been considered. Now, fractions with fractional 
numerators and denominators (called complex 
fractions) will be considered. Thus, 


lec | ale 


is a fraction and also an indicated division, 
z23, 

Exercise S illustrates simplification of com- 
plex fractions by using division. This method 
relies on the agreement or definition of com- 
plex fractions, that is, 


a 


ac 
btied: 

Exercise 6 suggests an alternate method of 
simplifying complex fractions. Using this 
method, one multiplies numerator and denomi- 
nator by the reciprocal of the denominator in 
order to get a fraction with a denominator of 1. 
You may want to reserve this method for your 
more able students. 
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Complex Fractions 
Discussing the Ideas 


1. Give the missing numbers in the sentences below. 


A You can find the quotient r 
for 4 = 9 by writing Bago ; 








dow 
+ = il. 


Arent a 
tl 
iil= 2. 


B The quotient 2 =~ 5 is < because 5 


2. Let us agree that a quotient such as 5 +3 can be 


2 
represented by a complex fraction — 


8 
a What is the numerator of the complex fraction? 
B What is the denominator of the complex fraction? 


. Give each quotient as a complex fraction. 


1 2 6 Hams ke 5.4 
LW ek aoe i} B48 C 6 710 O43 


. Write each complex fraction as a quotient of two 


fractional numbers. 


2 1 Q “hi 
5 2 10 32 
i ate ies ar 
4 6 5 4 


. You can simplify a complex fraction using division. 


Complete each equation. 





26 3 
5 26umI8 26. 3 5 3... Payaint7 
A tale Ss ee ig 6 BOS S57 SE Oe 
19 2 
3 7 
15 5 
2 sy 2s Meee 8 Ww NU 
ae = a HSS SS, —_w— Ww Ww 9 
c 3 2° 5 te 20 cuit: D> mo i mM nF 
4 18 


6. The examples below illustrate another method of simplifying 


a complex fraction. Explain how this method works and 
complete the equations. 





CL es De Re 3; 367k 02 
13 SR ras { 2 2.7 
3 3 4g 7-7 as 1 





Using the Ideas 


. Give each quotient as a fraction. 


aA 4+5 p 11+3 a 17+6 y5+% 

B 7~+16 E 19-25 H 42~9 K 32% 

c 8-7 a PE 1 13+ 26 L 3+ 
. Write each quotient as a complex fraction. 

Rees 2 |S 5 2oblovexS Bitgiolq Po) © Sipe 


. Write each complex fraction as a quotient of two fractional 








numbers. 
3 al ill 13 3 
5) 8 3 10 4 
att mas wry pees Fi ge 
2 2 7 4 2 
2 
3 
. We have agreed that the symbol = means $ +3, 
z 
Use division to simplify each complex fraction. 
1 t 1 1 1 2 
2 6 43 372 22 45 
A 2 D Tz Gea J MY tora P te 
8 3 9 100 10 24 
5 3 1 1 7 
9 4 : 83 i 33 7 i 28 
i Ei = ra or ae 
1 2 5 
3 ; 25 es 45 38 
S) 3 6) 1 1 1 
10 4 so ee 35 ee 
eee enn 0:45 ere 41 ORE 1 
100 2 18 3 5 3 





Check to see if each equation in Exercises 1 through 4 is correct. 
Find two more equations of the same kind for each exercise. 
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More practice, page S-17, Set 30 


UTILIZATION 

The exercises provide practice in finding frac- 
tional-number quotients for pairs of whole 
numbers and in simplification of complex frac- 
tions by means of division. Exercise 2 involves 
only writing the indicated quotient as a complex 
fraction. Exercise 3 is the reverse of Exercise 
2; the student writes the complex fraction as 
the quotient of two fractional numbers. If 
more practice is desired, you may instruct stu- 
dents to find all the quotients as fractional 
numbers of the form;, where a and b are whole 
numbers. 


EXTENSION 

Practical applications involving complex frac- 
tions are somewhat limited, because in such 
applications decimals rather than fractions are 
ordinarily used. However, work with complex 
fractions involves development of some useful 
pre-algebra skills, so additional practice exer- 
cises are provided to help develop these skills. 
(Supplementary Exercise Set 30 and Work- 
book page 52). 


Think Solution 

By observing the number patterns involved, 
the students should be able to write further 
examples of each case. 
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Each pattern can be explained quite easily by 
means of algebra, but this would be beyond the 
ability of most students at this level. 


Assignments 
Minimum 1A-F, 3, 
Maximum 1-4. 


4A-F. Average 1-4. 


Objective Fractional Number Functions 


The student will be able to solve problems 
involving function rules with fractional num- 


hey The function machine shows the 
bers and the operations of multiplication and 








dinar function rule f(n) =n- 5. When the 
input number is 5, the output number 
PREPARATION is 5-2 or 3t. 
Review the use of the function machine by i 1 
giving simple function rules and whole number We write, f(5) = 33 and 
inputs and outputs. Another useful warm up we say ‘‘f of 5 equals 33.” 
would be to play the guess-the-function-rule 
game. One student selects a simple function 1. Use the function rule f(n) =n- § to complete each exercise. 
rule. A second student gives an input number PE ~ \ ons 
and the first student gives the output number a f(2) pot tl D fo) 1 lh " f(33) iD i ~ fl) iene 
: . oy. . 3 2 
by een 3 ale ee a few a aoe 4 p f(3) =I © £(3) = Ill 4 f (Ill) =1 « £(3) = Ill 
output numbers have been given, the secon 3 
student must guess the function rule. c f(1) = Ill E f(13) = Ili t f (Ill) ae) IE f (Ill) = 100 
UTILIZATION In Exercises 2 through 7, complete the function tables. 
Have the students read the introductory ma- 
terial. You may find it necessary to review the 2. Function Rule 3. Function Rule 4. Function Rule 
meaning of the functional notation f(m) =n > 3. 1 2 2 
Lie! Rant n- 13 


The symbol f(”) simply refers to the output 


























number for the function when the input num- n f(n) n f(n) n f(n) 
ber is n. The symbol n - } is the rule for com- 1 Serer sos 
aA 4 | sili yas: i a oO | ili 
puting the output number. Thus, 5 
f(S)=5-F= 10 = 34. B 2 B 6 B 2 
There are no new mathematical ideas de- : i = i = 
veloped in the exercises. The functions provide c 1 il c Hl 35 c Hl 25 
a motivating way of strengthening multiplica- 5 
» tion and division skills using fractional numbers. > ~ ul 4 : } od = 
e 13] Illi e 251 Ill e 33 | Ill 
EXTENSION 
Additional exercises designed to strengthen 
the skills developed in this lesson are provided 5. * 6. Function Rule * 7. Function Rule 
on page 53 of the Workbook. x n mM na 
; sk 
Assignments f (n) f(n) 
Minimum 1A-F, 2, 3, 4. Average 1-5. 1 4 
Maximum 1-7. - i 6 3 
B il ; A il 
c 2 B I 
p 5 c f 
E I B I D il 








Problem Solving -Division 


Write a division equation for each exercise and then solve 


EXAMPLE: é of Janet’s age is 6. What is Janet’s age? 
SOLUTION: Let x represent Janet’s age. 


Then 2 -x=6. 





x=6+2=6-3 


Janet is 15 years old. 


; 3 of Jim’s age is 12. 
How old is Jim? 


: 5 of a number is eo 
What is the number? 


. 5 of a number is 3 
What is the number? 


. Harry’s height is z of Paul’s 
height. Harry is 155 cm tall. 
How tall is Paul? 


. A jet flying 903 km/h is flying at 
about $ the speed of sound at sea 


level. What is the speed of sound 
at sea level? 


. Joe walked 1275 km in 23 hours. 


What was his average walking 
speed in km/h? 


. Acar travelled 140 km in 13 hours. 


What was the average speed of the 
car? 


the equation. For some exercises, it may be helpful to 
write a multiplication equation first. Study the example 
before proceeding to the exercises. 





. John can walk about 53 km/h. 


About how long will it take 
him to walk 22 km? 


. A centimetre is GFA 


only € as long 


as segment AB. —— | 
How longisthe A B 


segment? 


. The product of two numbers is 3. 


If one of the numbers is 5, what 
is the other number? 


. The quotient of two numbers is go 


The larger number is 3. Find the 
other number. 


. The product of two numbers is § 


One of the numbers is 7 Find the 
other number. 


. If the quotient of two numbers is § 


and the smaller number is 2 what 
is the other number? 


Objective 

Given word problems with fractional num- 
bers, the student can write and solve an equa- 
tion for the problems. 


UTILIZATION 
Discuss the example at the top of the page 
with the class. Students should be encouraged 
to use a style of solution somewhat like the 
example, although you should feel free to alter 
the format to your own choice. In solving an 
equation such as the one in the example, we 
prefer that the student think of inverse opera- 
tions rather than the more formal algebraic 
technique of multiplying each side of the 
equation by the reciprocal of the coefficient of 
the variable. However, you should again tailor 
the approach to your own preferences and the 
ability of your students. 

Exercises 11, 12, and 13 are most suitable 
for your more able students. 


Solution, Exercise 11 
Let x = the smaller number. 
Equation: 

$e LS= GO e-L HSS XK Sas 
(Observe that the larger number must be di- 
vided by the smaller number in order for the 


quotient to be greater than 1.) 





EXTENSION 

Page 33 of the Duplicator Masters provides 
additional problems appropriate for use in 
conjunction with this lesson. 


Assignments 

Minimum 1-4. 

Average Even-numbered Exercises 2-10. 
Maximum Odd-numbered Exercises 1-13. 
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Orne wudent can sotve word problems inven. tHE NORTHWEST TERRITORIES 


ing fractional numbers. 


UTILIZATION 

These thematic exercises can be assigned in 
conjunction with the exercises of the previous 
page if you so desire. 


EXTENSION 

Enrichment: This lesson could be utilized with 
a social studies unit involving a study of the 
Northwest Territories. Many other geograph- 
ical and mathematical facts about the North- 
west Territories could be researched by 
students. Some practice in constructing maps 
to scale could be involved in such a unit. 





The Northwest Territories extend east from the Yukon to Hudson Bay 
including the islands of the Bay and north from the 60th parallel of 
latitude excluding that portion of the mainland of Quebec. Originally 
Minimum 1-4. Average 1-6. Maximum 1-7. including much of the prairie provinces and the northern sections of 
Ontario and Quebec, the Northwest Territories’ present boundaries were 
established in 1912. 


Assignments 


1. The area of the Northwest Territories 4. The area of the Northwest Territories 


is about 5 the area of all Canada. is about 64 times the area of the 
Use this fact to estimate the area of Yukon. Estimate the area of the 
Canada. Round your answer to the Yukon, rounding to the nearest 
nearest 100 000 km?. 1 000 km?. 

2. The population of the Northwest 5. The 1971 population of the Northwest 
Territories was about i of the Territories was = as large as the 
population of the Prince Edward 1946 population. About how many 
Island in 1971. About how many people lived in the Northwest 
people lived in Prince Edward Island Territories in 1946? 


in 1971 to the nearest 1 000? 


6. The area of the Northwest Territories 


3. The Great. Bear Lake is 12 660 km? is 29 820 km? more than twice 
larger than Lake Ontario. How large the area of Quebec. What is the 
is Lake Ontario? area of Quebec? 


7. The longest river in the Northwest Territories is approximately two thirds 
the length of the Mississippi River. About how long is the Mississippi? 
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THE PROVINCES eae 


The student can use his knowledge of frac- 
tions to simplify comparative statistics. 


UTILIZATION 


Newfoundland Prince Edward Island Nova Scotia These exercises should be assigned along with 
ee the exercises on the previous page. 
| 370 582 km? Land Area 5 658 km? Land Area 52 854 km? 4 
537 000 Population ‘'73’'| 114 000 Population “73’'| 802 000 Assignments 








Minimum 1-2. Maximum 1-3. 










Land Area 72111 km? 
Population “73” | 648 000 


Land Area 891 430 km? 
Population “73”| 7 893 000 











Manitoba 













548 640 km? 
993 000 


570 420 km? 
910 000 


Land Area 644 560 km? 
Population “73"'| 1671 000 


Land Area 
Population ‘'73” 








British Columbia 


| Land Area 930 775 km? 
| Population “73” 2291 000 





S? 


1. Which province has— 
A the greatest land area? 
B the least land area? 
c the largest population? 
p the smallest population? \ 
\) 
/ 
2. Which province has— F 
A the most people per square kilometre? 
B the least people per square kilometre? \\ 


3. What other comparisons can you make using the data in these charts? 


Objective 
The student can solve simple balance 
problems. 


PREPARATION 

Materials: A mathematical balance, or home- 
made equipment to demonstrate balance prob- 
lems. 

If a mathematical balance is available, you 
can use it to good advantage in this lesson. 
The usual balance has pegs at unit intervals 
from the fulcrum, from which unit weights can 
be hung. Thus 2 masses hung 6 units from the 
fulcrum will balance with 3 masses hung 4 
units on the other side of the fulcrum because 
2-6=3.-4. Each of these products is called 
the torque about the fulcrum. 


INVESTIGATION 

It would be helpful to use the mathematical 
balance to demonstrate the kind of balance 
problems given in the Investigation. 

Have the students study example A before 
trying to find the numbers for x in diagrams 
B and C. Do not expect every student to com- 
plete the Investigation. However, after allow- 
ing sufficient time, have one or more students 
explain their method of solving the problems 
for diagrams B and C. 


DISCUSSION 

The important idea of this lesson is illustrated 
by the following diagrams, where m, and my, 
are masses and d, and d, are the distance of 
the masses from the fulcrum. 





If the system is to balance, that is, to be in 
equilibrium, it must be true that 

deh = Tile» 
In the solution of the equation for Exercise 1, 
the remaining steps are 


ee — 4) 
Ale 
x= 35 cm. 
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Balance Problems 
investigating the ideas 


In diagram A, the 200-gram mass 
balances with the 50-gram mass 
because the product of one mass Fulcrum 
and its distance from the fulcrum 
is equal to the product of the 
other mass and its distance from 10 cm 40 cm 
the fulcrum. 


(balance point) 












mass - distance = mass - distance 


200: 10 =50- 40 


Can you find the missing 


numbers for diagrams B 
and C if the masses balance? 


Discussing the Ideas 


1. In order for the masses of diagram B to balance, 
the equation 12 - x = 28 - 15 must hold. 


How can you find the number for x in the equation? 


2. a What equation can you write for diagram C? 
B What is the mass x? 


3. Which object in the diagram 
at the right is heavier? 
How can you tell? 


4. In which of these diagrams will the masses balance ? 





Using the ideas 


1. Write an equation for the diagram if the masses balance. 
Then solve the equation for the distance x. 


129- 


—— ee 


20 cm x cm 





2. The masses shown in each diagram balance. Write an equation 
for each diagram and then solve it to find the mass m. 





3. Tom weighs 56 kilograms and sits 160 
centimetres from the balance point 
(fulcrum) of a seesaw. Lora weighs 40 
kilograms and is able to balance with 
Tom. How far is Lora from the balance 
point? 


* 4. What is the mass x if the 10-gram mass 
balances the others? 





6 cm 10 cm 


* 5. Where must the fulcrum be placed so that 
the masses will balance? 


Fill in the empty squares so that 
ee they will be magic squares. 
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UTILIZATION 

Exercises 1, 2, and 3 employ the basic ideas 
discussed on the previous page. Exercises 4 
and 5 are more difficult and should be assigned 
only to capable students. 


Solution, Exercise 4 
Let x = unknown mass in grams. 
6, (1SieHx) =-10) --10 
90 +6-x= 100 
6:-x=10 


Kanes tt 


Solution, Exercise 5 


Let x= distance from fulcrum (cm) for the 
20 g mass. 

100 — x = distance from the fulcrum for the 
30 g mass. 


20s — 3 0m OO a) 
20 ec — 3 000 3S 0kex 
30'- x + 20 = x= 3000 
(30 + 20) - x = 3000 
50 - x = 3000 
x = 60 cm (distance for 20 
grams mass) 
100 — x = 40 cm (distance for 30 
grams mass) 


EXTENSION 

This would be an opportune time to encourage 
some of your students to undertake Research 
Project B on page B-63. 


Think Solution 
In both diagrams, the necessary sum can be 
found by adding the numbers in the given 
diagonals. In part B, where there are two 
addends missing in some rows and columns, 
the student should first find the missing addends 
for the rows and columns in which only one 
addend is missing and then find the others. 
This Think problem offers an interesting 
means of reviewing addition and subtraction 
of fractional numbers, and all students should 
be encouraged to try it. 


Assignments 
Minimum 1-3. Average I-3. Maximum I-5. 
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Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 

Observe that Exercises 2 through 9 have multi- 
ple parts. It is not necessary that all parts of 
these exercises be assigned, unless extra prac- 
tice is needed by some students. If a student 
can correctly solve one or two parts, this 
should demonstrate his understanding of that 
particular kind of problem. 


EXTENSION 


For additional review exercises, refer to Work- 
book page 54. 
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REVIEWING THE IDEAS 


1. Give the multiplication fact 


suggested by the number line. 


AA AZAZ AON AAA 








ome t2° Ss paret Sat Pre 8 
4 4 4 4 4 4 4 4 
. Solve the equations. 

Aqs=n c 5-s=n 
BS 3 ge Do =n 


. Find the part of each number. 


a 40f 16 p 4 of 27 
B 3 of 24 E 3 of 63 
c 5 0f 54 F 75 of 84 
. Solve the equations. 
a3-B=n-5 

BS Y=s 

¢ (5x) -$=5- (8-9 
dp 3-w=1 

ei-m=% 
F12-3-$=12-t 


. Find the products. 


3 “8 8 7 
6 a °S Es “to 
10 3 6 i 25 


. Find the products. 


a 13-6 Diels 
B 8-54 E 23°33 
Comes F 25-42 


10. 


11. 


12. 


13. 


14. 


. Simplify each complex fraction. 


8 4 5 

Bp ?+18 Ee 52+4 
MWe 2 3 
OO a ee 

















3 10 qi 
4 11 4 
Aa ° yee “ee 
8 22 2 


A special kind of colored glass used 
in making stained glass windows 
costs 10¢ per gram or fraction of 
a gram. What does a piece weighing} 
23 grams cost? 


A dealer paid $2400 for a car. He 
added on é of this cost in order to 


determine his selling price. What 
was the selling price of the car? 


A car was driven 90 km/h for 1 hour}. 
45 minutes. How far did it go? 


A man spent 2 of his money for a 


watch. If the watch cost $60, how 
much money did he have originally?) 


What is the distance x if the masses] 
balance. 


ep fof 1027 


» the number for n. 


Choose a stock from the listings in 
§ the financial section of a daily news- 
# paper. Keep a record of the closing 
price of the stock each day fora 
# period of two weeks. Then make a 
‘line-segment graph to show the “ups 
§ and downs’ of your stock. Pretend 
that you bought 1000 shares of the 
@ stock at the beginning of the two- 
| week period and sold them at the end 
| of the period. Find out how much 
money you would have gained or lost 
| on the stock. 


| 
4 
| 








What is the reciprocal Ola? Be 


“What is the reciprocal of 53? 


8. Find the quotients. 


oe 
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‘ ene 
Bete = =— 1 35 


. Simplify the complex fractions. 


). A car averaged 88 kilometres per hour 


for 23 hours. How far did it travel in 
that time? : 





Make a working model for a few 
equilibrium problems similar to those 
on pages B-60 and B-61 of this 
module. You might use a metre stick 
to hold objects to be balanced on a 
fulcrum. A pencil might be used for 
a fulcrum. 





Compare known masses with unknown 
masses using the model. Do not 
expect your results to be very accurate 
using this simple equipment. Your 
science teacher may have more 
sophisticated equipment for you to 
use. 


TEST YOURSELF 

The ten self-evaluation problems should en- 
able students to determine their level of pro- 
ficiency with the ideas of this module and 
prepare them for an achievement test cover- 
ing the same material of this module. 


RESEARCH PROJECTS 

A more accurate model for Research Project 
B can be made by obtaining a ringstand and 
clamp and suspending a metre stick from the 
clamp by means of a string as shown in the 
diagram below. 





Hang the known mass from one side of the 
metrestick with string at some fixed distance 
from the fulcrum. Slide the unknown mass 
along the metre stick until the system is in 
equilibrium. Reading the distance from the 
fulcrum for each mass will provide the informa- 
tion needed for writing and solving an equa- 
tion to find the unknown mass. 


" 


MATHEMATICAL RECREATION 
Encourage as many students as possible to 
make congruent copies of the Reuleaux tri- 
angles. If feasible, attempt to have some 
wooden models made. 


Among the interesting properties of the — 


Reuleaux triangle is that all of the squares cir- 


cumscribing a given Reuleaux triangle will be 


congruent to each other. 


This means that the Reuleaux triangle can turn 


freely inside the square without having any — 
room to spare. This can be shown by cutting a _ 


square hole from cardboard with each edge the 


length and the breadth of the Reuleaux tri- 


angle. 


For additional discussion of Reuleaux tri- 
angles and other curves of constant width, — 
refer to The Enjoyment of Mathematics by © 
H. Rademacher and O. Toeplitz: Princeton, — 


New Jersey: Princeton University Press, 1957 
pp. 163-177. 


B-64 


When a flat strip is placed on two circular rollers with 
the same diameter and pushed, the strip will move 
along the rollers and remain parallel to the surface 
on which the rollers move. 


It is surprising that there are other rollers which are 
not circular which have the same property. These 
noncircular rollers are sometimes 

called curves of constant width. 

One of the simplest of these curves 

is called a Reuleaux Triangle. The 

Reuleaux Triangle is constructed 

from an equilateral triangle. The 

diagram at the right suggests how 

to make an Reuleaux Triangle. The 

center of each arc is the vertex 

of the triangle opposite that arc. 


If you wish to make the curve less 
pointed and easier to roll, you may 
extend the sides of the triangle as 
shown at the right. The small arc 
at each vertex has its center at the 
nearer vertex of the triangle. 


Make two Reuleaux Triangles that are the same size 
from cardboard. See if your curves are good 
noncircular rollers. You can make more permanent 
models by cutting them out of wood. 


f | 
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UNIT B: THE ARITHMETIC 
OF FRACTIONAL NUMBERS 


Module 4: Decimals 


General Objectives 

To show the relation between decimal notation and fractional notation. 

To extend the ideas of place value to decimal notation. 

To strengthen the student’s ability to add, subtract, multiply, and divide 
using decimals. 

To provide experience in estimating and rounding decimals. 


To enable the student to write decimals for fractions. 

To extend work with scientific notation. 

To provide additional work with metric units using decimals. 
To provide a variety of word problems using decimal notation. 





Performance Objectives 


58 RED The student can give the place value of each digit in a 
decimal. 


59 RED The student can express fractions (whose denominators are 
multiples of 2, 5, or 10) in decimal notation or write a fraction for a 
given decimal. 


60 RED Given two decimals, the student can use place value to de- 
cide which one represents the larger number. 


61 RED Given an addition problem using decimals, the student can 
find the sum. 


62 RED Given a subtraction problem using decimals, the student can 
find the difference. 


63 RED Givena metric measure, the student can express the measure 
in larger or smaller metric units. 


64 RED Given a multiplication problem using decimals, the student 
can find the product. 


65 RED The student can use rounding to estimate answers to prob- 
lems involving decimals. 


66 RED Given a division problem using decimals, the student can 
find the quotient. 


67 YELLOW Given a fraction, the student can find a terminating ora 
repeating decimal for it. 


68 YELLOW Given word problems involving decimals, the student 
can solve them. 


69 GREEN The student can write a mixed decimal numeral for a 
given fraction or a fraction for a mixed decimal numeral. 


70 GREEN Given a decimal greater than |, the student can express 
. the number in scientific notation, and vice versa. 


Reviewing the Ideas 


Pupil Text Reteach-Reinforce Related Activities 
B-66, 67 WB 55 SP h-1 SWM 1 270, 271 
B-66, 67 DM 34 SP h-1 SWM 1 269, 271 
B-68, 69 WB 56 
B-70, 71 WB 57 ASC D-1 PD h-1 

DM 35 SP h-2 DS g-2 

B-70, 71 WB 57 ASC D-2 PD h-1 

DM 35 SP h-2 DS g-2 
B-72, 73 WB 58 PD b-1 
DM 36 

B-74, 75 WB 59, 60 ASC D-3 PD h-1 
B-76, 77 DM 37 SP h-3, 4 DS g-2, 3 
B-78, 79 WB 61 
B-80, 81 DM 39 
B-82, 83 WB 62 ASC D-4, 5,6 SWM 1 300 

DM 40 SP h-3, 4 PD h-1 DS g-3 

B-86, 87 WB 63 ASC D-7, 8 

B-88, 89 DM 42, 43 DS g-2 
B-75, 80, 81 
84, 85, 93 DM 41 
B-90, 91 ASC D-10 
B-92 DM 44 ASC AP-3,4 SWM 3 196, 
SP a-3 197 
B-94 WB 64 


¥ 
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MATHEMATICS 
In any discussion of decimals there are two 
concepts to be considered: 

(1) The notation (the decimal symbols that 

we write). 

(2) The set of numbers represented by the 

decimal symbols. 

When we use decimal notation, we are merely 
choosing an efficient way of writing symbols for 
fractional numbers. Decimal notation can be 
thought of as a way of simplifying the use of 
fractions. Fractions whose denominators are 
any whole number except zero may be written 
in fractional notation, whereas only fractions 
whose denominators are 1, 10, 100, 1000, ... 
may be written in decimal notation. Thus, 
do = 0.1, x60 = 0.01, aos = 0.001, and so on. 

The following equation illustrates a specific 
example of the general definition of decimal 
notation: 

2.618 = 2 + 35 + too + i000 
In order to read 2.618 as “two and six hundred 
eighteen thousandths,’’ we must show that 
2+ io + rho + aeo0 = 200%, which we can eas- 
ily do by means of addition of fractional 
numbers. 

Once we understand decimal notation, we 
can derive rules for computing with these sym- 
bols because we understand the fractional num- 
ber system. To develop skill with decimal nota- 
tion it is necessary to have 

(1) an understanding of computation with 

fractional numbers, using fractional nota- 
tion, and 

(2) an understanding of the relationship be- 

tween decimal notation and fractional 
notation. 

Another important concept that is introduced 
in this module is that every fractional number 
has a repeating decimal representation. Fur- 
thermore, every repeating decimal can be repre- 
sented by a fractional number. This idea 
assumes added significance in School Mathe- 
matics 2 when the irrational numbers are 
introduced as numbers which have nonrepeat- 
ing decimal representations. 





TEACHING THE MODULE 


Materials 

Graph paper, posterboard, metre sticks, centi- 
metre rulers, metric units of mass, standard 
litre measure, scientific balance scale. 


Vocabulary 
decimal 
decimal point 


metric system 
mixed decimal 


equivalent decimals numerals 
estimation power 

gram repeating decimal 
litre scientific notation 
metre terminating decimal 


In teaching this module two important objec- 
tives should be kept in mind: 

(1) Students should clearly understand deci- 
mal notation and the relation between 
fractions and decimals. 

(2) Students should be able to compute effi- 
ciently with decimals. 

Students who have good computational skills 
with whole numbers ordinarily will do well in 
computing with decimals. Students who have 
good skills with decimals should be encouraged 
to try some of the special Research Projects or 
Extension activities suggested in the module. 
On the other hand, there is adequate review and 
practice material for those students who need 
improvement in their computational skill. 


Lesson Schedule 

Some parts of this module will be review, while 
other parts will contain almost completely new 
material. Therefore, adjust your time schedule 
to the background of your students. If your 
class is strong in the computational aspects of 
the work, spend more time on such topics as 
repeating decimals, the metric system, and sci- 
entific notation. About 16 days should be suffi- 
cient for adequate coverage of this module. 
However, if you have a particularly slow class 
that has had little prior success in working with 
decimals, more than 16 days may be needed. 


Evaluation 

Although most students have had previous ex- 
perience with decimals, it is not uncommon for 
some students to lack understanding of decimal 
notation or to be weak in computational skills 
with decimals. By keeping close contact with 
the students on a daily basis, you should be able 
to determine whether they are mastering the © 
various computational algorithms for decimals 
and diagnose their difficulties. 

Conferences with students who do not do 
well on the self-evaluation test may help you 
determine which objectives of the chapter were 
not reached by the student and what remedial 
steps may need to be taken. If you wish to in- 
clude an achievement test in your evaluation, 
such tests are a part of the testing package that | 
is available from the publisher, or you might 
create a test, using the self-test as a model. 























RESOURCES FOR ACTIVE LEARNING 


Activities 

Chip Trading Activities, Set V, 19-22, Scott 
Resources 

Developmental Math Cards, 13, Addison- 
Wesley 

Fractional Numbers, Geocard 27, Creative 
Publications ; 

Let’s Play Games in Mathematics, Vol. 7, 
“Concentration . . ,” pp. 26-27; ‘““Decimal 
In Between,” p. 79, National Textbook Co. 

Nuffield Project: Computation and Structure 5 
(decimal numbers), pp. 1-6, 45-57, Wiley 


Manipulative Devices 

Base Ten Blocks (Addison-Wesley) 

Chip Trading materials (Scott Resources) 

Geoboards (Addison-Wesley) 

Metric aids (Addison-Wesley; Balla; Creative 
Publications; Dick Blick; Educational Teach- 
ing Aids) 


Games and Puzzles 
Decimal Fraction Dominoes (Mind/Matter) 
In-order Game Kit (Midwest Publications) 






MODULE 4: Decimals 
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OBJECTIVES: 


After completing this module, you should be able to: 
al 


UNIT B: The Arithmetic of Fractional Numbers 





Read and write fractional numbers in decimal 
notation. 

Compare two decimals using place value in 
order to decide which is the larger. 

Add, subtract, multiply, and divide using 
decimals. 

Use rounding to estimate with decimals. 

Find a repeating or terminating decimal for a 
fraction. 

Express certain fractions as mixed decimal 
numerals. 

Solve word problems using decimal notation. 


Objectives 

Given a decimal, the student can give (a) the 
name of each place of the decimal and (b) a 
fraction for the decimal. 

Given a fraction with a denominator which 
is a power of ten, the student can write a 
decimal for the fraction. 


PREPARATION 
Materials: 1-centimetre graph paper (Duplica- 
tor Masters, page 83). 

In order to make the most effective use of the 
Investigation, it would be best to begin work 
on it immediately. Since completion of the 
Investigation involves only an understanding 
of fractions, any prior discussion of decimals 
might detract from the Investigation. 


INVESTIGATION 

In order to shade 75, too. and qooo Of the rec- 
tangular region, the students must determine 
how many small squares are in the region. As 
soon as they discover that there are 1000 
small squares, they can readily complete the 
Investigation. 





DISCUSSION 

It is very important for students to realize that 
most decimals represent fractional numbers and 
that the only difference between the kind of 
decimals used in this module and fractions is 
the notation used. When this is fully under- 
stood, the students will find it much easier to 
understand and work with operations involving 
decimal notation. 

In discussing Exercise 2, refer back to the 
Investigation so that the student can get a 
concrete interpretation of 0.1, 0.01, and 0.001 
of the rectangular region. 

If you wish, you can mention other place 
names for decimals (such as hundredths, thou- 
sandths, and millionths) when discussing Exer- 
cise 4. Also, refer again to the Investigation 
and point out that 745 + +be + too Of the region 
has been shaded, and this sum expressed as 


What are Decimals? 


Investigating the Ideas 


Use a sheet of graph paper 
to draw a rectangular region 
that is 40 squares long and 
25 squares wide 


Can you shade 
or color 75, 70> 


and qos of the 
rectangular region? 





Discussing the Ideas 
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1. a How many small squares are in the entire rectangular region above? 
s How many squares must you shade or color in order to show 7 


of the entire rectangular region? 


2. Instead of writing the fraction is, you can write the decimal 0.7. 
For zoo; you can write 0.01. What decimal could you write for 7000? 


3. a How many of the small squares represent #445 of the entire region? 


B What decimal can you write for Bae 3 


4. The diagram below shows how we extend our place-value system to give 
meaning to decimals. The dot between the ones’ and the tenths’ place 


is a decimal point. 


5 





Forthe:sum"6 3. 27°78 4+i+a0t+ad0t 


we write: Shu Pepe nZA volts} eaget ats) 


10 000 





Give the missing fractions. 


a decimal is 0.111. A The 8 in the tenths’ place means ? . 
B The 5 in the ten thousandths’ place means ? . 


c The 2 in the hundredths’ place means ?. 
B-66 








1. 


* 6. 


* 7. 


Using the Ideas 


Copy the sentence. Give the missing word and number. 
EXAMPLE: 43.38. The 8 in the hundredths’ place represents 8 - ;45 











A 476.835: The 4 inthe ? place represents |||. 
B 476.835: The 3in the ? place represents |||. 
c 9476.835: The 9 in the ? place represents |||l| . 
p 9476.835: The 5 in the ? place represents ||ll| 
E 0.4568: The 8inthe ? place represents |||. 
F 5.87654: The 4in the ? place represents |||. 
G 0.123457 The 7 inthe ? place represents |||. 
. Write a decimal for each fraction. 
A 10 B 400 c 1600 D 160 E 7000 F 70 000 


. Write each number as shown in the example. 








ot teoebaoon 1000 4 accoeacoo = 37e 

We read 3.759 as “‘three and seven hundred fifty-nine thousandths’”’ 
or simply “three point seven five nine.”’ 

(yoo ieee 74 c 9.452 op 0.2763 E 27.584 


B 0.364 F 8.073 


. Write a decimal for each number represented. 











A 8+45 Dp 84a G 6144435 yu 0+ faba 

B E216 to5 E 15 +7000 Hx507G00 K 4 + saen500 

c 0+ 750 Fo29 AiG000 nevS0 7000 eo aeencen 
. Write a mixed numeral for each number. 

A 6.4 bp 1.5 G 919.7154 J 286.11111 

Beit E 2.003 H 40.0352 K 27.5680 

@ Silos F 81.426 1 2.1746 L 3.000123 

Give the missing exponent for each ||| 

A O0N=a5 sor (80.01 = a0 =o «(0.001 = aq =a 


Write each number in expanded notation as in the example. 
634.265 =(6 - 10%) + (3 10") + (4: 10°) + (2- sor) + (6+ 0x) + (5+ 705) 


A 35.42 
B 1.254 


E 0.0307 
F 27.64 


G 8.374 1 860.079 
H 973.56 J 0.506 


c 562.34 
D 503.208 


UTILIZATION 


Exercises | and 3 might be completed orally as 
part of a general class discussion. In addition 
the numbers in these exercises could be used 
to review how decimals are read. 


Answers, Exercise 7 


A. (3 10!) + (5° 

I 

: 0 9 

B. (1 10°) + (2 I 
C. (5+ 102) + (6° 
D. (5+ 102) + (0 





Pya(2 107 
G. (8 10°) + (3 
H. (9: 10?) + (7 
I. (8+ 102) + (6 


J. (stab ved oF 


EXTENSION 
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See Workbook page 55 and Duplicator Masters 
page 34 for further practice exercises. 

Remedial: If students have difficulty with 
naming and writing decimals, present the 
spelled-out number names for decimals and 
have the students write the decimals, and con- 
versely, write some decimals and have students 


read the decimals aloud. 


Assignments 
Minimum 1, oral; 2 
Maximum |, oral; 2 


; 4. Average 1, oral; 2-5. 
He 
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Objective 

Given two numbers in decimal notation, the 
student can identify the larger number and 
express the comparison by a statement of 
inequality. 


PREPARATION 
Materials: Posterboard. 

The Investigation will be enhanced if you 
prepare a cardboard model to illustrate the 
idea of the Go Gauge and No-Go Gauge, as 
illustrated below. 


Scm 4cm 


Now cut several strips of cardboard—some 
between 4 and 5 cm in width, some less than 
4 cm wide, and some more than 5 cm wide. 
Then demonstrate that the pieces having the 
“correct” width are those that will fit in the 
5 cm slot but not in the 4 cm slot, that is, those 
that are between 4 and 5 cm wide. The pieces 
that are more than 5 cm wide will not fit either 
gauge, while those which are less than 4 cm 
wide will fit in both gauges. 


INVESTIGATION 

After the demonstration suggested in the Prepa- 
ration section, have the students list the pieces 
which are the correct size. Note that this in- 
volves either place value consideration or 
thinking about fractions for the decimals. If 
some students have difficulty, you might sug- 
gest that they are to find those pieces that are 
“between 0.290 and 0.312 units in width.” 


DISCUSSION 

In the Discussion, bring out the fact that com- 
paring two decimals is much like comparing 
whole numbers; that is, given two decimals 
such as 3.176 and 3.174 we compare the whole 
number parts, then tenths, then hundredths, 
then thousandths. Since 3.176 has a greater 
number of thousandths, we write 3.176 > 3.174. 
If necessary, review the meaning of the sym- 
bols > and <. 
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Using Decimals to Compare Numbers 


Investigating the Ideas 


The two gauges below are to be used to see if the pieces A, B, 
C, D, and E have the correct width. Each piece must be small 
enough to slide through the GO GAUGE yet too large to fit into 
the slot of the NO-GO GAUGE. 


GO GAUGE NO-GO GAUGE 


GT ox wz 








Can you find which pieces are the correct size? 





Discussing the Ideas 


1. 


2. 


Which pieces did you think were too large? Why? 


Which pieces did you think were too small? Why? 

Since oa) < #550, how does 0.286 compare with 0.290? 
How does 0.286 compare with 0.312? 

c Does piece B fit into the slots of both gauges? 


a Since 0.3 =75 =750 =i0o = 0.300, will piece A fit 


into the GO GAUGE? 
B Will it fit into the NO-GO GAUGE? 





. Which symbol (<, =, or >) goes in each |i? 


a 0.305 \llho.312  ¢ 0.31\lho.310 ~~ & 0.31 Il).0.305 
B 0.305 lill0.290 ~~» 0.3 Il 0.31 F 0.290 |i 0.29 


. If the pieces A, B, C, D, and E were arranged from the 


smallest to the largest in width, what would the order be? 


1. Which pieces below will fit into 
the slot of this gauge? 


Using the Ideas 








2. Give the correct symbol (<, =, or >) for each Ali. 


a 1.372 |b 1.732 c 1.372 lll) 1.237 E 1.372 ||| 1.327 
B 1.372 |i 1.273 p 1.372 ll 1.723 F 1.732 lll) 1.723 
3. Give the correct symbol (<, =, or >) for each il. 
100 ~ 700 100 ~ 1000 








a 0.89 |i 0.98 

p 1.010 ili 0.999 

G 5.001 |i 4.999 

J 0.009 + 0.1 |i 0.010 

m 5.654 |i 5.0654 

P 0.99 + 0.99 lll 0.99 + 0.9 


B 0.67 |i 0.670 
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c 0.2'|ll|l) 0.199 
0.54 |i 0.45 F 8.93 |l|lli 8.930 
0.0988 ||| 0.1 1 0.9+0.1\lh 1 
0.999 + 0.001 | 1 L 0.09999 |i 0.1 
98.999 ||| 98.99 0 0.1+0.9'|h 0.9 + 1 


0.056 + 1l\ll}0.06 +1 — w 0.7362 \ill\i 0.73620 





Wau 


Jeanne sent her father this 
message from summer camp. 


Can you help Jeanne’s father 
figure out this addition puzzle: 
SEND + MORE = MONEY? 


Each letter stands for one of 
the digitSiO ele 2. aero. 

and no two letters may 
represent the same digit. 





Cane \S FUN 
Qxy SEND 
+ WORE 


WOVEY) 


LOVve, 
SEANVE 


UTILIZATION 

The exercises give practice in comparing num- 
bers in decimal notation and writing inequali- 
ties for pairs of numbers. Workbook page 56 
offers additional practice exercises. 


Think Solution 
(1) Clearly, M=1. Therefore, S must be 
either 8 or 9 in order to give us a sum requir- 
ing that a digit be carried. If S is 8 or 9, then 
O=0 (again, because we know M=1). If 
S = 8, we would have 

8 END 

IPO RR 

ILORN Gay 

and E + 0 would have to equal 10 and N would 
equal 0, which is not possible. Hence, S = 9. 

(2) E+ O=N;; so | must have been carried 
to the hundreds’ place, which tells us that N 
is | more than E: E+ 1=N. 

(3) If no tens were carried, N + R=E, or, 
if one ten was carried, 1+ N+R=E. Let 
NoaR — 2 whichis the same as. (ler. 
R=E (Step 2). Thus R would equal 9. But 
S=9,so 1+N-+R must equal E. 

(4) WE ND 

ibe Oy VkQodts, 
ROSNY 
hig licensee == Ibi Sell selUB cel eabuke== Ve. 
because E+ 1=WN. R-+2 is zero (plus | to 
carry to the hundreds); thus R = 8. 

(S) Now trial and error must be used, but 
some numbers (0, 1, 8, 9) have already been 
assigned. Since E + 1=WN, E cannot be 7. If 
E=6 and N=7, then D+6=Y-4+ 10; thus 
D would have to be 4 or 5S, and Y either zero 
or 1. Since zero and | are already assigned, 
these values for E and W are incorrect. Con- 
sider E=5S and N=6. Then D+5=Y + 10, 
and the choices for D are 7, 4, or 3. If D equals 
4 or 3, the values for Y are again already 
assigned. Thus D = 7 is the only choice. Sub- 
stituting: 7 + 5—=2-+ 10, which is a solution. 
Thus E=5, N=6, D=7, and Y = 2. 


Assignments 


Minimum 1, oral; 2. Average 1, oral; 2; 3. 
Maximum 1-3. 


B-69 


Objective Adding and Subtracting with Decimals 


The student can find sums or differences of 
fractional numbers using decimal notation. Investigating the Ideas 


PREPARATION 
On the chalkboard write several addition and 
subtraction problems using fractions with de- 


Three students tried to find the sum 23.42 + 32.5 + 0.671. 








nominators of 10, 100, and 1000. Have stu- Karen ae Buy ge tain 
dents find the sums or differences and then give ae me | 
decimals for each fraction in the equations. — —— 
For example: 56.991 
No 5 ABs Sa Cyn t= 7 
0.3 +0.4=n O4 tT S02R6—n 
B. fo —to=n D. ao00 +ao0c =n 
0.9-0.3=n 0.425 + 0.101 =n | Can you find which student found the correct sum? 
INVESTIGATION 





The Investigation will require only a_ brief 
amount of time, but it will serve to illustrate Discussing the Ideas 
both correct and incorrect examples of addition 





using decimals. 1. What is wrong with the way John arranged his addition problem? 
DISCUSSION 2. Karen used the fact that 23.42 and 23.420 are equivalent decimals 
In discussing the Investigation and Exercises because 23.42 = 234 = 23704 = 23.420. 

3, j ¢ ali sya 
Meiceearoi eum Mebakenment of the deri a Explain why 32.5 and 32.500 are sey 
mal point in addition or subtraction problems Oalentdecimals? 
enables us to add tenths to tenths, hundredths pain batched Tad FE 32. 

















to hundredths, and so on. Annexing zeros to B How did this help Karen to arrange Hab Oe 
the decimals as shown in Exercise 2 is equiva- her work for the problem? 56.554 
lent to writing all decimals as fractions with a c What is the sum of all the thousandths j 
rahe s : il 
common denominator of 1 000. in Karen’s problem? 420, “E $09, 55 = — 7000 
The answers for Exercise 4 are given below. 
A. 0.4 =45 = ws = 0.400 3. What did Elaine do that caused her to get an incorrect answer 
B. Using fractions, we can see that regrouping to the problem? 
is necessary because we cannot subtract : 
tooo from 7900. 4. The figure shows how a Ken arranged 
57408, = 561400 his work for the subtraction problem 
8 ito = — 8 i 57.4 — 8.937. 
a Using fractions, explain why 0.4 
C. After regrouping, the subtraction can be can be written as 0.400. 


completed as if working with whole num- : : 
ial ee an you explain the regroupin 
bers and aligning the decimal point in the B Caniyou exp g pig 


difference with those in the problem. in he example 7 
D. The difference is added to the number sub- ¢ Explain how to complete the 
tracted to get the third number. subtraction problem. 
pb How can you check your answer 
to the subtraction problem? 





Using the Ideas 


. Write equivalent decimals in hundredths as 
needed to add or subtract. 













A 23+4+5.36 E 28.4—9.28 SOLUTION: 1.40 
B 14.214+06+7.9 F 1.6—0.42 ey 
c 054443408 G 0.9—0.76 rel 
peo + 2.12404 H 237.43 — 0.967 


. Find the sums without changing to hundredths. 
a 8+23+41.54 p 8.7+14+ 1.62 ExampLe: [7514 5F0162) 
BY oo 0.62 + 11 E=17.04--F 1.3425 SOLUTION: 

c 46+0.25+0.8 F 9+ 0.634 0:2 





. Write equivalent decimals in thousandths as 





needed for finding each sum or difference. EXAMPLE: (5.21— 4.218 — 
aot.412 + 8672.3 £4 49.5 — 497. SOLUTION: 5.210 

B 76.2+0.34+ 0.079 F 58.267 — 0.19 

co 2.3'+ 17 + 4.265 G 91— 0.143 

Dp, 13.8.+.7.243.+' 11/63 H 3.06 — 0.999 


. Find the sums and differences. 


A 0.48 + 31 J 146.2 — 21.462 
B3.2+47 K 1.002 + 0.0102 

e~0.5 +3 + 0.02 t 10.2+0.34+ 4 

D 2.54 + 37.3 Meo0 a0 1 0.9% 09 

E 13.354 + 423.4568 N (3.1416 + 1.4142) — 2.8 
pee..05 + 0./5Fe 215 o (0.306 — 0.21) + 0.067 
G 6.563 + 0.278 + 37.937 p 0.01 — 0.001 

H 4.763 — 0.321 a 100—0.01 

1 5.346 + 35.27 + 161.2 + 4.387 rR 10—0.00011 





More practice, page S-18, Set 31 


UTILIZATION 
Exercises 1, 2, and 3 give specific examples 
showing how to write the decimals. Exercise 
4 allows students to make their own choice 
in writing the numerals to find the sums. 
Temper your assignment according to the 
needs of your students. It would be best to 
allow slower students to concentrate on fewer 
exercises and strive for greater accuracy. 


EXTENSION 
For students who would benefit from additional 
practice, suggest assignments from Supple- 
mentary Exercise Set 31 on page S-18, Work- 
book page 57, Duplicator Masters page 35, 
and Arithmetic Skill Cards D-1\ and D-2. 
Enrichment: Provide some reconstruction 
problems involving addition and subtraction 
of decimals, such as the ones given below. 


1. 2h. 6 iil (5,6) 2. 0.2 (8) 


+3 5 .[lll 7 (6) —0. 3 3 |fll (4) 
Gigli died 0. 4 Ml 6 (8) 


Think Solution 

A 2-digit by 2-digit multiplication problem 
will have the same product if the digits in each 
factor are reversed, provided the product of 
the units’ digits is equal to the product of the 
tens’ digits. 


Let (10a +b) be one 2-digit number and 

(10c + d) be a second 2-digit number. 

Then (10a + b)(10c + d) = 100ac + 10bc + 

10ad + bd. 

If the tens’ and the units’ digits are reversed 

in both factors, we have 

(106 + a) (10d +c) = 100bd+ 10bc + 10ad + 

ac. 

Clearly the two products are equal if bd = ac, 

that is, if the products of the tens’ digits 
equals the product of the units’ digits. 


Here are other examples which have this 
property: (14 - 82), (46-32), (93 - 13), and 
(63 - 48). 


Assignments 
Minimum 1A-D, 2A-C, 3A-D. Ayerage 1-3. 
Maximum 1-4. 


B-71 


Objective The Metric System 


The student can solve metric system prob- 


lems by using decimals. Investigating the Ideas 


PREPARATION . 
Materials: Metric stick; standard units of mass Three of the basic units of the metric system 

(grams) and scientific scale to measure in grams; are the metre, the kilogram, and the litre. 

litre measure. (page 87 of the Duplicator Mas- 5 ' F22 = ee | 
ters provides a pattern for a | metre tape Unit of enous Bore) 1 metre 
measure.) A metre is 100 centimetres (cm). 


This lesson will be greatly enhanced if the 
measuring devices listed can be available to 
the student. The science department of your ‘ 
school may have equipment you can borrow is 1000 grams (9). 
for demonstration purposes. 


Unit of mass: Kilogram(kg) 
A mass of 1 kilogram 


Unit of capacity: Litre(/) 
INVESTIGATION A litre container holds 


As students carry out the Investigation, have 1000 cubic centimetres (cm*). 
them record both their estimate and the actual 
measurement in decimal notation. Some stu- 
dents may have had very little experience 
working with metric units of mass and capacity 
and hence may have difficulty in making mean- 








Can you_ use the information in the chart Find a way to check 
above to make the estimates below? your estimates. 








ingful estimates. However, the purpose of the 1. Estimate your height in metres. 
Investigation is to have students work strictly 2. Estimate the mass of your mathematics book in kilograms. 
in terms of the metric system rather than at- 3. Estimate the capacity of a soft drink bottle in litres. 


tempting to convert from English measures to 
metric. Thus a student might estimate his 
height to be 1.5 metres but find that he is | 
metre 68 cm or 1.68 m tall. 

For the activity pertaining to capacity, you 
may prefer to have students use rice, sand, or 


Discussing the Ideas 


1. Other units in the metric system are related to the basic three. 
These prefixes and the use of decimals can help you understand 


small beans rather than water. their relationship. 
milli- means one thousanath deca- meansifen 
DISCUSSION centi- meansone hundredth hecto- meansone hundred 
Knowing the meaning of the metric prefixes deci- meansone fenth kilo- means one thousand 
willgiereallies cnhangs .undersjanding) ofy the EXAMPLES: A centimetre is 0.01 metre; a kilogram is 1000 grams. 
relationship between the various units of the : 9 : t 
metric system. Such an understanding of the A Which means 10 metres? decimetre or gegame re 
various names of the subunits and multiples B Which means 0.01 gram? hectogram or centigram 
of the units should be a continuing objective. c Which means 0.001 metre? kilometre or millimetre 
. . . a) ene © 
Bee ee ee De p Which means 0.1 litre? decilitre or decalitre 


for part 2A might be, ‘‘Since deci means tenths, 
0.3 metres is 3 decimetres.”” For 2B, students 


might explain: “Since centi means hundredths, 2. Explain how to determine the missing numbers. 


25 centimetres is 0.25 metres.” And so on. A 0.3 metre = |||| decimetres pb 12 centigrams = |l||| milligrams 
B 25 centimetres = |l|l| metre E 2000 litres = ||| kilolitres 
c 0.341 litre = ||| millilitres F 2.3 centimetres = ||| millimetres 





3. The body of an average man 


Using the Ideas 


1. Study this diagram. Then give the missing numbers in each 


part below using decimal notation. 





1 metre (m) 





—_—__—_ —_———-j decimetre (dm) - ; 


97 98 997- -10G 





1 millimetre (mm) 














A 1m =|] dm F 1mm = |fl|m k 8dm ='ifl|_m 

Bim =|{l|cm G 1cm =|ll| mm L 25cm =|ll|_m 

Gc im =ill| mm KH 1dm =|lll|cm m 59cm =|ll| m 

pb 1 dm = |lll| m 1 1mm = ill] cm N 4mm = lll m 

—E 1cm=|ll|m J icm =|fl| dm o 29 mm=|ll| cm 

2. Give the missing numbers. 
A 1 kilogram = |i g ec 1 hectolitre = ||llll 7 —E 1¢=|ll| ml 
B 1g=|ll|kg p 1 decilitre = ||| ¢ F 1 ¢='[l| hectolitre (hI ) 


5. William is 1.72 metres tall. 
Henry is 1.59 metres tall. 


A How much taller is William? 


B How much taller in centimetres 
is William ? 


contains 5.7 litres of blood. The 
body of an average woman contains 
about 3.3 litres. How much greater 
is the blood capacity of a man? 


4. Barbara weighed 36.29 kilograms. 6. The brain of a man weighs about 


Caroline weighed 45.8 kilograms. 
How much more did Caroline 
weigh? 


1.1 kilograms. The brain of a 

woman weighs about 0.05 kilograms 
less. What is the weight of a 
woman’s brain? 


UTILIZATION 
Most students can supply the missing numbers 
in Exercise | by referring to the diagram. How- 
ever, metre sticks should be available for stu- 
dents to use if necessary. In both Exercises | 
and 2 students should be encouraged to refer 
to the metric prefixes given in the Discussion 
section. 

Exercises 3 through 6 involve only simple 
addition and subtraction with metric units. 


EXTENSION 

Page 58 of the Workbook and page 36 of the 
Duplicator Masters provide exercises appro- 
priate for further practice. 

Enrichment: Have your students construct a 
metric tape measure on strips of adding ma- 
chine tape, or see page 87 of the Duplicator 
Masters. (Vinyl cloth would make more dur- 
able tapes, if itis available.) Then have students 
use their tapes to measure and record various 
body measurements. Included in these mea- 
surements might be height, waist, chest, hips, 
neck, biceps, wrist, foot, and head measure- 
ments. 

This would also be an appropriate time to 
encourage interested students to initiate work 
on Research Project C, page B-95. 


Assignments 
Minimum 1-3. Average 1-6. Maximum 1-6. 


Objective 
Given two numbers in decimal notation, the 
student can find their product. 


PREPARATION 

Review writing decimals in fractional notation 
and the reverse. Be sure to use only fractions 
whose denominators are powers of ten. 


INVESTIGATION 

The Investigation is relatively short but quite 
significant. Many students will recall the 
method of multiplying with decimals, but some 
may have forgotten or lack understanding of 
the rule for placing the decimal point in prod- 
ucts. For such students, the Investigation will 
provide a basis for developing an understanding 
of the rule. 


DISCUSSION 

The Discussion Exercises are designed so that 
your students can discover the basic rules for 
placement of the decimal point in multiplication 
problems. For those students who are already 
familiar with the rules, the discovery sequence 
provides an opportunity to gain additional in- 
sight into the meaning of the rules. 

Exercise 3 calls for a statement of the rule 
for placing a decimal point in the product. You 
should accept any statement which indicates 
an understanding of the rule. It is more im- 
portant that students be able to place the deci- 
mal point correctly than that they be able to 
verbalize a rule. The general rule is, the number 
of decimal places in the product is the sum of 
the number of places in the factors. However, 
students who say, “A one-place decimal times 
a 2-place decimal gives a 3-place decimal” or 
“Tenths times hundredths gives thousandths”’ 
are indicating a good working understanding of 
the rule. 


Multiplying with Decimals 


Investigating the ideas 


Decimals are symbols for fractions whose denominators 
are powers of ten. If you can multiply using this type 

of fraction, then you should be able to understand how 
to multiply using decimals. 


ES be eee 


an x01=b 


tenie = Cente = oo 





Can you give a fraction for a, a decimal for b, and 


a word for the blank in each example above? 





Discussing the Ideas 


1. Study the examples. Then give the product as a decimal. 


: THINK: 


——_———————> 8 x 3= 24 
tenths ~ tenths = hundredths 
———— > Procuuct, 








0.8x0.3= 
THINK: 
. SS OP Fe RY 
hundredths » hundredths = ten thousandths 
SS SS SSS un 
0.42x0.27= Product: ? 


2. Multiplying numbers represented by decimals is much like 
multiplying whole numbers. Study example A. Then tell 
where the decimal point should be placed in example B. 


[a] First find 76 x 3, then think: First find 942 x 31, then think: 
7.6 tenths (one-place decimal) 94.2 tenths (one-place decimal) 





times times | 
x 0.3 tenths (one-place decimal) x 0.31 hundredths (two-place decimal) | 
oe | eanials equals 
228 hundredths (two-place decimal) 942 


2826 


Places decimal 29202 thousandths (three-place decima 


point here 


3. Can you state a rule for placing the decimal point 
in a product of two decimals? 








1. Find the products. 
A 0.40.3 c 0.8 x 0.6 E 0.9 x 0.08 
B05x005 o05x0.07- F 0.08 x 0.06 
2. Find the products. 
A 56.3 B 43.5 Cr3.6 
wae x 0.2 x45 
F 0.68 G 5.9 H 0.41 
1.8 x 0.77 x 0.26 
Kk 9.763 t 8.462 mM 0.346 
x 0.07 x 0.76 x 0.571 























Using the Ideas 


G 0.7 x 0.300 1 0.07 x 0.0004 





H 090.006 vs 0.003 x 0.005 
D ah IS) Ee) OM5 
x 9.8 x 66 
1 0.507 Hj) (085778) 
x 4.9 x 47.6 








n 0.408 o 4.67 
x 0.930 x 0.394 


SHORT STORIES— The Human Body 


1. 


. Aman’s brain is 0.02 of his 


. Man’s muscles are 0.4 


The amount of water in a person’s 
body is 0.58 times body weight. If 

body weight is 69.2 kilograms, how 
many kilograms of water ? 


body weight. If his body 
weight is 64 kilograms, how 
much does his brain weigh? 


of his body weight. 

If a man weighs 61.3 
kilograms, how much do 
his muscles weigh? 


. We breathe about 12 kilolitres of air 


per day. The oxygen into the blood 
is 0.05 of the total air. How many 
litres of oxygen into the blood 
each day? 


More practice, page S-18, Set 32 








5. Human bones: 0.18 of body weight. 


Body weight: 67.9 kilograms. 
What is the weight of the bones? 


. The human heart pumps 45 litres 


of blood per minute during 
strenuous exercise. 
During relaxation, it 
pumps 0.125 as many 
litres. How many 
litres per minute does the 
heart pump during relaxation? 





. Man takes 18 breaths per minute. 


When resting, he takes in 0.75 litres 
of air in each breath. When doing 
light work, 1.62 litres. When 

doing heavy work, 2.14 litres. 

How many litres of air used if a 
man rested 15 minutes, worked 
lightly for 15 minutes, and then 
worked hard for 15 minutes? 


UTILIZATION 

Exercises | and 2 provide straightforward drill 
in finding products. The short stories based on 
the human body give additional practice in 
multiplication of decimals and in using metric 
units of mass and capacity. 


EXTENSION 
To provide additional practice, make assign- 
ments from Supplementary Exercise Set 32 
on page S-18, Workbook page 59, Duplicator 
Masters page 37, and Arithmetic Skill Card D-3. 
Remedial: Prepare problems such as the ones 
below and have students multiply mentally and 
give the product as a decimal. 


. 0.9 x 0.8 (0.72) G. 0.9 x 0.1 (0.09) 

. 0.5 X 0.8 (0.40) H. 0.5 x 0.5 (0.25) 

. 0.6 X 0.3 (0.18) I. 0.9 x 0.9 (0.81) 

. 0.02 X 0.06 (0.0012) J. 0:09 x 0.06 (0.0054) 

. 0.08 X 0.7 (0.056) K. 0.006 x 0.7 (0.0042) 

. 0.004 x 0.4 (0.0016) L. 0.4 x 0.0008 (0.00032) 


Tit Ci@ ewes 


Enrichment: Tell students that for each prob- 
lem, they should find one number that can 
serve as both quotient and divisor. (Give them 
this hint: Estimate the answer, then use multi- 
plication to check your guess.) 


I 
A. | ll )2.2 5 (1.5) 


i 




















B. ll iil il]}S 9 0.4 9 (24.3) 
HL 

C. lll Do. 0 6 2 50.25) 
—_ IMI 

D. |illl il Jt 7.0 5 6 9 (4.73) 

Assignments 


Minimum 1, 2A-E, Short Stories 1-4. 
Average I, 2A-J, Short Stories, 1-6. 
Maximum 1, 2, Short Stories 1-7. 


B-75 


Objective Multiplying with Powers of Ten 


Given one number in decimal notation and 


a second number which is a power of ten, the Investigating the Ideas 
student can find their product. 


A B 


PREPARATION 
Materials: Centimetre ruler scaled in milli- 
metres. 

Review multiplication of decimals and the 
placement of the decimal point. 





1. How long is a segment that is ten times as long as AB? 


INVESTIGATION f Se 
2. How long is a segment that is one hundred times as long as AB ? 


Students should be able to answer the first two 
questions because they deal with multiplication 


ofa whole number by a power of ten. The seg- Can you use a centimetre ruler to draw segments 


ment ten times as long as AB is 120 cm long, that are 0.1 and 0.01 as long as AB? 
or 1.2 metres long. The segment 100 times as 


long as AB is 1200 cm long, or 12 metres long. 

Do not insist on great accuracy in students’ 
drawings that are 0.1 and 0.01 as long as AB. 
The important thing for the students to do 








Discussing the Ideas 


is to find the products 0.1 x 12=1.2 and 1. A How many centimetres long is the segment that is 0.1 
0.01 x 12 =0.12 and be able to interpret the as long as AB? 
numbers as lengths of segments. B What is 0.1 x 12? 


Since 0.1 of 12 cm is 1.2 cm or 12 mm, this 


segment can be easily drawn. But 0.01 of 12 : : : 
Be 2 eee ohh hte his somewhat 2. A How many centimetres long is the segment that is 0.01 


more difficult to represent. The students should as long as AB? 
draw a segment just slightly more than Imm to B What is 0.01 x 12? 
represent this length. 
3. It is important for you to be able to multiply a decimal by 


DISCUSSION ry 0.1, 0.01, 0.001, and so forth, as well as by 10, 100, and 1000. 
In order to see the pattern when multiplying Study part ain the table below. Try to find the products. 
by powers of ten in Exercise 3, place a chart You may discover a shortcut for finding them. 


similar to the one shown in the text on the 
chalkboard or overhead projector and have 
students complete each row of the table. If a 
number is multiplied by 10, 100, or 1000, the 
decimal point is shifted 1, 2, or 3 places, re- 
specitively, to the right. When multiplied by 
0.1, 0.01, or 0.001, the decimal point is shifted 
1, 2, or 3 places, respectively, to the left. Do 
not expect a statement as formal as this for 
Exercise 4; accept any statement which simply 
indicates good understanding. Keep in mind 
that ability to use and understand a rule is 


more valuable than the ability to verbalize 4. Can you describe a shortcut for multiplying a decimal by 
the rule. each of the factors 1000, 100, 10, 0.1, 0.01, and 0.001? 


B-76 





mo Oo B8 P 


1. Find the products. 


Frou help cats sta) pb 100 x 5.03 
B 10 x 0.64 E 100 x 2.7 
c 10 x 9.037 F 100 x 29.1 


Using the Ideas 


G 1000 x 5.468 J 10 X 9.358 
H 1000 x 3.14 K 100 x 93.58 
1 1000 x 0.82 t 1000 x 9.358 


2. Find the products. The flow chart may help you use a shortcut. 


Shift decimal point 


to the right as many 





Multiply 
by 
10’, 102,0r10° 
2315 2.375 x 100 
m0 ' >< 45.62 pb 10 x 0.937 
B 0.496 x 10? E 8.462 x 10? 
c 8.437 x 10° F 10?x 0.762 
3. Find the products. 
A 0.1 xX 8.3 D 0.01 X 327 
B 0.1 X 25.17 E 0.01 x 42.6 
G0. 15643208~. F 0.01, X.5-79 


= =z © 


zo 


places as the exponent 


235 237.5 
UO 

10° x 0.376 J. 102 x 5.63 
1000 x 0.84 K 8.891 x 10 
538.762.4108 tL 103° x 0.0057 
0.001 x 964.3 J OMeakO5 
0.001 x 87.56 0.01 x 3.9 
0.001 x 6684.2 Lt 0.001 x 8.2 


4. Find the products. The flow chart may help you use a shortcut. 


Multiply by 


1 1 1 
Tor Toz, Of 73 





576.2 576.2 <0.01 
0.01= 493 
A 156.2 x 1 c 8427.4 x 0.01 
B 7.26 x 0.01 Dp 839.7 x 0.001 


"7" mM 


Shift decimal point 
to the left as many 
places as the exponent 


Product 


576.2 5.762 
RU 

8.3 X aor G 846.4 x aor 

67.7 X 407 H 7.4 x 0.001 





reatest amount of money you . 


in ni 


es, 





ore practice, page S-19, Set 33 


UTILIZATION 
The exercises for this lesson are numerous, 
but they are fairly short and provide students 
with practice in the traditional ‘“move-the- 
decimal-point” rule for multiplying by 10, 100, 
and 1000, and by 0.1, 0.01, and 0.001. 
Students should be encouraged to do the 
calculations mentally. The flow charts in Exer- 
cises 2 and 4 will aid in improving the stu- 
dents’ skills with factors which are powers 
of ten. 


EXTENSION 
Assign Supplementary Exercise Set 33 and, 
perhaps, Duplicator Masters page 38 for those 
students who would benefit from additional 
practice. 

Enrichment: Present this partially completed 
4 by 4 magic square. 





Have the students complete the square. (The 
magic sum is 3.4.) Then have the students 
multiply each number in the completed magic 
square by some power of ten: 0.1, 0.01, 0.001, 
10, 100, or 1000, and ask: “Is the resulting 
square still a magic square?’ (Yes) Finally, 
have students find the new magic sum. 


Think Solution 

You could have | half dollar, 1 quarter, 4 
dimes, and 4 pennies. Another possibility is 
1 quarter, 9 dimes, and 4 pennies. The amount 
of money would be $1.19 in both cases. 


Assignments 


Minimum |1A-F, 2A-F, 3A-F. 
Average 1-3. Maximum 1-4. 


B-77 


Objective 

Given two decimal factors, the student can 
estimate the product by rounding one or more 
of the factors. 


PREPARATION 
Display a number line scaled in units on the 
chalkboard or overhead projector. 


<——_o______¢—________» —___.+ —_>» 
0 1 pe 3 


Then present the following decimals: 0.87, 
1.24, 2.718, 1.96, 2.066, and 3.19. 

Ask some students to show the approximate 
location of points for these numbers on the 
line. Then pose questions such as: “Is the 
point for 0.87 nearer to 0 or to 1?” “Is the point 
for 2.718 nearer to 2 or to 3?” and so on. Such 
examples will help to review and develop under- 
standing of rounding using decimals. 


INVESTIGATION 

In introducing the Investigation suggest that 
the students attempt to associate each prob- 
lem with the estimated product without using 
pencil or paper. Students should definitely be 
discouraged from attempting to multiply the 
factors in their given form, because the pur- 
pose of the Investigation is to have students 
use rounded factors in estimating the products. 


DISCUSSION 

In Exercise |, students might reason as follows: 
A. 7 X 12 = 84 (RESP ar — 25 6 

B. 33 X 3=99 D. 630 X 0.1 = 63 


In reviewing rounding of decimals, point out 
that a number which is halfway between 2 
numbers is rounded “‘up.”” Thus, if 3.65 is to 
be rounded to the nearest tenth, it is rounded 
to 3.7 even though it is halfway between 3.6 
and 3.7. 


Estimating Products 


Investigating the Ideas 


You can often use estimation to find approximations for 
products involving decimals. 


7 [a] 6.87 x 12.239 
33.75 x 2.93 
[ce] 8.367 x 6.72 


[p] 629.6 x 0.09 


Can you find which of the estimated products is nearest to 
the exact product for each of the multiplication problems? 


Discussing the Ideas 


1. Explain how you decided which estimated product was nearest 
to the answer for each multiplication problem. 


2. Rounding decimals is much like rounding whole numbers. 


A To round 6.87 to the nearest whole number, 
you can think: ‘ls 6.87 nearer to 6 or to 7?” 6 


Which do you think it is? 6.87 
B Which whole number is nearest 12.239, 12 or 13? py ee en oa 
c¢ Which two whole numbers can be used to estimate 2 13 
6.87 X 12.239? 
3. Often you must be able to round a decimal to the nearest 
tenth or to the nearest hundredth. 
A Is 23.76 nearer to 23.8 or 23.7? 23.7 fo38 
B What is 23.76 rounded to the nearest tenth? 23.76 


4. Estimate the product shown by rounding 3.196 
each number to the nearest tenth. x 0.296 


5. Estimate the product by rounding 0.07926 x 3.129 
the first factor to the nearest | 


hundredth and the second factor | 
O08 


to the nearest whole number. 








Using the Ideas 


. Round each number to the nearest whole number. 
When a number is halfway between two numbers, 
round it to the larger number. 


A 63.42 B 341.849 €49:50 pb 5.4999 


E 60.099 





. Round each factor to the nearest 





whole number. Then use the rounded EXAMPLE: 4.73 x 8.49 
factors to estimate the product. Rounded 

factors.-> 5 x 8 
A 5.9 X< 4.67 E 7.85 x 29.87 Catinated 
BL S.3 xX 7.1 F 9.39 x 29.32 product ——> 40 
c 5.697 x 9.83 G 59.42 x 98.943 
Dp 7 X 30.9573 H 0.94 x 202.78 


. Round the first factor to the nearest 


tenth. Round the second factor to the EXAMPLE: 0.348 x 9.24 


nearest whole number. Use the rounded Rounded 

factors to estimate the product. factors -0.3 x 9 
A 0.297 x 8.2 D 0.783 Xx 29.8 men ns 

B 0.189 x 7.34 En0-5013 <5:23 product —— 2. 





c 0.4297 x 9.771 F 1.199 2.909 


. Round the first factor to the nearest 
hundredth. Round the second factor to 
the nearest whole number. Then estimate 
the product. 


A 0.034 x 7.2 
B 0.06419 x 7.9 
c 0.3023 x 6.33 


EXAMPLE: 0.0576 x 7.21 


Rounded 
factors ~ 0.06 x 7 


Estimated 
product —— 0.42 


Dp 0.07895 x 3.29 
E 0.02507 x 9.3 
F 0.075 x 6.5 





. Estimate the products. Round the factors 
so that you can estimate the products quickly. 


A 10.001 x 54.39 F 102 x 0.0305 Ki O.101>,09.91 

B 10.1 x 99.98 G 45.21 x 98.532 treo 201174 59.91 

Oe 102113 Xa53:71 H 5.324 x 1004.376 m 0.021 x 48.04 

Db 0.512 x 10.0037 1 45.113 x 20.974 —N 0.021 x 486.31 
E 100.11 x 0.5032 J 3.5432 x 9998.879 o 0.009 x 462 


UTILIZATION 

Exercises 2, 3, and 4 give specific examples 
for rounding factors to find estimates of prob- 
lems. In Exercise 5 no instructions for round- 
ing are given; students should simply round 
each factor in any way that will enable them 
easily to give a good estimate of the product. 
Thus, estimates will vary somewhat. For ex- 
ample, in 5H if the factors are rounded to 5 
and 1000, the estimate will be 5000. However, 
some students may round only the second 
factor to 1000, think 5.324 x 1000, and give an 
estimate of 5324. 


EXTENSION 
Workbook page 60 and Duplicator Masters 
page 39 offer additional practice exercises. 
Enrichment: This would be an opportune 
time to suggest that capable students explore 
Research Project B on page B-9S, dealing with 
the use of slide rules for multiplying and divid- 
ing decimals. 


Assignments 

Minimum |, 2A-D, 3, 4. 
Average 1, 2, 3, 4, SA-H. 
Maximum |-S. 


Objective 
Given word problems, the student can solve 
them by adding and multiplying using decimals. 


PREPARATION 
Materials: Centimetre rulers, metre sticks, or 
metric tape measures. 

The materials will be needed for Exercises 
4 through 7. 


UTILIZATION 

This lesson provides experiences in measure- 
ment, in multiplying, and in adding and round- 
ing with decimals. 

If you prefer active student involvement in 
this lesson, use the first three exercises to help 
familiarize the student with the use of the 
table in estimating heights. Then use Exer- 
cises 4 through 7 as laboratory experiments. 
You should expect considerable variation in 
heights computed from the table and actual 
heights. Encourage students to work in pairs 
or in small groups as they do the measurement 
problems and to record all results in a table. 

A variety of formulas may be created by the 
students for Exercise 7. For example, a stu- 
dent whose foot is 25 cm long and whose height 
is 162 cm might develop a formula such as 
the following: 

Height = (6 X length of foot) + 12 cm. 


Assignments 


Minimum |, 4. Average 1, 2, 4, 5. 
Maximum 1-7. 
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ESUMATIOG SOUT ENTS 





Anthropologists, using a single bone 
from a human skeleton, can estimate 
quite accurately the height of a man or 
woman who lived many centuries ago. 
For example, if an anthropologist finds 


1. A 45-cm femur was found. About 
how tall was the man? 


2. The length of a humerus bone from 
a woman who lived 20 000 years ago 
is 32.3 cm. Estimate the woman's 
height to the nearest cm. 


3. The skeleton of a Neanderthal 
man who lived about 50 000 years 
ago contained a tibia 38 cm long. 
Estimate the man’s height. 


4. Measure, as accurately as you can, 
the length of your radius and 
humerus and then use the table to 
find your height. How does your 
result compare with your actual 
height? 


Height (centimetres) 


(2.89 x length of humerus) + 70.64 
(3.27 x length of radius) + 85.93 
(1.88 x length of femur) + 81.31 
(2.38 x length of tibia) + 78.66 


(2.75 x length of humerus) + 71.48 
(3.34 x length of radius) + 81.22 
(1.95 x length of femur) + 72.85 
(2.35 x length of tibia) + 74.78 








a27.9-cm radius for a caveman, he can 
estimate the height of the caveman as 
follows: (3.27 x 27.9) + 85.93 = 177.163 
Rounding the answer, the man was 
about 177 cm or 1.77 meters tall. 


5. Measure your femur and tibia as 
accurately as you can. Then use 
the table to determine your height. 


6. One student’s height in centimetres 
was about 20 times the length of 
his middle finger measured to the 
nearest tenth of a centimetre. How 
much does your height differ from 
this comparison? 





™ 7. Measure the length of your foot to 
the nearest tenth of a centimetre. 
Can you derive a formula that will 
give you an estimate of your 
height by using the length of 


your foot? 





Plaact Hlaxves 


1. a Round the number in the table 
for Neptune to the nearest whole 
number. 

sp Use the rounded number to 
estimate the mass of Neptune. 


. Round the appropriate number in 
the table to the nearest whole 
number to estimate the mass of 
Saturn. 





. Round the appropriate number in 
the table to the nearest tenth to 
estimate the mass of Venus. 


. Round the appropriate number in 
the table to the nearest hundredth 
to estimate the mass of Mars. 


The table compares the mass of the planets with 

_ the mass of Earth. When we say that the mass of 
_ Neptune is 17.20 compared with the mass of Earth, 
_ think of a giant balance in which 17.20 ‘‘earths”’ 
wee needed to balance one ‘‘Neptune.”’ 








Mercury 0.0543 
Mars 0.1069 
Venus 0.8136 
Pluto 0.18 
cl Uranus 14.54 
Neptune i/eeO 
Saturn 95.3 
Jupiter 318560 








The mass of Earth has been estimated to be about 
6 xX 10% kilograms or 6 septillion kilograms. 


5. Round the appropriate number in 
the table to the nearest hundredth 
to estimate the mass of Mercury. 


6. About how many planets the size of 
Uranus would it take to “balance” 
with Saturn? 


7. About how many planets the size of 
Mercury would it take to “balance” 
with Earth? 





* 8. The mass of the moon is only 0.012 
as that of Earth. About how many 
moons would be needed to 
“balance” the mass of Earth? 
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Objective 

The student can use estimation and multi- 
plication to solve word problems dbout masses 
of the planets. 


UTILIZATION 

In Exercises | through 6 the student must 
round the factors in the table and then estimate 
the mass of the various planets. 

In Exercise |, knowing the mass of Earth to 
be 6 X 10°4 kilograms, the estimate would be 

Leet oe 10-17 6) 0 
= 102 x 10”, 
or 1.02°° kilograms. 
In Exercise 3, the estimate could be made as 
follows: 
0.8 x (6 X 1074) = 4.8 x 10% 

To solve Exercises 6, 7, and 8 some students 
may think it necessary to divide using decimals. 
However, these problems may be solved by 
thinking about a missing factor in multiplica- 
tion. Since 14.54 Earths “‘balance” with Uranus 
while it would take 95.3 Earths to “balance”’ 
with Saturn, we can solve the problem by find- 
ing approximately how many times 14.54 
equals 95.3. Rounding each number to the 
nearest whole number, we see that the esti- 
mate should be a number between 6 and 7. 
Trying 6.5 as an estimate, we can find that 
6.5 X 14.54 ~95; hence 6.5 is an excellent 
estimate. Similar methods can be used to make 
estimates for exercise 7 and 8. 


Assignments 


Minimum 1, 2, 3. Average I-S. 
Maximum 1-8. 
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Objective 
Given two fractional numbers in decimal 
notation, the student can find their quotient. 


PREPARATION 

Plan a brief review of estimation of products 
using decimals such as those in Exercises 2, 
3, and 4 on page B-79 of this module. 


INVESTIGATION 

The Investigation should give you some in- 

sight into how well your students understand 

the inverse relationship between multiplication 
and division. Students may estimate quotients 
for each part as follows. 

AG SINCe 5aG2)—< 112285 and 5x 3 = 12855 the 
quotient must be 2.57. 

B. Since 0.9 is almost 1, the quotient should be 
about the same as the dividend; hence 5.24 
must be the quotient. 

C. Round the divisor to 3. The quotient cannot 
be 271 because 271 X 3 > 92.14. The quo- 
tient cannot be 2.71 because 3 x 2.71 is 
only about 9. Hence 27.1 is the quotient 
and 3.4 X 27.1 = 92.14. 


DISCUSSION 

For many of your students, this will be review 
of material that they already understand. There- 
fore, tailor the discussion to the needs of your 
students. 

In discussing Exercise 2, bring out the fact 
that if the divisor is a whole number, the deci- 
mal point can be placed directly above the 
decimal point in the dividend. 

Exercises 3 and 4 are designed to explain the 
rationale underlying the shortcut for placing 
the decimal in the quotient. Multiplying both 
divisor and dividend by the same power of ten 
does not change the quotient. Thus, we can 
always rewrite a given division problem so that 
we have an equivalent problem but with a whole 
number divisor. 
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Dividing with Decimals 
Investigating the Ideas 
Dividing numbers named by decimals is much like dividing whole 


numbers. Often you can use estimation and multiplication to 
help you place the decimal point correctly in the quotient. 


Can you place the decimal point correctly in the three 


quotients below and prove that you are correct? 





257 524 2” 
[a] 5 )12.85 0.9)4.716 [c] 3.4)92.14 


Discussing the Ideas 


1. What can you do to check to see if you placed the decimal 
point correctly in the quotients above? 


2. A Where does the decimal point 731 
go in this quotient? 8) 58.48 
B If the divisor is a whole number, can you give a rule 
for placing the decimal point in the quotient? 


3. Every division problem involving decimals can be replaced 
by a division problem that has a whole number divisor and yet 
has the same quotient as the original problem. 
Explain how the diagram shows that the quotient for 


0.9 )0.3924 is the same as the quotient for 9)3.924. 


0.436 
0.9)0.3924 > 0.3924 _ 0.3924 x 10 __ 3.924) _. 9)3.994 


0.9 0.9 x 10 a 








4. Explain each step of the example below. 






Think: Think: Think about the 
Division 100 x divisor. 100 x dividend. division problem. 
problem 7)256.9 





0.07)2.569 “> QR G2 5.0.0 mam On0 We) 215 6.0 mmp0.07)2.569 





Complete 
the dividing. 


3.0.4 





Using the Ideas UTILIZATION 
Students should study the examples in Exer- 

































1. Find the quotients. cises 2 and 3 before trying the exercises. Some 
)67. 115.16. E 63)0.504 )21.46 parts of Exercise 2 will involve annexation of 
prey 98 £34 19,16 970,908 G 58)21.46 zeros in the dividend in order to find the quo- 
B 7)23.59 pb 9)58.5 F 29)17.4 H 84)21.00 tients. You may use the fraction form shown 
in Discussion Exercise 3 to help explain why 
2. Study the example to see how zeros must be WETS NTS ARIE? 
annexed in some problems. Then find each 
P EXTENSION 
quotient. a ‘ : 
Additional practice exercises may be assigned 
A 0.4)29.6 1 0.008 )3.568 a 0.23)0.851 from Supplementary Exercise Set 34 on page 
S-19, Workbook page 61, and Duplicator Mas- 
B 5.8)0.406 J 3.45)24.15 R 5.6)3416 ters page 40. Arithmetic Skill Cards D-4, D-5, 
c 0.5)0.675 « 0.029)0.493 s 0.34)2.856 and {Dp ialsa.ofier appropriate iar ueNs 
Remedial: If some students have difficulty 
p 0.7)305.9 L 61.8)5.562 T 0.029 )28.71 understanding division with decimals, present 
E 0.2)538 m 0.06)3.708 u 54.2)27.642 ae notation in simple examples such as 
F 0.6 )0.5616 nN 0.08 )756.8 v 0.41 ys .599 Ge AS EEO Se 
0.2)8 > oe =o2 x10 = 2 = 40 
G 0.09)47.7 © 0.05)0.1385 w 8.7)5.568 0.03 0.6 — a8y = 7Or8,XA90, = 89 = 20 
H 0.25)0.625 Pp 0.07)15.218 x 0.643 )263.63 Enrichment: Ask students to solve this deci- 
mal division problem, in which each letter 
3. Study the example. Then find each quotient, stands for a digit. 
rounded to the nearest hundredth. Annex zeros, a.b 
as in the example, when you need them. a.b)a.cd 
: ae a 8)3.0 ce 0.58)0.4683—;, “ee 
| EXAMPLE: 2.3,) 1.6690 B 7)32.54 H 0.004 )20.593 bd 
PWesaye js ul )42.345 Solution: a= 1, b=3,c=6,d=9 
“the quotient, RG c 0.9)42.345 1 9)4 olution: a= 1, b=3, c= 6, 
_ rounded to 46 p 0.05 )2.4730 J 0.41 )0.3457 Think Solution 
_ the nearest 130 : ‘ 
Te ae : ‘i 6.1 )31.76 K 2.9)1.672 The Think problem can be solved by trial-and- 
peendreath Bate : error methods. Students will discover after a 
F 0.39)2654 L 52)0.3854 few trials that some of the segments must ex- 


tend beyond the array of dots. 


Assignments 

Minimum 1A-D, 2A-H, 3A-F. 
Average 1, 2A-P, 3A-F. 
Maximum 1, 2, 3G-L. 





More practice, page S-19, Set 34 
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Objective 
The student can read and solve word prob- 
lems involving decimals and metric units. 


UTILIZATION 

In keeping with the philosophy of the text, the 
importance of problem-solving skills is again 
emphasized. 

The Short Stories provide students with some 
interesting material on space and space travel. 
Metric units are used throughout the prob- 
lem set. 


EXTENSION 

Enrichment: Have students find out some facts 
about any recent space explorations and then 
create their own problems based on them. They 
can then give the problems to other students to 
solve, but they must be sure that they them- 
selves can solve each of the problems they 
create. 


Assignments 

Minimum |-S. 

Average Odd-numbered problems. 
Maximum I-13. 
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Short Stories 


1. Satellite orbiting Earth: 
28 080 kilometres in an hour. 
Averaged how many kilometres 
per second? 


2. Rocket to the moon: About 104 
kilometres in 9 seconds. 
How many kilometres per second 
(to the nearest tenth)? 


3. Diameter of Mars: About 0.53 times 
the diameter of Earth. 
Diameter of Earth: 12 754 kilometres. 
What is the diameter of Mars (to 
the nearest hundred kilometres) ? 


4. Rocket to leave Earth: 
11.2 kilometres per second. 
Rocket to leave Mars: 0.6 kilometres 
per second less than half for Earth. 
How fast does the rocket travel to 
leave Mars? 


5. Objects weigh about 6 times 
as much on Earth as on the moon. 
Boy on Earth: 42.5 kilograms. 
Dog on Earth: 1.9 kilograms. 
What is the total “moon weight”’ 
of the boy and dog? 


6. Weight of an object on the moon 
is 0.16 times Earth weight. 
Moon weight of astronaut: 
11.6 kilograms. 
What is his Earth weight? 


7. Rock sample on the moon: 
1.2 kilograms. 
What is the Earth weight? 
(See Exercise 6.) 





(CE TRAVEL 


8. A “year” on Mars: 1.9 Earth years. 
How many Mars years is 18.05 
Earth years? 


9. Speed needed to leave the 
moon: 2.4 kilometres per 
second. 

A How many kilometres 
per hour? 

B Speed needed to 
leave Saturn is 14.7 
times as fast as for the moon. 
How fast in kilometres per hour? 










10. A “day” on the moon: 
About 27.3 Earth days. 
A day on Saturn is 10.5 hours. 
How many times greater is the 
moon day (to the nearest 
hundredth) ? 


11. Time needed to orbit Earth: 
About 95.6 minutes. 
How many complete orbits in © 
8 hours? 


12. Weight of an object on Mars 
is 0.39 times its weight on Earth. 
Astronaut’s weight on Mars: 
30.42 kilograms. 
What is his Earth weight? 








13. Steak: 1.12 kilograms. 
Potatoes: 4.5 kilograms. 
Flour: 2.25 kilograms. 
Grapes: 1 kilogram. 

Find the total “Mars weight”’ 
of the groceries. | 
(See Exercise 12.) a 





Wordless Probl aie 
ro Ems Given a picture or diagram, the student can 


; write a word problem for it and solve the 
Each picture suggests a problem. Study the picture carefully. problem. 
Then write and solve your own problem for the picture. 
UTILIZATION 
) The Wordless Problems provide the students 
with an opportunity to construct their own 


problems from given situations. 





Sample Problems and Solutions 

1. A pipe 70 cm long is cut into 4 pieces of 
the same length. How long is each piece? 
(17.5 cm) 

. If a car is driven from the city to the lake, 
a distance of 260 km, in 3 hours, what is the 
average speed? (86.7 km/h, to nearest tenth.) 

3. What was the total distance of two trips, 
one of 662.3 km and the other of 567.5 km? 
(1229.8 km) 

4. What is the length of one side of a square 
whose perimeter is 209.6 cm? (52.4 cm) 

5. A field with perimeter 201.4 metres has a 
width of 23.9 metres. What is its approxi- 
mate length? (76.8 metres) 

6. A page from a dictionary is about 0.008 cm 
‘thick. The dictionary is about 12 cm thick. 
About how many pages does the dictionary 
have? (About 1500) 

7. After sailing 448 km, the Flynn family found 
that they had traveled about 0.7 of their trip. 
How far was their trip? (640 km) 

8. One wire has a diameter of 1.48 cm and a 
second fine wire has a diameter of 0.00005 
cm. How many times greater is the diameter 
of the first wire than that of the second? 
(29 600 times) 

9. It is 152 km to Toledo and the speed limit 
is 95 km/h. How long will it take to drive to 
Toledo at the maximum speed? (1.6 h) 


Nm 
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EXTENSION 

Page 41 of the Duplicator Masters provides 
problems that would be appropriate for addi- 
tional practice. 





Assignments 
Minimum 1, 2, 4, 5. Average 1-6. 
Maximum 1-9. 


Objective 
Given a fraction, the student can write an 
equivalent decimal for the fraction. 


PREPARATION 

Review the method of finding fractions for 
decimals and finding decimals for single frac- 
tions such as 7, 2, and 7%. If you desire, you 
can move immediately into the Investigation 
and discuss the two methods shown for finding 
a decimal for #. 


INVESTIGATION 
After the students have studied the two meth- 
ods of finding a decimal for 3, give them suf- 
ficient time to try to find decimals for the three 
fractions in the question box. The first two frac- 
tions can be expressed as decimals by‘ using 
the multiplication method: 
if PeoS 35 
205 20"S) WIOUN aan? 
se A ela 
5 ul acral 00s Mita | 
For +é, most students will probably use the 
division method, although 
3513 GiO2350) 8125 
16 16-625 10000 
The difficulty with the multiplicative method 
for +¢ is that it is difficult for most students to 
discover the proper number, 625, by which to 
multiply both numerator and denominator. 
The method used by most of your students 
will probably be the division method, in which 
the numerator is divided by the denominator. 
This is an acceptable method, but you should 
help students understand why it works. 





= 0.8125. 


DISCUSSION 

Work through the Discussion Exercises as 
a class activity. As you do so, be sure to bring 
out points such as the following: 0.33 is not 
exactly 3, but it is the decimal representation 
of 4% to the nearest hundredth. Demonstrate 
this fact by dividing | by 3. 
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Writing Decimals for Fractions 


Investigating the Ideas 








When you are given a decimal, it is Decimal Fraction 
usually easy to write a fraction that 
names the same number. But, when you ave 
017 =/ 
are given a fraction whose denominator 100 
is not a power of ten, the problem is 
more difficult. 2? umm : 
Study the two methods below. 
MULTIPLICATION METHOD DIVISION METHOD 
33 «41p5an 4375 3 ei 
a a 3 ~ 3~ 8 =8)3.000 
: 24 
~ 60 
3h. OTD 56 
Therefore, 8 1000 > 0.375 “40 
40 
0 


Can you use one of these methods to find decimals 


which name the same number as 20, 38, and ye ? 


Discussing the Ideas 


=k 


. Explain how to use each of the methods to find a decimal for $. 


Explain how to use each of the methods to find a decimal for §. 


Which method do you think is easier? 


. Explain how to use each method to find the decimal for x. 


. This picture shows how Mike thought 


in order to find an approximate 
decimal for 3. Do you think 


Mike has found a decimal that 
represents the same number as the 


fraction 4? Explain your answer. 





. Can you use either method shown above to find a decimal that 


represents the same number as the fraction x? Explain your answer. 





i 


‘ 


Using the Ideas 

















Give the number for n. Then give the correct decimal. 
28 trpintips aR pel ee os pen ees 

A 50-100 — ? 200 = 7000 = ? Qi4= joo =? 
4. nan - IORI nr b) 7a on Fea) 

Bas =a0 =? E 500 = 1000 = ? H 25> i000 ? 
7 a icAsegeh —- =. PR) OLE ail eT oa 
<'25 100 * F 260 — 1000 ' 80 = 710000 > ? 

. Find the quotients. In each problem, continue dividing until the 


remainder is zero. Then give the correct decimal for the fraction. 


c 2)27>%=?7 E40)9> =? 


a§8)53=? : 
p 16)1—55=7 Pei Bea ey 


B 25)6—- £=? 


I 


. Write a decimal for each number. Use any method you choose. 


As E 20 ' 40 M 200 @ 500 
Ba F 35 J 50 N 700 R200 
c % a 2 K 4 o 28 s 72 
D is H 3 L i865 P 35 wT 2h 


. Study the examples. Then write a decimal that represents 


a number equal to or approximately equal to the number given. 
The symbol ~ means “‘is approximately.”’ 


EXAMPLES: [a] 2. a7 = 0.37 
56 +3) _..19 


[e] BS — 4900 _ 4900 + 65 _ 68 _ 9 66 
6500 650065 100 | 
73 


4672 





_ 
N 
N 
o 


A 50 F 999 K 30 P 6000 U tot 
B 99 G so L 2000 Q 73 V 499 
© 200 H 300 M 007 R 3 W 5000 
D 600 1 700 N 250 s 75 X 99 
E 4 J 30 © 3000 T 37 Y 33 


. In each exercise, solve the equation for n. 


Then find a fraction for x. 


A 7 X 0.42857 = n B 19 x 0.8421 
0.42857 ~ x 0.8421 ~ x 


n c 9 X 0.22222 =n 
0.22222 ~ x 


More practice, page S-20, Set 35 


UTILIZATION 

All of the fractions in Exercises 1, 2, and 3 
have terminating decimal representations; that 
is, if the division method is used to find a deci- 
mal for the fraction, a remainder of zero will 
eventually occur. A fraction can be represented 
by a terminating decimal only when there is a 
fraction having a denominator of 10, 100, 1000, 
and so forth, in the set of equivalent fractions 
for the given fraction. It is easy to determine 
whether or not such a fraction exists within a 
set of equivalent fractions by examining the 
denominator of the lowest-terms fraction. This 
denominator must contain only factors of 2, 5, 
or both in its complete factorization. This is 
clear when you consider that the numbers 10, 
100, 1000, 10 000 and so forth contain only 
twos and fives as factors. Therefore, if the de- 
nominator has a factor of 3, for example, the 
set of equivalent fractions will not contain one 
having a denominator of 100. 

Point out the introduction of the symbol for 
“approximately” (~) in Exercise 4. This sym- 
bol will be used frequently in the future, so the 
student should become familiar with it. 


EXTENSION 
Additional practice exercises are provided in 
Supplementary Exercise Set 35 on page S-20, 
on Workbook page 62, on Duplicator Masters 
page 42, and on Arithmetic Skill Cards D-7, 
D-8, and D-9. 

Enrichment: Give additional practice in esti- 
mating decimals for fractions like those in 
Exercise 4: 





AY os Bayar 1G. D., 33 Eas 
F. ar,  Gusas H. tong) leiiees | assse 
Assignments 


Minimum 1A-F, 2A-D, 3A-H. 
Average 1, 2, 3A-P. 
Maximum 1-5, alternate parts. 
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Objective 
Given a fraction, the student can represent 
it by a repeating decimal. 


PREPARATION 

Since this lesson is closely related to the 
previous lesson, little preparation is neces- 
sary. If you wish, however, review the division 
method for finding a decimal for a fraction. 


INVESTIGATION 

Allow time for the students to study the two 
examples in the Investigation and to find the 
decimals for the fractions. 

You may expect that some students will not 
easily see the repeating pattern for + because 
its decimal has a period of 6; that is, the decimal 
goes six places before repeating itself. The re- 
mainder for each step is a different number and 
less than 7, hence the division process leads to 
a previous remainder after 6 steps. 


DISCUSSION 

The important mathematical concept associated 
with this section is that each fractional number 
can be represented by a repeating decimal and, 
conversely, each repeating decimal represents 
some fractional number. The converse state- 
ment is not discussed in this book. 

It is convenient to have your students under- 
stand the two different types of notation used 
for repeating decimals. Three dots may be 
used to show that the indicated pattern con- 
tinues to repeat, or a bar over the digits may 
show the repeating period. Note also that when 
a decimal terminates, it can be thought of as 
a decimal which repeats zeros. Thus, 

4= 0.25 = 0.250 = 0.25000... .=0.250 


B-88 


Repeating Decimals 


Investigating the Ideas 


The decimal for 0.75 The decimal for 0.5454, °. 
= terminates. 4)3.00 a repeats 11)6.0000. . . 
: 50 ae aks endlessly! | 
20 Ad. 
0 ~ 60 
55 





50 
Can you use division to show which of the 44 
fractions have terminating or repeating decimals? 6 









A. B. C. D. 


| 
oo|N 


4 
7 


Aja 





Discussing the Ideas 


1. If the decimal for a fraction terminates, what must 
be the last remainder in the division process? 


2. If a fraction has a repeating decimal representation, 
what can you say about the remainders in the division 
process after the repeating part begins? 


3. a Study the example for finding a decimal for 3. 
Will the remainder ever be zero? 


Dividing tenths Dividing hundredths Dividing thousandths 


073, R 1 03 RE 0.33aR a 
3)1.0 ~ 3)1.00 —'9)1.000 


B What kind of decimal names the fraction for 3? 


4. The three dots in 0.33. . . indicate that the threes repeat indefinitely. 
Another way of representing a repeating decimal 
is to write a bar over the group of digits that repeats. 


4=033...=03 &=0.454545...=0.45 57 =0.037037...=0.037 


Can you use both the dot and the bar notations to express 
the repeating decimals that you found in the Investigation? 








Using the Ideas 


. Use division to find the repeating decimal that represents 
each fractional number. 


2 bil < 4A 7 1 5 
A 3 Cc 44 27 G 71 iS K 7 M 42 
iL ak 5 x 5 5 5 
B6& D9 F6 H 37 J 73 Lo we N 77 


. Round each repeating decimal that you found in Exercise 1 
to the nearest hundredth. 


. Use bar notation to represent each repeating decimal. 


A 0.232323... D 0.20672067... G 0.010101... 
B 0.4122222... ER GSSOGi. 5% H 0.434343... 
CG O.6176 172. Fed; Oli2222 228s pe On/ O57 0S ieee. 


. Use the ‘‘three dot’’ notation to indicate these repeating 


decimals. 

A007 c¢ 748 j.6€ 083 4a 0.7892 1 0.46 
BeO2t 9p 0.218. <r 56.249 ediinis3.0 J 8.63 
. Find a repeating decimal for each fraction. 

A 3 B 39 c 999 D 9999 E 99 399 


. Use the results of Exercise 5 to give a repeating decimal 


for each fraction. Try to do this without dividing. 


7 8 5 2 1000 
Ag B 99 C 999 D 9999 E 99999 





. Write a fraction that represents the same number as 0.347. 
Check by dividing. 


. Find the repeating decimai that represents a: What interesting 
fact do you notice about this decimal? 


IUUFU 


In the magic square to the right, the sum 
of each row, column, diagonal, and the 
four corners is the same. 











1. To complete the magic square, use each of 
the numbers 1 through 16 just once. 





2. What is the sum? 





UTILIZATION 
Permit the students to use either the bar nota- 
tion or the dot notation in expressing their 
answers to Exercise |. Note the relation be- 
tween exercises 5 and 6. Students should ob- 
serve that $=0.111..., then $=7 3, So 
$=0.777 .... Similarly, since 95 = 0.010101 
oo won 8 2 Bp = OOSOSO on oe 

From these examples students can generalize 
so that in Exercise 7, they will see that 0.347 
must have a fractional representation of 33. 
This can be verified by carrying out the divi- 
sion indicated by the fractions. 


EXTENSION 

To provide more practice, choose assignments 

from Workbook page 63, Duplicator Masters 

page 43, and Arithmetic Skill Card D-8. 
Enrichment: Ask students to find some sums 

using repeating decimals and then use fractions 

to check the problems. Sample problems: 





O.11111...= 3 B. 0.44444...= ¢ 
Os M11 =e A OD22200 2 NSS 
(03333 a8 oe De ON TT eee 
002020 ee a5 + 0.002002 ...= 959 








Think Solution 

The problem will be solved by trial-and-error 
methods. A good place to begin is the square in 
the lower right hand column. The only numbers 
possible for this square are 2, 3, 4, 5, 8, 10, 
and 12. Only the number 4 in this square is 
possible. Hence the magic sum is found to be 
34 and the remaining squares can be filled in 
quickly. 


Assignments 


Minimum 1 A-H, 2A-H, 3A-E, 4A-D. 
Average 1-6. Maximum 1-8. 
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Objective Mixed Decimal Numerals 


Given an appropriate fraction, the student 
can write an equivalent mixed decimal numeral 


Bil CORR ely. Investigating the Ideas 


PREPARATION Often a combination of a decimal and a fraction called 
Wet ctscneieclocely related to thetmre riots a mixed decimal numeral is written for a fraction. The 
lesson. You might again review the division examples in the table show how you can find several 


process of finding a decimal for a fraction be- mixed decimal numerals for the fraction >. 
fore beginning the Investigation. 


INVESTIGATION 

An effective way to introduce the Investigation 
is to go through the step-by-step development 
for each of the three mixed numerals in the 
Investigation. In the first step, note that the 
fraction is expressed in lowest terms 74 = 0.47% 
= 0.44. Similarly, lowest-terms fractions were 
used in expressing the other two mixed nu- 
merals. After carrying out the division to thou- 
sandths, ask the students what would be the 
mixed numeral in ten thousandths for 7. From 
their work with repeating decimals, they should 
see that it would be 0.41663. 





Can you give mixed decimal numerals for 3 
in tenths, hundredths, and thousandths? 





DISCUSSION Discussing the ideas 
The Discussion Exercises bring out the con- 
verse of the problem given in the Investigation. 1. What mixed decimal numeral 0.6 
Thus, given a mixed decimal numeral, students in tenths does the division 13)8.0 oye 0... lll ut 
2 {ill 

are to find the common fraction for the decimal. problem suggest? 78 13 
As an example other than the one given in 2 
antes a! gabe uetbaartaa ge 2. How could you find a mixed decimal numeral in hundredths for 5? 

pple FE 25 ik, Suid “pi W25aididn 

in6pe TOI! 96% 6 10 60 12 3. The example shows how you 

Work through the example in Exercise 3, can find a fraction fora 
and then have the students try to find the frac- mixed decimal numeral. 
tion for .124 in this manner: . 
Gio Bits teh wan ee ce repo Explain how you could find 

pL TAN ee 2 100 200 8 a fraction for 0.125. 


The number line interpretation of mixed deci- 
mal numerals in Exercise 4 is designed to give 
students aless abstract notion of such numerals. 





4. You can think of 0.73 as a name for 
the point on the number line that 1 
is halfway between the points for 
0.7 and 0.8. Can you give mixed decimal 
numerals for points A, B, and C? 0.66 D: Neandleat = inde” y #8 
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Using the Ideas 


1. Write a mixed decimal numeral for each number name. 


a 7 and tenths p 66 and § hundredths 
Bp 16 and } hundredths E 785 and ¢ thousandths 
c 37 and 5 thousandths F 83 and @ hundredths 


2. Copy and complete the table. 






3. Write a fraction for each mixed decimal numeral. 
a 0.1t 6B 006S c 083 wv 0663 €£ 0.0312 F 0.375 


4. Give a mixed decimal numeral for each lettered point on 
the number line. 


<a) 9 2—_—_—_—_@— e e —_e—_—__—_@—_> 
0.2 X 0.3 Yj 0.4 = OS) 





5. Write a fraction for each mixed decimal numeral of Exercise 4. 





More practice, page S-21, Set 36 


UTILIZATION 

Assign the exercises according to the ability of 
your students. Those students needing addi- 
tional practice should be directed to Supple- 
mentary Exercise Set 36 on page S-21. 


EXTENSION 

Pose this question for the students: “If the 
fractional part of a mixed decimal numeral is 
z, how can you write the numeral as a termi- 
nating decimal?’ Give an example such as 
0.7%. Students can solve this problem as 
follows: 


i aa ie (aay ake 
075-7010. 10°20 100 100 
75 

>= 0.75 


Alternately, 
eet ab joy ork ac 
ee a ae 

Thus, 3 in a mixed decimal numeral can always 
be replaced by the digit 5 in the next decimal 
place. Similarly, 0.64 = 0.625, 0.084 = 0.0825, 
etc. 

Arithmetic Skill Card D-10 would be appro- 


priate for use in reinforcing these ideas. 


Think Solution 

The pieces do not quite fit together to make a 
rectangle that is 5 X 21. However, they come 
so close to forming a 5 X 21 rectangle that it is 
somewhat astonishing that the area of the two 
rectangles differs by 1 square unit. It can be 
proved mathematically that the pieces of an 
8 by 13 rectangle cannot be reassembled to 
form a 5 by 21 rectangle, but it is sufficient if 
students see that if they cut very carefully, the 
pieces will not fit exactly to form a rectangle. 
If the pieces are labeled as below, it might be 
easier to explain the reassembling. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-S. 
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Objective 


Given a decimal for a number that is greater 
than I, the student can represent the number 


in scientific notation. 


PREPARATION 

Scientific notation was introduced in Unit A 
on page A-10, in the work with whole numbers. 
You could introduce this lesson by reviewing 
the use of scientific notation with simple multi- 
ples of powers of ten such as 600, 8000, 
9 000 000, and so on. 


UTILIZATION 
Discuss the material in the table with the stu- 
dents. Point out that just as 800 can be written 
in scientific notation as 8 X 10? or 8.00 x 107, 
so also can we write 864 in scientific notation 
by placing the decimal point in the numeral 
864 so that it represents a number between | 
and 10 and then multiplying it by the appro- 
priate power of 10. Discuss the other examples 
in the table, and then assign the exercises. 
When the students have finished, have the 
answers checked and have troublesome prob- 
lems placed on the chalkboard for discussion. 


EXTENSION 

Additional practice in scientific notation is pro- 
vided by Supplementary Exercise Set 37 on 
page S-21, Duplicator Masters page 44, and 
Arithmetic Skill Cards AP-3 and AP-4. 


Assignments 

Minimum 1A-E, 2A-D, 4A-D. 
Average 1A-G, 2, 3A-E, 4. 
Maximum 1-4. 
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scieatitic aotstioa—QECIMALS 


A number other than a power 
of ten is represented using 
scientific notation when it 

is written as the product 

of a number between 1 

and 10 and a power of ten. 
In the table, each number in 
Column A is represented in 
Column B using scientific 
notation. 








For a power of ten such as 1 000 000, we might write 1 = 10° 








1. Find the number for nin Number be moen Eowenot 
each row of the table. ~ Lande fen 
A 37 x 
2. Represent the numbers eels a 
in scientific notation. Seas “ | 
a 700 ef ie x 
B 900 E 4800 x 
ce 8000 F 96 000 = 9.6 x< 
» 70000 Goon 5.83726 x 
e 600000 H 9463.21 = n b< 
F 100 000 580 000 = 5.8 > 
x 


n = Shi 





3. Represent the numbers in scientific notation. Each number 
is a period of time given in seconds. 


Hour: 3600 c Month: 2 550 000 

Day: 86400 pb Solar year: 31 556 900 
Average life of man: 2 000 000 000 

Revolution of Pluto about the sun: 7 820000 000 
Half-life of radium 226: 52 400 000 000 

One rotation of the Milky Way: 6 000 000 000 000 000 


zonms Pp 


4. Write each numeral in the usual way. 
A 4.32 x 103 46165402 Ea. O:2.xo10 8 
B 5.4 x 10% bp 7.0 x 10° F163 24108 


Gind.9 X07 
H 1.02 x 10° 





More practice, page S-21, Set 37 










Comparing Units within the Metric System 


In the metric system there is an important relationship 
between some of the units for length (metre), 
ass (gram), and volume (litre). The problems 
below deal with this relationship. 


1. The mass of a cube of water that is 

1 centimetre on each edge (1 cubic centimetre) 
is 1 gram. You probably drink about 

1800 cubic centimetres of water each 

day. How many grams of water is this? 





. Use the diagram at the right 

to answer the questions. 

A How many grams is ina 
litre of water (H,O)? 

B How many cubic centimetres 
are in a litre? 

c One gram of water is what part 
of a litre of water? 





. A cubic centimetre is 1 millilitre (ml); 


that is0.001 litre. What is the mass ; 
in grams of 25 millilitres of water? 
. The mass of a given volume of sea water is 
# about 1.03 times that of an equal volume of 
fresh water. What is the mass in grams of one 


litre of sea water? 


>. The mass of a given volume of gasoline is only 

0.68 times that of an equal volume of water. 

A How many grams is one litre of gasoline? 

B How many litres of gasoline would be needed 
to make one kilogram? 


LES 


30 cm 
. Ice has a mass that is about 0.92 times that of Ys 
§ an equal volume of water. What is the mass 
of the block of ice shown? 30 cm 


40 cm 


’. Gold is about 19.3 times as massive as water. 
How many millilitres (to the nearest tenth) 

of gold would have the same mass as one 
litre of water? 


Objective 
The student can solve problems involving 
comparisons of metric units. 


UTILIZATION 

Metric units of length, mass, and volume have 
been used frequently in other lessons of this 
module and in earlier modules. This lesson 
shows the close relationship between these 
three units. 

A gram is the mass of | cubic centimetre of 
water at standard pressure and temperature. 
Since a litre contains 1000 cubic centimetres, 
one gram of water is 0.001 of a litre. This funda- 
mental relationship between the units makes 
conversion from one unit to another quite 
simple. For example, given 250 grams of water, 
its mass is 250 grams and its volume is 250 
cubic centimetres, or 250 millilitres or 0.25 litres. 

If possible, have standard metric units avail- 
able for students to see and use in connection 
with this lesson. Students may be interested in 
facts such as that a Canadian nickel weighs 
about 5 grams and a half dollar weighs about 
12.5 grams. 

Medical dosages are often given in terms of 
cubic centimetres, which is symbolized by cm’. 


Assignments 
Minimum 1-3. Average 1-6. Maximum 1-7. 
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Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 

Many of the review exercises can be effectively 
used as discussion exercises. Other problems, 
which are computational in nature, could be 
assigned to selected students and solutions 
could be placed on the chalkboard and dis- 
cussed. 

Following the completion of the review exer- 
cises, the self-evaluation test could be taken 
by the student as preparation for a module 
achievement test. 

More module review exercises are provided 
on page 64 of the Workbook. 
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REVIEWING THE IDEAS 


1. In the decimal 0.347516, which digit 
tells how many 


A hundredths 
B tenths 
ce millionths 


p ten thousandths 
—E thousandths 
F hundred thousandths 


2. Write a decimal for 5 + 74o9- 
3. Write a mixed numeral for 72.0936. 


4. Write a decimal for 
7-100+5:10+3-1+2-75+8° 700 


5. Write 26.3745 in expanded notation 
(exponent form). 


6. Give the correct symbol (<, =, or >) 
for each il. 


a 0.9 0.900 ¢ 6.2370 Illi 6.0237 
B 3.09 'illi3.90 » 7.099 i 7.10 


7. Find the sums. 
A 2.6+ 7.1 + 7.39 
B 3.7+ 59.642 + 463.24 + 0.803 


8. Find the differences. 


A 97.5— 36.9 B 23.7 — 9.341 
9. Find the products. 

A 0.7 xX 4.9 dp 3.59 

B 0.03 x 0.0057 x 4.3 


c 42.8 x 0.006 


10. Find the products. 
A 10 x 5.736 D 0.1 x 87.54 
B 1000856 € 7: x 956 
c 10°x 5.428 fF 0.001 x 87.6 


11. Round 57.5649 to the nearest 
A whole number ec hundredth 
B tenth pb thousandth 


12. a Estimate the product 7.96 x 49.843. 


B Find the product in part a. How ) 
close was your estimate? 


13. Find the quotients. 
A 8)2.776 B 0.7)0.526 ec 0.04)1¢ 


14. Use the information in the chart to 
answer the following questions. 





A Find the total number of kilometres} 
travelled. 

B Find the total number of litres 
used. 

c What was the total cost of the 
gasoline for the weekend? 

pb How many kilometres per litre 
(to the nearest tenth) did the car 
average on Saturday? 





15. Write a decimal for each number. 
4 LTA 


9 
AS B 20 © 32 
16. a Represent 4% as a repeating decima 


B Round the decimal in part a to the 
nearest hundredth. 


17. Give a mixed decimal numeral in 
hundredths for $. 


18. The distance from the Earth to the 


19. Give the correct number for each ||lll. | 
1 litre = ||\l| millilitres . 
B 1 millilitre of water weighs |||] gram 
c 10 millimetres = |l|l| centimetre 

p 1 litre of water weighs ||ll| kilogram 


> 
















action for 0.217. 
imal for 5350- 









ich is the best estimate for the 
duct 38.705 x 19.1? 









B 650 ¢ /50- 
ind the products. 
0.02 x 1.6 D 42.3 

0 x 27.4 x 0.29 


0.001 x 37429 


#A A micrometer is an instrument used 

measuring small dimensions. Find a 

micrometer and see if you can figure 

out how to use it. Then use it to 

measure the following items: 

A The thickness of a pencil. 

B The thickness of a sheet of 
notebook paper. 

c The thickness of a hair. 





oC : 0.07 il) an 


7. Find the quotients. 
A 7)2.24 


8. Find a repeating decimal for 4. 


9. Express 75 as a mixed decimal 


10. The equator of the Earth is about. 





B 0.54)0.4212 





numeral in hundredths. 


40000 kilometres long. This is 
about 3.14 times as long as the 
diameter of the Earth. 





a What is the diameter of the 
Earth? Round your answer to the 
nearest hundred kilometres. 


Bs Express your rounded answer in 
part ain scientific notation. 


Learn how to multiply and divide with 
decimals using a slide rule. Most 
slide rules come with a pamphlet 
explaining their use. 


Find out some of the history behind 
the metric system of measurement. 
Prepare a display of various metric 
units. Sufficiently emphasize how 
the prefixes of the metric units are 
used. 


Figure out how ‘“‘decimals”’ are used in 
bases other than ten and be able to 
explain their use to your Class. 


For example, 3.246) a Sy ton 
1.235) = 1.52 


(ten) 


TEST YOURSELF 
This self-evaluation test should give students 
an adequate assessment of their understanding 
and skill in use of decimals as presented in this 
module. 

Objective and test item correlations are 
shown by annotations on the student book 


page. 


RESEARCH PROJECTS 

For Research Project A, shop micrometers 
and instructional materials might be obtainable 
from the industrial arts department of your 
school. Micrometer manufacturers are often 
glad to supply informative materials concern- 
ing the use of the instruments. 

Research Project B would be an excellent 
project to carry out in conjunction with the 
lessons concerning estimation with decimals. 
Most products and quotients found by means 
of a slide rule are approximations, and facility 
in use of a slide rule requires placement of 
the decimal point by mentally estimating the 
answer. 

Information for Project C can be found in 
encyclopedias, government publications, and 
other reference materials. 

Note that in Research Project D the use of 
the word ‘“‘decimals” in reference to bases other 
than ten is a misnomer because “decimal” re- 
fers to ten. However, we can use this “point” 
notation in other bases. For example: 


3 FE 
4.32... means 4 + Fs =F 62’ or 
a) 
in base ten 4 + = = 42 = 4.5. 
And 1.235) = 1.52 ten) because 


ES) 13 
1.23.5) = (base ten) 1 ie ya a 1 +35 


Se 
=1+—~=1,52. 
Pe SeT Tee 


MATHEMATICAL RECREATION 
This imaginary operation, +, is not difficult to - 
understand. To find a ‘“‘squm,” simply square | 
each addend and then find their sum, as in the 
examples below. 
oe eons yp tang ges You are familiar with the four operations, 
addition, multiplication, subtraction, and 
division as well as the basic principles 


THE + OPERATION 


Qt 42? + 42 = 4p 16.= 20 





10 + 10 = 10° + 10° = 100 + 100 = 200 for addition and multiplication. Just for P 
Answers a fun, let’s invent a new operation called 
LESH ge C28 La Gael ‘‘squareaddition.”’ Study the examples to (( 

B. 41 Dis83h F. 481 Hiatt 42, figure out how to ‘“‘squareadd.”’ We might 
Bab: “SiGS ya HF wart bes , call the answer to a squareaddition - 

B. No, (2+ 1) +3=34and2+ (1+3) = 104 problem a ‘“‘squm.” Pi 

C. No, 8 +0= 64 . E ; Ee 

D. Commutativity principle holds true. As- . Find the “‘squms. } 

sociativity and zero do not. VV. a3 af 1 Ae fe 7 i 
3. A. 60 | 5 b | 
B. 180 45 pb 15+ 25 

2 2 : t pest 
C. No, 3- (2+4)=60 and (3 -2)+ (3.- 4) L 
= 2 2 B 

Rube 180 Does 2+5=5+2? bp Do you think that the commutative, 
a 2 2 2 2 associative, and zero principles hold | 
“abet doe kare ad Rul hooees oes (2D > ieee ae true for “squareaddition’”? lel 
5. Answers will vary. RED " ates f . 


Find 3: (2+ 4). c Does 3- (2+ 4) =(3-2) +(3-4)2 
EING*S 2) + (3 - 4). bp Does the distributive principle seem 
to hold true with respect to 49 
. Solve the equations. 
ai S+wv=igdheu wre graehye 6 2-y+3 209 


. Invent a new operation of your own. See if a classmate can 
figure it out. Check to see if the basic principles hold true. 


—l_ = Pw ae en = 2 


a 


a 


| | 
ia 
} q 
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UNIT B: THE ARITHMETIC 
OF FRACTIONAL NUMBERS 


Module 5: Ratio, Proportion, and Percent 


General Objectives 
To introduce the concept of ratio. 


To use ratios and proportions to solve problems. 
To introduce the idea of percent and percent notation. 


To provide experience with practical percentage problems such as sales 


taxes and interest. 


To relate percent notation to fraction and decimal notation. 


To provide estimation experiences with percents. 





MATHEMATICS 
Ratio, proportion, and percent constitute the 
main ideas of the module. 

The ratio of a number x toa number y, y ¥ 0, 


written x:y, is the fractional number - Two 


B-O7TA 


ratios are equal if each names the same frac- 
tional number. The statement that two ratios 
are equal is called a proportion. In the propor- 
ce ae os 
tion had 
a and d the extremes of the proportion and b 


, or a:b =c:d, it is customary to call 


Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
71 RED The student can use the simplest-terms ratio to compare B-100, 101 WB 65 
two numbers. DM 45 
72 RED The student can solve a problem by writing and solving a B-102, 103 WB 66 DS b-2 SWM 2 
proportion. (B-98, 99) DM 46 200, 201 
73 RED The student can write a percent as a decimal or as a B-108, 109 WB 68, 70 ASC D-11, 12 
fraction. B-112, 113 DM 48, 50 PD h-2 
74 RED Given a fraction or a decimal, the student can find the B-108, 109 WB 68 ASC D-13, 14 
corresponding percent. DM 48 PD h-2 
75 RED The student can find the percent of a number. B-110, 111 WB 69 PD h-3 
DM 49 DS g-4 
76 YELLOW Given word problems involving percent such as sales B-116, 117 WB 70, 71 ASC AP-18, 19, 
tax or interest, the student can solve them. B-118, 119 DM 50, S1 20, 21 
B-111, 113 PD h-3 
77 YELLOW Given two numbers, the student can find what percent B-120, 121 WB 72 
one number is of the other. DM 52 
| 78 GREEN The student can use ratio in measurement and scale B-104, 105 WB 67 SP f-1 
drawing problems. B-106, 107 DM 47 
79 GREEN The student can estimate using percent. Bales WB 73 SWM 1 302 
Reviewing the Ideas B-124 WB 74 


and c the means. Using the property of equality 
of fractional numbers, we can show that 
dy 
b d 
This is often stated verbally as, “In a propor- 
tion, the product of the means is equal to the 


if and only ifa-d=b-c. 


product of the extremes.” This idea often forms 
the basis for solving problems that involve 
proportions. 

The language of percent is used to show that 
we are thinking of hundredths. Thus, if n is any 
a or ai or 0.01: x. 
Using this basic definition, we can write frac- 
tions or decimals for percents or vice versa. 

One of the main objectives of this module is 
for the students to gain a clear understanding 
of the relation between percents and ratio. 
Thus, when students read statements such as 
“The sales tax rate is 5%,” they should be able 
to state that this means “‘S¢ out of each 100¢ 
is sales tax” or “$5 out of each $100 is sales 
tax.” If such simple relations are clear, work 
with more difficult ideas pertaining to percent 
will be made easier. 


number, n% means n - 


TEACHING THE MODULE 


Materials 

Cardboard or posterboard, map pins, paper 
clips, centimetre rulers, graph paper, geo- 
boards, geoboard paper or dot paper, news- 
papers (for advertisements) 


Vocabulary 

extremes proportion 
interest ratio 

interest rate sales tax 
means scale 

percent simplest terms 
principal 


The first lesson of the module introduces the 
student to the idea of a ratio as a way of com- 
paring two numbers. This is followed by work 
with proportions applied to problems concern- 
ing measurement and scale drawings. 


Although some students may have had an 
introduction to percent in their previous work 
in mathematics, we assume little prior know- 
ledge of percent and develop the concept as an 
outgrowth of the work on ratio. The relation 
between fractions, decimals, and percents is 
given careful consideration. Two kinds of per- 
cent problems are presented in this module: 
(1) finding a percent of a number; (2) finding 
what percent one number is of another. 

Practical applications of percent to sales tax 
problems and simple interest are also covered. 
The module concludes with estimation prob- 
lems using percents. 

The amount of emphasis you will want to 
give to the topics of this module will depend, 
of course, on the ability of your class. Since 
much of the material is likely to be new to your 
students, your pace through the material should 
be geared to the ease with which the students 
can master it. 


Lesson Schedule 
Although generally each lesson is designed to 
constitute one day’s work, you may find it nec- 
essary to spend more than one day on some 
lessons. Furthermore, the bulk of the material 
is likely to be new to most of your students, so 
a pace slower than usual may be desirable. 
Depending upon the material covered, the 
amount of remediation, extension, and testing, 
and the ability of your students, you probably 
should allow a minimum of 12 days and a maxi- 
mum of 15 days to complete your coverage 
of the module. 


Evaluation 

If you design your own achievement test or 
evaluation measures, you should find the per- 
formance objectives stated at the beginning of 


the module extremely helpful. By comparing 
your test items with the objectives, you can 
readily decide whether your are overemphasiz- 
ing certain topics and neglecting other topics. It 
may be that you have designed some test items 
for which no specific objective was listed. 
Analyzing your own tests in this manner will 
lead to tests that are close to meeting the objec- 
tives of the module. (Module and Unit Achieve- 
ment Tests are also available from the publisher 
as part of the test package for this series.) 

Utilize your day-to-day contact with your 
students as an aid in evaluating them. Short 
quizzes and oral questioning are also useful as 
evaluation devices. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Developmental Math Cards, K12, L2, 4, Addi- 
son-Wesley 

Experiences in Mathematical Ideas, Vol. 2, 
“Ratio,” pp. 69-95, NCTM ; 

Fractional Numbers, Geocards 24-26, Crea- 
tive Publications 

Let's Play Games in Mathematics, Vol. 7, “Per 
Cent In Between,” pp. 50-51, National Text- 
book Co. 


Manipulative Devices 

Decimal and Percentage Board (Ideal) 

Geoboards (Addison-Wesley) 

Pantograph (Geyer) 

Tangrams (Addison-Wesley; Creative Publi- 
cations) 


Games and Puzzles 
In-order Game Kit (Midwest Publications) 









NIT B: The Arithmetic of Fractional Numbers. 


‘MODULE 5: Ratio, Proportion, and Percent 

















OBJECTIVES: 


After completing this module, you should be able to: 
1. Compare one number or measure to another 

by means of a ratio. 

Write and solve proportioris such as § = 3g. 

Use ratios in measurement and in scale 

drawings. 

Write a percent as a fraction or a decimal. 

Write fractions and decimals as percents. 

Find a percent of a number. 

Solve interest, sales tax, and other problems 

involving percent notation. : 

. Find what percent one number is of another 

number. ie 

. Make estimates using percent. 


See) 


SOON 


a 
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Objective 
The student can compare two numbers by 
means of a ratio. 


PREPARATION 
Materials: Heavy cardboard, map pins or tacks, 
paper clips. 

The illustration in the text suggests a model 
for a spinner. This spinner consists of a pin 
stuck in a piece of heavy cardboard, with a 
paper clip pointer. An alternate type of spinner 
can be made from a plastic margarine tub, with 
the circular top serving as the dial. If you pre- 
fer, use wooden cubes with the letter A marked 
on 3 faces, B marked on 2 faces, and C on the 
third face. Tossing such a cube will give results 
equivalent to those of the spinner. 


INVESTIGATION 

The purpose of the Investigation is to introduce 
ratios through a physical activity. Although the 
Investigation deals with a probability experi- 
ment, the emphasis is on recording the results 
of the experiment by means of a ratio. Encour- 
age students to work in pairs or in small groups 


, to carry out the Investigation. A variety of 


results for the Investigation will enhance the 
discussion and provide numerous examples of 
different ratios. 


DISCUSSION 

To capitalize on the results of the Investiga- 
tion, you may want to discuss the results of 
the experiments as compared to expected re- 
sults. The pointer should be expected to stop 
in region A for 4 of the tosses, in region B for 
3 of the tosses, and in region C for 4 of the 
tosses. 

The basic idea of a ratio is introduced in 
Exercise 3. Two kinds of symbols for ratios 
are also introduced. Point out that the lan- 
guage of ratio is essentially just another way of 
talking and thinking about fractional numbers. 
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What are Ratios? 
Investigating the Ideas 


Make a spinner like the 
one shown at the right. 


Region A covers 3 of the 
dial, region B covers 4, 


and region C covers g. 


Spin the pointer 60 times 
and make a tally of the 
results. 


Can you write fractions that 
compare the number of times 


the pointer stopped in each 
region to the total number 
of spins? 





Discussing the Ideas 


1. Did the pointer stop in region A for about 4 of the 
number of trials? 


2. Linda made this tally sheet 

for the experiment. 

A How many times did the 
pointer stop in region A? 

B What fractional part of the 
trials did the pointer stop 
in region A? 

c Repeat the question for regions B and C. 














3. In order to compare two numbers, you can often use a ratio. 
For example, Linda could have said, ‘‘The ratio of the number 
of times the pointer stopped in region A to the total number 
of trials was 32 to 60.”’ You can write the ratio ‘‘32 to 60” 
as 32:60 or 26. 


What other rote could Linda have written for her results 
in the Investigation? 





Using the Ideas UTILIZATION 
Note that the answers to Exercises | through 5 


will vary from class to class and, in some in- 
stances, from student to student. Since these 
questions may be highly motivating to your stu- 
dents, you might find it worthwhile to have 
several different students write ratios that they 
find for these exercises on the chalkboard for 
comparison and discussion. 

Exercises 6 through I1 may be assigned as 
written work. 





Find the following ratios. 


1. The number of boys to the number of girls 
in your Class today. 


2. The number of people in your class who 
wear glasses to those who do not wear 
glasses. 


3. The number of windows in your mathematics classroom to the EXTENSION 
number of doors. Remedial: Ask students to write each ratio in 
the forms § and a:b. 
4. The number of letters in your first name to the number of A. 3 to4 E. 6 to 10 Li dtor3 
letters in your last name. B. 7 to 3 F. .Bito 2 Pee | 
@Wstono GAlestog7, Ke sito 
5. The number of letters in your middle name to the number of D. 8 to9 H. | to 100 L. 99 to 100 


letters in your first name. Enrichment: Have the students invent two 


problems like the ones in this lesson. Students 
6. The number of eyes you have to the numbers of fingers you have. should be able to write their own problems. 


7. The length of a millimetre to the length of a centimetre. Think Solution 
8. The length of a centimetre to the length of a metre. 


9. The number of vowels in the alphabet to all the letters in 
the alphabet. 





r-—----- 


10. The number of prime numbers less than 50 to the number of odd 


numbers less than 50. Assighments 
Minimum 1-5, oral. Average 1-5, oral; 6-9. 


Maximum 1-5, oral; 6-11. 


11. The number of provinces in Canada whose name ends in 
the letter ‘‘a’’ to the number of provinces. 


Wu 


Trace the cross and the dotted 

lines. Cut out your tracing and 

then cut along the dotted lines. 
Now fit four pieces together 

to make a square. 
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Objectives 

Given two ratios, the student can express 
them in simplest terms. 

Given two ratios, the student can determine 
if they are equal. 

Given a proportion, the student can show 
that the product of the means is equal to the 
product of the extremes. 


PREPARATION 

Review the basic ideas concerning the lan- 
guage of ratio and the various symbols used to 
denote ratios. 


INVESTIGATION 

This Investigation uses team standings to intro- 
duce the idea of equal ratios. Usually the team 
standings given in newspapers are printed as 
decimals and incorrectly referred to as “‘per- 
centages.” In this Investigation, students are 
expected to use their knowledge of fractional 
numbers and ratios to decide which team has 
the best winning record. 

Most students will probably give the frac- 
tions denoting the win ratios in lowest terms. 
A few students will probably find a decimal for 
each fraction and compare the decimals. Either 
method should be accepted. 


DISCUSSION 

Encourage various students to describe the 
methods they used to compare the win ratios 
in the Investigation. Exercises 1 through 4 
utilize the ratios given in the Investigation to 
introduce equal ratios, simplest terms for a 
ratio, and proportion. 

The words “proportion,” ‘“‘extremes,”” and 
“‘means” may be new to most students. It is 
important to emphasize that in any proportion 
the product of the means is equal to the product 
of the extremes, because this gives the student 
a method of solving for one of the parts of a 
proportion when the other three are given. You 
may want to remind your students that this 
idea was studied earlier, when pairs of fractions 
were tested for equivalence by finding ‘cross 
products.” That is, 

57 if and only ifa-d=b-¢ 
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Ratios and Proportions 


Investigating the Ideas 


Study the team 
records in the chart. 





Can you decide which 
team has the best 






CARDINALS “techy 


record? 





Discussing the Ideas 
1. Explain how you decided which team had the best record. 


2. The Expos won 18 out of 24 games or 38 of their games. 


A What is the lowest-terms fraction for 38? 


B Do you think it is correct to say, ‘“‘The Expos 
won 3 out of every 4 games that they played? ’”’ 


3. The ratio 8 in simplest terms is 3 What are the win 
ratios for the Cubs and the Pirates in simplest terms? 


ais 


4. The ratios 18:24 and 3:4 are equal ratios because 8 = 
A statement that two ratios are equal such as 39 g—3 is 
called a Propertlons 
A Could the ratios $§ and ? 39 form a proportion? 

B What does this tell you about the Expos and the Cubs? 
c Could the ratios 7¢ and 38 form a proportion? 


5. In each proportion, we call Means (middle numbers) 
two of the numbers means and 
the other two extremes 3:6= 4:8 


A Which numbers are the means 
and which numbers are the 
extremes in the two proportions 
at the right? Os, 

B Complete this statement: 3X15) 

In a proportion, the product of the means Means Extremes 
is equal to the product of the ?. . 


Extremes (end numbers) 


Using the Ideas 


. Express each ratio in simplest terms. 


as B 8to 10 © 25:15 D 32 E 36 to 20 


. In each proportion, tell which pair of numbers is the means 
and which is the extremes. 


a f= B 1:4=7:28 a jae p 5:8 = 200:320 


. For each proportion, show that the product of the means is 
equal to the product of the extremes. 


A 2:3=4:6 B 1:2=12:24 c 5to3=15to9 bp 10 to8=5 to 4 


. Write a proportion using the four numbers in the equation 
9-4=3.- 12. Can you find more than one proportion? 


. A ballplayer’s ratio of the number of hits to the number 
of times at the bat is 4 to 14. 


A Give two different symbols for the ratio which compares 
the number of hits with the number of times at bat. 


B Write a proportion using the ratios in part a. 


. Out of a total 42 cars in a parking lot, 15 were sports cars. 


A What was the ratio of the number of sports cars to all the 
other cars? 


B What is this ratio in simplest terms? 
c Write a proportion using the ratios of parts a ands. 


. On atest, Diane said that she got 32 of the problems correct. 
Ellen said that she got pa of the problems correct. 

A Express each ratio in simplest terms. 

B Can the two ratios form a proportion? 








UTILIZATION 

The exercises present proportions using dif- 
ferent notations. Thus the proportion }=€ 
may be also written 3:4=6:8 or “3 to4= 
6 to 8."., You may want to encourage students 
to read these proportions as “three is to four 
as Six is to eight.” 

Many students may feel more comfortable 
working with proportions using fractional nota- 
tion, but they should become familiar with the 
other forms as well. 


EXTENSION 
Workbook page 65 and Duplicator Masters 
page 45 offer additional practice exercises. 


Think Solution 

The solution for 1980 can be found by listing 
pairs of factors of 80. From this listing, those 
pairs meeting the condition that the month date 
is a number from | to 12 and the day is a num- 
ber from | to 31 can be easily found. 


April 20, 1980 (4/20/80) 
May 16, 1980 (5/16/80) 
August 10, 1980 (8/10/80) 
October 8, 1980 (10/8/80) 


The solution for the second question will of 
course depend upon the year of solving. 


Assignments 
Minimum 1-5. Average 1-6. Maximum 1-7. 
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Objectives 

Given a proportion, such as == +8, the stu- 
dent can solve the proportion. 

Given an appropriate word problem, the 
student can solve the problem by means of a 
proportion. 


PREPARATION 

Write several ratios on the chalkboard, includ- 
ing several that are equal ratios. Ask two stu- 
dents to name which pairs could form a pro- 
portion and then check this by determining 
whether the product of the means equals the 
product of the extremes. 


INVESTIGATION 

Although the problem in the Investigation can 
be solved by means of a proportion, it is not 
likely that many students will use this method. 
Some students may use an argument such as 
this: ““There are 2 as many girls as boys. Since 
there are 80 boys, there must be 2- 80= 48 
girls.” 

A more intuitive argument would be: ‘“‘There 
are 3 girls for every 5 boys. There are 16 sets 
of 5 boys. Therefore, there must be 16 sets of 
3 girls or a total of 48 girls.” 


DISCUSSION 
The greatest emphasis of the discussion should 
be on writing and solving proportions. Go 
through the steps in the Example in Exercise 2 
carefully. The proportion 2 = #5 can be written 
because if n represents the number of girls, the 
ratio go must equal 2. The second step states 
that the product of the means equals the prod- 
uct of the extremes. To complete the solution, 
the student must solve the equation 5 - n = 240. 
This solution is found by dividing to determine 
the missing factor. 

Present and discuss other examples similar 
to Exercises 4 and S, if necessary, before mov- 
ing on to the Utilization stage. 
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Solving Problems with Proportions 


Investigating the Ideas 






Can you find the solution 
to this problem? 






In Jamestown Junior High School 
the ratio of girls to boys in the 
seventh grade is 3 to 5. If there 
are 80 boys in the seventh grade, 
how many girls are in the seventh 
grade? 


Discussing the Ideas 


u- 


2. 


Explain your solution to the problem in the Investigation. 


You can write a proportion to 
help you solve the problem. 
Explain each step in the 
example, then give the number 
for n. 


. What is the total number of 


students in the seventh grade? 


to find the number for n. 


A 


. Read the problem below. 


At a picnic, the ratio of adults to children was 3 to 5. 
If there were 24 adults, how many children were there? 


If you let m= number of children 
what ratio compares the number 





| Let n represent the number of 
| girls in the seventh grade. qi 





. Explain how you would solve this proportion 


of adults to the number of children? 


Which proportion [a] Sr 
is correct for the 5 24 
problem? 


Solve the correct proportion for n. 


ee 
[5] 2 = 


24 


n 





Using the Ideas 


1. Solve the following proportions for n. 


a 2 ope i 250 
A 8 16 Ce233—n= 5 Eos = 700 G,=75 
lig eae 9 Que , <<) 3 n 
B oh = 45 D Deo —aOen F i 100) H >= 


In Exercises 2 through 9, write a proportion for each problem 
and then solve it. 


2. For a class party, Jeanne bought 10 doughnuts for 
every 3 students. How many doughnuts did she buy if 
there are 24 students in the class? 


3. The ratio of field goals scored in a basketball 
game to field goals attempted was 2:5. Eighty 
Aleld goals were attempted. How many field 
goals were scored? 





4. Acar can travel 7 kilometres on one litre of gasoline. 
How many litres would be needed to travel 266 kilometres? 


5. The ratio of kilometres driven to litres of gasoline used was 
a to 4. How far was it possible to drive on 72 litres 
of gasoline? 


6. The ratio of distance in centimetres shown on a map to the 
actual distance in kilometres is 1 to 50. If the map distance 
between two cities is 9 centimetres, how many kilometres is 
it from one city to the other? 


7. A baseball player has made 2 hits for every 7 times at bat. 
If the player has been at bat 210 times, how many hits has 
he made? 


8. In a group of students, there are 7 girls for every 5 boys. 
Determine x if 
A there are 14 girls for every x boys 
B there are 35 girls for every x boys 
c there are x girls for every 15 boys 


bp the ratio of girls to boys is x to 50 
E the ratio of girls to boys is 42 to x 
F the ratio of boys to girls is x to 119 


9. The ratio 5:3 compares the population 
of City A with the population of city B. 
If a total of 8000 persons live in the 
two cities, how many live in each city? 





More practice, page S-22, Set 38 


UTILIZATION 

Assign the exercises according to the needs 
and abilities of your students. After the stu- 
dents have completed the exercises, allow suf- 
ficient time for selected students to show the 
proportions they have written and their method 
of solution. 


EXTENSION 

To provide additional practice, make selective 
assignments from Supplementary Exercise Set 
38 on page S-22, Workbook page 66, and Dupli- 
cator Masters page 46. 

Enrichment: Some students will be interested 
in learning how proportions can be used to find 
the heights of objects by measurement of their 
shadows. At the same time of day, the ratios 
of the heights of any two objects to their 
shadows are equal. 

Suppose a vertical stick 2 metres long casts 
a shadow | metre long at the same time that 
the shadow of a flagpole casts a shadow 9 
metres long. Then, letting x denote the height 
of the flagpole, we have 

dingy 2 
97 77 t= 18 metres. 

Although the proof of this rests upon the 
idea of similar triangles, students can usually 
use the method without being concerned with 
the geometric ideas involved. This activity 
provides an opportunity for some field work 
and diversion from the usual classroom routine. 


Assignments 
Minimum 1-5. Average 1-8. Maximum | -9. 
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Objective 

Given two measures with different units, the 
student can express the measures with a com- 
mon unit and find the ratio of the measures. 


PREPARATION 
Materials: Rulers 

Give several ratios orally and have students 
decide whether the ratio is in simplest terms. 


INVESTIGATION 

The important concept to develop in this lesson 
is that, when we are discussing the ratio of two 
measures, it is desirable to express both mea- 
sures in the same unit. 

Allow the students to choose for themselves 
the unit they wish to use in carrying out the 
Investigation. If the centimetre is used as the 
unit, the ratio is easily found to be 6:8 or 3:4. 
Students who elect to use the inch as the unit 
may find it difficult to give a simple ratio and 
report it as 2¢:33%, which is 38:51. Note that 
g~ He. 

DISCUSSION 

When discussing Exercise |, you might suggest 
that students use a 2-cm segment as their unit 
of measure for EF and GH. They will find that 
the ratio of the length is still 3:4. If a 3-cm 
unit is used, the ratio will be 2:23 or 

Gags 


8 4 
This should help to convince students that the 
ratio of the lengths is independent of the unit of 
length chosen. 

Go through the parts of Exercises 2 and 3 
carefully, discussing ways of finding the ratios 
in simplest terms. In order to avoid working 
with complex fractional numbers, the measures 
being compared should be expressed using the 
smaller of the two units. Thus the ratio 
40 s 
3 min 


= 
23 


<oo| so|o> 


should be rewritten so that the minutes 


40s 40s 2 








are expressed in seconds: 3min 180s 9° 
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Ratio in Measurement 


Investigating the Ideas 


‘ A B 
The ratio of the fl 
length of AB to the 
length of CD is 1:3. 
C D 


Can you find the ratio 


of the length of EF to 
the length of GH? 





Discussing the Ideas 


1. What unit did you choose to measure the lengths EF and GH? 
Do you think that the ratio of the lengths of the segments 
depends upon the unit that you chose? 


2. When you use a ratio to compare two measures, it is helpful 
to express both measures with the same unit. Study parta. 
Use the relationships between the different units to give 
the following ratios in the simplest-terms 








1m _ 100 ' 1s ll 

a 1 m=100 cm sees mG 1 = 60 — — | 
1 cm 1 PaemnED ' 1 min — fil 

1 kg _ Illi th _ fll 

ps 1000 g=1 kg—> —— — ei h =60 min ~- ——= 
9=1 ko> To = il LmntOe cll 

1mm _ lll th _ ill 

c10smm =hcma = a eF 1 day=24h — _— MM 
1cm_ ill : 1 day © lll 


3. To find the simplest-terms ratio for “30 minutes to 2 hours.” 
you can write 
30 min 30min _— 30 _1 
2h 2-60min 120 4 
Explain how to find the simplest-terms ratio for each of 
the following: 


A 5cmto 20 mm c¢ 700'g, to 1.2 kg E 250mg toig 


B 24mm to 4cm D 40sto3 min F 12 days to 2 weeks 











Using the Ideas 


1. Give the appropriate value for x. Then give the ratio 
in simplest terms. 


























3m _3-x_ Ill 7km _7-x_ lll 85mm __85_——_siil 
50cm 50 ill 850m 850 _—~——siI{| eel een eee a || 
83cm _3-x_ lll 200m _ 200 _ Il 420 cm _ 420 _ |ll 
7mm = =67_—sf{l 4km 4:-x_ fll 8m 8-:x fll 


2. In each part, give the indicated ratios in simplest terms. 
Ano cm tod im D 5mmto5cm G 2mto50cm 
B 2mto10cm E 6cmto4m H 2m 45cm to 50 cm 
Gea inim to 1 cm F 20cmto4m 1 1km 420 m to 200 m 


3. Express each measure with the same unit, then give the 
ratio in simplest terms. 





























3 min z 8mm ms 1mg F 3 day 
40s 1cm 1g 8 wk 
3h “ 400 m 4 100 9 . 2cm 
20s 2 km 1 kg 11mm 
3 day . 500 ml 2500 g , 44 min 
75 min ot 5 kg 3h 


4. Give the indicated ratios in simplest terms. 


4cm 8mm 1h 20 min ¢ 2m_20 cm 
7cm 2mm 3 h 40 min 5m 





1km 234m 56cm 7mm 
7 km 654 m 32 cm 1mm 








1 wk 3 days e Lm 23cm 4mm 


4 wk 2 days 4m 32cm 1mm 


funn 


There is a shortcut for 
squaring numbers which 
are multiples of 5. 

First find the number for 
nin each example at the 
right. Then, without using 
pencil or paper, determine each product below. 


15-15=10-20+n 
25 - 25=20: 30+ n 
55 -55=50-60.4+nAn 


65-65 2. 75°75 3. 85 - 85 4, 95.:.95 





UTILIZATION 
The importance of these exercises will be ap- 
parent in the following lesson, which covers 
scale drawings where ratios involving different 
units of measurement are used. 

In Exercise 3, the students should express 
the ratio in simplest terms using the unit shown 
in color in each part. 


Think Solution 

Any number whose units digit is 5 may be 
squared by first finding the product of the two 
nearest multiples of ten of the number and 
then adding 25 to that product. 

The shortcut used in this problem is derived 
from the use of several basic principles. Note 
especially the multiple use of the distributive 
principle, such that the problem becomes one 
of multiplying multiples of 10 and adding 25. 
This is illustrated for the product 15 - 15. 

1S - 15= (10+ 5)(10 + 5S) expanded 

notation 
=VOsr Sse Cis 5))5 
distributive principle for 
multiplication over addition 
(dpma) 
=(10- 10 +5 - 10 
“PU Sse se 5 
=(10-10+10-5 
op (10 Seis) 25) commutative 
principle for multiplication (cpm) 
=O Kies Oe Oes sy Saki eossy) 
+ 5-5 associative principle 
for addition (apa) 
LOMO sa > ai) heard pm 
10(20) + 25 computation 


) 
)dpma(2) 
) 


Assignments 
Minimum |, 2. Average 1-3. 
Maximum 1-4. 
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Objective 

Given a scale for a drawing, the student can 
determine actual measurements of the object 
represented, 


PREPARATION, 
Materials: Centimetre ruler. 

If possible, secure several different kinds of 
scale drawings for display and discussion in 
conjunction with this lesson. Maps, blueprints, 
house plans, or other scale drawings will be 
useful. 


INVESTIGATION 
Students who realize that, because the drawing 
is yo actual size, the object it represents will be 
10 times as large as the drawing will quickly 
find that the drawing represents a basketball. 
The diameter of the circle in the scale drawing 
is about 2.4 cm, so the object it represents has 
a diameter of about 24 cm. 

If you wish to extend the Investigation, ask 
the students to show a scale drawing of each 
of the other balls using the same scale. 


DISCUSSION 

In discussing Exercise 3, you may want to 
point out that when we write, “Scale: 1 cm = 
5 km” we do not mean literally that 1 cm equals 
5 km but that 1 cm on the map represents an 
actual distance of 5 km. Since 

I City) Siem lcm 


5km 5-1000m 5-1000-100cm 





l 


500 000° 
2 I : 
we see that the map is 500 000 actual size. 
In Exercise 4 the scale of | m= mm 


means a ratio of 
lcm _10mm_ 100 
jmm 7mm 1 
Thus, the picture of the amoeba is 100 times as 
large as the actual size of the amoeba. 
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Scale Drawings 
investigating the Ideas 
The figure below shows a 


scale drawing of a certain 
kind of ball. 


2 Geuine 
Kind of Ball | | “Orirmeter. 





Basketball 





Scale: 75 actual size 





to decide which kind of ball the scale drawing represents? 








Discussing the Ideas 
1. Explain how you decided which ball the scale drawing represented? 


2. The scale for the drawing of the ball gives the ratio of the 
diameter of the drawing to the actual diameter of the ball. 


A What is this ratio? 


B The diameter of the actual ball is 
how many times that in the drawing? 


3. A scale on a map reads 1 cm =5 km. 
If the distance between two points 
on the map measured 3.8 centimetres. 
how can you find the actual distance 
between the two points? What is the 
distance in kilometres? 


4. This is a drawing of a microscopic 
creature called an amoeba. 
A How many times larger is the 
drawing than an actual amoeba? 
B The drawing of the amoeba is 
about 2.5 cm long. What is the 
actual size of an amoeba? 


Amoeba 





Scale: 1 cm = 35 mm 








Can you use your centimetre ruler and the information in the table 

















. The map at the right is a 


. Ascale drawing of a whale as it might appear 


Using the Ideas 


. The table gives distances from some of the planets to the sun. 


















Planet | Distance (km) 
Mercury 58 000 000 

| Venus 108 000000 _| eel TO _@ Planet A 
Earth 150 000 000 >e’Sun 
Mars 228 000 000 Planet Ce-—— ~e Planet D 
Jupiter 777 000 000 
Saturn 1 426 000 000 Scale: 1 cm = 100000 000 km 














Tell which planet in the table is represented by 


A PlanetA B Planet B c Planet C p Planet D 


. If the planet Jupiter were shown on the scale drawing in 


Exercise 1, about how many centimetres away from the 
point for the sun would it be? 


scale drawing of France. 
A What is the distance 
from Paris to Nantes? 
B What is the distance 
from Nantes to Marseilles? 
c What is the distance from 
Paris to Marseilles? 





Scale: 1 cm = 320 km 


in a dictionary is shown at the right. 
A How many millimetres long is the drawing? 1 
B Estimate the length of the whale in metres. 


. The drawing at the right shows a microscopic 


creature called a paramecium. 

A How many millimetres long is 
the drawing? 

B Find the actual length of the 
paramecium to the nearest tenth 
of a millimetre. 





Scale: 250 times actual size 


. Measure the length and width of your classroom. 


Choose a scale and make a scale drawing of the room. 


UTILIZATION 

Students will need centimetre rulers for the 
exercises. In Exercise 4 the ratio zoo Means 
the drawing is zoo0 actual size. Large diction- 
aries often show scale drawings in this manner. 
The scale is such that 1 unit on the drawing 
represents 1000 actual units. 

Although the problems can be solved without 
using proportions, some students may set up 
and solve proportions for some problems. For 
example, in Exercise 5: 

Let x = paramecium’s actual length. 


5 
20 =F, 250- x= 14> x ~03 mm 





EXTENSION 

To provide appropriate additional practice, 
make assignments from Workbook page 67 and 
Duplicator Masters page 47. 

You may find it helpful to provide some 
additional map activities to augment this les- 
son. The students can benefit from working 
with the scale on a given map, whether it is a 
community, state, or national map. 

You may also suggest that some students 
make a scale drawing of football fields, tennis 
courts, or the floor plan of their homes, as sug- 
gested by Research Project A on page B-125. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-6. 
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Objective 

Given a simple percent such as 17%, the 
student can express it as a fraction and as a 
decimal, and conversely. 


PREPARATION 
Materials; Graph paper (Duplicator Masters, 
page 83). 

Review lowest-terms fractions and the rela- 
tion between fractions and decimals. As ex- 
amples, use several fractions with denominators 
of 2, 4, 5, 10, 100. 


INVESTIGATION 

The purpose of the Investigation is to provide 
semiconcrete experiences with fractions whose 
denominators are 100, as a prelude to intro- 
ducing the idea of percent. 

The square region that is 7oo of the 10 by 10 
square is a square with 7 units on each side. 
However, to show a square that is 7s of the 
10 by 10 square is more difficult. The student 
must find a way of showing a square region 
that covers one half of the large square. The 
only way possible is to form the square by 
connecting the midpoints of the sides of the 
large square. If some students have difficulty 
seeing this, show that the 4 triangles on each 
corner will exactly cover the square, so it must 
be 3 or 745 as large as the 10 by 10 square. 





DISCUSSION 

In discussing Exercise 1, ask students to give 
a fraction that compares the size of each square 
to the large square. The term “percent” is intro- 
duced in Exercise 2. This word comes from the 
Latin phrase per centum, which means in the 
hundred. Exercises 3, 4, and 5 relate percent 
notation to function and decimal notation. 

The basic definition of percent is: 


If n is a whole number, then 7¢0 can be ex- 
pressed as n%. 
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The Meaning of Percent 





Investigating the Ideas 





Square region A covers 790 
of the large square region. 








Square region B covers 745 
of the large square region. 











What part of the large square 
region does region C cover? 


Outline a 10 by 10-unit 
square on graph paper. 








Can you draw square regions that will cover 
#3, and 35 of the large square region? 


Discussing the Ideas 


1. What is the size of some other square regions that you 


could draw inside the 10 by 10 square region? 


. Fractions with denominators of 100 are easily expressed 


in terms of percents. For example, instead of saying 
“Square region A covers 705 of the large square region.” 
You could say: 


“Square region A covers } percent of the large square region.” 


You can write: ‘1 percent” as 1%’. 1% means 349 Or 0.01. 
What percent of the large square do square regions B and C cover? 


. You can think of 6% as meaning ‘6 out of 100”’ or ae5 or 0.06. 


A How can you think of 41%? 
B What fraction means the same as 41%? 


. Explain how to find a fraction for each percent. 


A 8% B 27% c 2% dp 90% E 50% F 40% 


5. Since 0.23 =, what percent can you write for 0.23? 





. 


Using the Ideas 


1. Write a percent for each fraction. EXAMPLE: ,., = 50% 


17 14 10 1 66 100 
A 700 C 700 E 400 G 700 ! 400 K +00 

29 cle of 97 75 125 
B 7400 D +00 F 700 H 700 J 400 L 700 


2. Give a decimal for each percent. EXAMPLE: 35° -0.35 


[\ BWA C25 E 12% G 9% 1 2% K 95% 
B 94% D 20% F 10% H 3% J ilivo L 102% 


3. Give a percent for each decimal. EXAMPLE:0.18 — ¢-, — 18% 


AmO2./. c 0.66 ERO G 0.04 1 0.40 K 1.00 
H 0.01 we OS L 1.16 


B 0.35 pd 0.60 F 0.08 


4. Write an equivalent fraction with a denominator of 100. 


Then give the percent for the fraction. 
EXAMPLE: 4 = +5 = 25% 


1 1 1 Zz re 9 
en 23 Cas cas Ghia ‘26 K j0 
1 1 3} 4 2 11 
B io D 50 Fa H 55 A) L 50 
5. Give the number for each |||ll in Examples B, C, and D in the table. 
















Fraction 
(hundredths) 


Decimal 





Statement 






3 of 25 boys are on. 
the football team. 













There are 3 boys for 
every 5 students. 


[=] =F] 









| saved $7 out of $20. 


Mike made 5 free 
throws in 5 tries. 


The ratio of boys to girls in a group of children was 3 to 5. 





[=] [2] 








Then 24 girls left the group and 24 more boys joined it. 
The ratio of boys to girls became 5 to 3. How many boys 
and girls were in the original group? 





More practice, page S-23, Set 39 






oth | Il % 


UTILIZATION 
The exercises on this page give students varied 
experiences with percent notation. Only whole 
percents are presented in this exercise set. 
Fractional and decimal percents will be treated 
in later lessons. 


EXTENSION 
Students who would benefit from further prac- 
tice with the ideas presented in this lesson 
should be referred to Supplementary Exercise 
Set 39 on page S-23. You might also make se- 
lective assignments from Workbook page 68, 
Duplicator Masters page 48, and Arithmetic 
Skill Cards D-11 through D-14. 

In addition, you might want to provide some 
practice in finding lowest-terms fractions for 
given percents, such as: 


1. 25% =735 =+ 6. 50% (3) 
2. 90% (%) 7. 60% (2) 
3. 40% (2) 8. 35% (x5) 
4. 75% (3) 9. 44% (44) 
5. 20% (4) 10. 80% (4) 


Think Solution 
An algebraic solution follows. Let 3m equal the 
number of boys and Sn equal the number of 
girls. Then: 
3n+24 5 

5Sn—24 3 
(3n + 24)3 = (Sn — 24)5 

9n + 72 = 25n — 120 





192 = 16n 
l12=n 

36 = 3n, boys 
60 = Sn, girls 


Although most of your students will use trial 
and error to arrive at a solution, they should 
find clues in the problems as to possible num- 
bers to try. Two such hints might be: the origi- 
nal number of girls is greater than 24; the 
numbers are probably multiples of 12, since 
24 leave one group and 24 join the other group 
and the ratio still involves the same whole 
numbers in reversed order. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-5. 
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Objective 
The student can find a percent of a number. 


PREPARATION 

Materials: Geoboards and rubber bands, or 
geoboard paper or dot paper (Duplicator Mas- 
ters, page 82). 

If geoboards are not available, duplicatéd 
geoboard paper or dot paper can be substituted, 
or students can be instructed to draw a 5 by 5 
array of dots on plain paper. 


INVESTIGATION 

Students may use various methods to find the 
number of nails on the geoboard that repre- 
sents 16% of the total. One intuitive argument 
might be similar to this: “If there were 100 
nails, then 16% of the nails would be yoo of 
100, or 16. Since there are only 25, or 4 as 
many nails, the answer must be { of 16 or 4.” 
Some students may recall methods of comput- 
ing with percent and use the method shown in 
Discussion Exercise 2. The success of your 
students in the Investigation may help you to 
determine the amount of instruction needed. 


DISCUSSION 
Allow sufficient time for students to discuss 
the various methods they used in the Investi- 
gation. In Exercise 2, 16% is written as a deci- 
mal to find 16% of 25. Of course one may use 
qay OF ss aS Well as the decimal; however, most 
students find it easier to compute with deci- 
mals. For percents such as 25%, 50%, and 75%, 
the fractional notation may be the easiest to use. 
Exercises 4 and 5 apply percent to problems 
involving money. If you wish, you may give as 
additional examples some problems which in- 
volve rounding answers to the nearest cent, 
such as those in Exercise 3 on the next page. 
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Finding a Percent of a Number 
Investigating the Ideas 
Use a geoboard like this one 


for the Investigation. 


Can you place a rubber 
band around 16% of the 


number of nails on the 
geoboard? 





Discussing the Ideas 


1. How did you find the number of 
nails to enclose on the geoboard? 


2. Study the method that Jim 
used to find 16% of the 
number of nails on the 
geoboard. 


Use Jim’s method to find 
24% of the number of nails 
on the geoboard. 


3. Could you enclose 10% of the nails on the geoboard 
with a rubber band? Explain your answer. 


4. Joan had $3.00. She spent 40% of her money. 
A How Can you find how much money she spent? 
B How can you find how much money she had left? 


5. A sports coat was originally priced at $60. 
During a sale, it was marked ‘25% off.” 


A What does ‘'25% off’? mean? 


B How would you find how much you would have to 
pay for the coat during the sale? 


JIM 


16% of 25 means 162 x25, 
/6 46 =0./6 
Pie 


Ol/6ix pap 2Ot seas x0/6 


750 
£9. 








1. Find the percent of each number. 
A 20% of 100 D 50% of 124 
B 35% of 100 E 10% of 850 
c 25% of 40 F 23% of 200 


Using the Ideas 


G 1% of 100 
H 3% of 100 
1 5% of 80 


2. Find the products. Replace each percent by a decimal 


before multiplying. 


A 25% x 18 D 35% x 244 
B 52% x 278 E 78% x 549 
c 80% x 16 F 1% x 1569 


G 12% x 82.3 
H 45% x 2.36 
1 2% x 139 


3. Find the percent of each amount of money. Round your 


answer to the nearest cent. 





moo wo Pp 


Solve each problem. 


4. A winter coat was originally priced 
at $75. During a sale it was marked 
e306 Off. 

A How much less is the sale price? 
B For what amount will it be sold? 


5. Margaret earned $785 one month. 
22% of her earnings were deducted 
for taxes. How much money was 
deducted for taxes? 


6. Between 1960 and 1970, the 
population of a certain city 
increased 20%. If the 1960 
population was 60 000, what was 
the 1970 population? 


74% of $1000 
33% of $75 

40% of $89.95 
10% of $96.47 
1% of $234.19 


1: 


F 24% of $1250 
G 25% of $36.84 
H 11% of $1.95 

1 8% of $320.49 
J 99% of $67.95 


A salesman sold a car for $3400. 
He earned a commission of 8%. 
How much money did he earn for 
this sale? 


. A suit of clothes originally priced 


at $100 was reduced by 30%. 
Later the suit was reduced by 20% 
of the reduced price. What was 
the final price of the suit? 


. After spending 60% of her money 


for a sweater, Irene had $8.00 left. 
How much did she have originally ? 


UTILIZATION 

Assign the exercises according to the needs 
and abilities of your students. Allow time for 
discussion of answers, especially of the word 
problems in this set. 


Solution, Exercise 8 

The suit was not reduced by 50%. The second 
reduction was on the sale price, not the origi- 
nal price. The first reduction was 30% of 100 = 
$30. The second reduction was 20% of $70 or 
$14. Thus the sale price is $56. 


Solution, Exercise 9 

Since Irene spent 60% of her money, she must 
have 40% of her original amount left. If 
x = Irene’s original amount of money, then 
0.40 - x = $8.00, and x = $8.00 + 0.40 = $20.00. 


EXTENSION 

Use Workbook page 69 and Duplicator Masters 
page 49 to provide more practice with these 
concepts. 

Enrichment: Make a collection of newspaper 
advertisements which show sale prices in terms 
of percent reduction. Post the advertisements 
on the bulletin board with one problem based 
on each advertisement below it. Have the stu- 
dents solve the problems. Challenge them to 
make up their own problems about the ad- 
vertisements. 

Some students might like to follow up this 
activity by making charts like those described 
in Research Project B on page B-125. 


Assignments 


Minimum 1A-F, 2A-F, 3A-D, 4, 5. 
Average 1-7. Maximum 1-9. 
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Objective 

Given a percent such as 33%, 12.3%, or 
300%, the student can express the percent as 
a decimal and solve problems involving such 
percents. 


PREPARATION 

Review the meaning of percent notation and 
give examples in which students write a given 
percent as a fraction or a decimal. 


INVESTIGATION 

The Investigation introduces the student to a 
method of finding a decimal for a given per- 
cent by means of a flow chart. The ability to 
use this method is especially important in prob- 
lems involving such percents as 55% or 18.5%. 
For example, if a problem asks for the amount 
of interest at the rate of 7% to be paid on a 
loan of $400, students can think: ‘$7.00 for 
each of the four 100’s, or $28 interest.’” How- 
ever this type of reasoning is of little help in 
finding the interest, for example, on $784.93 
at a rate of 5.25%. In this case, the interpreta- 
tion n% =n X 0.01 is much more practical. 


DISCUSSION 

Since n% means n X 0.01, in Exercise | students 
should suggest that a percent can be written 
as a decimal by dropping the percent symbol 
and shifting the decimal in n two places to 
the left. 

Stress the fact that 100% of a number means 
1 times the number, 150% means 13 times the 
number, 200% means 2 times the number, and 
so on. 

When discussing Exercise 3, you may find 
it helpful to give a set demonstration of +%. 
Using a 10 by 10 square, ask the students how 
much of the square should be shaded to show 
1% of the square. When they have observed 
that 1 square represents 1%, ask how much of 
the square should be shaded to show 3%. They 
should then be able to see that 3 of one square 
represents +% of the whole square. 
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Using Percents and Decimals 


Investigating the Ideas 





In problems using percents, you may often need to 
write a decimal for a percent. 


Since percent means “per hundred,’ you can think of 
n% as meaning n * yo = zoo Or n.01 
The flow chart below shows the steps for writing a 


decimal for a percent. 


0.27 





~ 27 Ta 





Can you use the flow chart to help you 


write a decimal for each percent below? 


A 38% B 3% C 12.5% D 175% E 0.8% 


Discussing the Ideas 


1. 


2. 


. Study Maria's method for finding 35% of 40. 


Can you describe a rule for finding a decimal for a percent 
that is suggested by the flow chart? 


aA Use the flow chart to find the decimal for 200%. 


B Jan said, ‘‘l earned 200% of my last week’s earnings.”’ 
What do you think Jan meant? 


A 200 times her last week's earnings. 
B 20 times her last week’s earnings. 
c 2 times her last week’s earnings. 


. Explain each step for finding 


a decimal for 3%. Give the 
decimal for the screen. 


2% = 0.5% = 0.5 - 0.01 = |i 


=% = 3.5% 


+0 
X0.035 


200 
!20 


Explain how you would find 13% of 64. 
“T400 








Using the Ideas UTILIZATION 
Exercises | and 2 provide practice in writing 


1. Write each percent as a decimal. percents as decimals, and Exercise 2 also in- 

volves finding products. The remaining exer- 

A 11% E 123% 1 150% M .03% Q 34.2% U 873% cises involve word problems using percents 
B 24% F 1% J 400% N 12.35%  R 3.42% V 25% pa tlio the first re Parent we . 

ah en the students have completed the exer- 

c 81% G 7% K 250% 0 42.6% $ 0.5% ad 422° cises have some of them show their word- 

p 101% H 4% Lt 1000% P 12.5% T 0.1% wx 34% problem solutions on the chalkboard and explain 


their methods. 


2. Find the products. First replace each percent by a decimal. 















: ot EXTENSION 
A 35% of 84 D 1000% of 25 G 373% of 400 HY Further practice exercises are provided by 
B 300% of 55 E 240% of 65 H 84% of 50 HH Supplementary Exercise Set 40 on page S-24, 
LH Workbook page 70, Duplicator Masters page 
c 125% of 48 F 6% of 45.3 1 65% of 800 50, and Arithmetic Skill Card D-11. 





ZS 





3. Alvin had 64 customers on his paper route. He got Think Solution 


8 
several new customers and now has 125% as many as Ve 1. Yes. Each student must go to one of the 12 
before. How many customers does he have now? = dentists, but all 26 students could go to one 


of the dentists and still satisfy this condition. 
2. No. There are not enough different dentists. 
3. If each of the 12 dentists had two patients, 
24 students would be accounted for. The 


4. Marge earned $12 one week from babysitting. The next 
week she only earned 623% as much. How much money did 

















she earn the second week? two students left over would have to go to 
CHARGE-IT-ALL one of these dentists. Thus, at least three 
5. Mrs. Johnson owed a bill of $54. Bank card statement students must go to the same dentist. 
1 ; 
2 f th 

She was STEUES 15% of this amount Charges to date . $54.00 meiner 

for a service charge. Service charge 13% |||) Minimum 1-4. Average 1-6. Maximum 1-7. 

er eee en ew to Pay TOTAL i 

for the service charge? le 
B What was the total amount she 
had to pay? i UU J 
There are 12 dentists in a town. 

12.5% of earnings were held for student goes to one of these 

taxes. How much was withheld dentists. s 

for taxes? 1. Is it possible that some 

dentist has none of these 

7. Lindbergh's flight from New York to students asa patient? 

Paris in 1927 took about 33 hours - Is it possible that each 

30 minutes. In 1961, Major W. R. __ Student goes to a different 

Payne flew from New York to Paris dentist? 


. Show that at least three 
students go to the same 
— dentist. 


in a Hustler jet bomber in about 
9.9% of this time. What was Major 
Payne’s time? 





Wore practice, page S-24, Set 40 B-113 


Objective 
The student can solve percent problems 
based on the pieces of the tangram puzzle. 


PREPARATION 

This is an optional lesson and should be con- 
sidered a change of pace or enrichment rather 
than a part of the basic sequence. (See the 
Long-Range Planning Chart in the Introduction 
to this Teachers’ Edition.) 

Considerable time will be saved if duplicated 
copies of the tangram puzzle square are avail- 
able for students’ use in this lesson. The pieces 
should be the same size as shown in the text. 


INVESTIGATION 

Have the students trace and cut out the tan- 
gram puzzle (unless duplicated copies are avail- 
able). In order to determine what percent of 
the complete square the small square repre- 
sents, some comparisons are necessary. It can 
be readily seen that each of the two large tri- 
angles is ; or 25% of the large square. If the 
middle-sized triangle is placed on the large 
triangle, it can be seen that the former is only 
+ as large, so it must be 123% of the large 
square. Each of the two small triangles is + 
the size of the middle-sized triangle, or 64% 
of the large square. Since the two small tri- 
angles can cover the small square or the par- 
allelogram, each of the latter is 125% of the 
large square. 


DISCUSSION 
As the various percents are determined for 
each piece of the tangram puzzle, have stu- 
dents record the percent on the piece. This 
will aid them in doing the Utilization exercises. 
After all the percents have been determined, 
have a student list them on the chalkboard and 
show that the total is 100%. 

Large Triangle 25% 

Large Triangle 25% 

Middle Triangle 123% 





Small Triangle 65% 
Small Triangle 64% 
Square 122% 
Parallelogram 123% 

Total 100% 
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Combining Percents 
Investigating the Ideas 


The seven colored regions 
at the right are the pieces 
of the tangram puzzle. 


What percent of the complete 
square region do you estimate 
the small square to be? 









Can you trace the puzzle, cut 
out the pieces, and find a way 
to check your estimate? 





Discussing the Ideas 


1. The two large triangular regions cover half of the large 
square of the tangram puzzle. 


A What percent of the complete square region do they cover? 


.B What percent of the entire square region does one of the large 
triangular regions cover? 


2. A What percent of one of the large triangular regions 
does the middle sized triangular region cover? 


B What percent of the complete square region does the 
middle sized triangular region cover? 


3. What percent of the complete square region does one of the 
small triangular regions cover? How can you decide? 


4. Explain how to find the percent of the complete square region 
covered by the small square. 


5. Find what percent of the large square region is covered by 
the parallelogram. 


6. Can you use some of the pieces and form a square that is 
25% as large as the complete square region? 





Cover each region with your tangram pieces. Then give the 
percent of the entire puzzle that the pieces would cover. 


Answer : 25% 





Using the Ideas 


UTILIZATION 

Many of the regions in the exercises can be 
covered in more than one way. In Exercise 
1, for example, the region can be covered by 
the two small triangles and the square, by the 
middle-sized triangle and the two small tri- 
angles, or by the parallelogram and the two 
small triangles. 

If you wish, you may have the students re- 
cord the pieces they use to cover each shape 
so that afterwards they can discuss various 
ways to determine the solution. 


EXTENSION 
Enrichment: Have the students create addi- 
tional problems like the ones on this page. 
Select the best designs and prepare duplicated 
copies of the problems for students to solve. 
Some students might be encouraged to use 
posterboard or thin pieces of wood to make 
more durable copies of the tangram pieces. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-8. 
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Objective 

Given the price of an article and the sales 
tax rate on the article, the student can deter- 
mine the amount of sales tax. 


PREPARATION 
Materials: Newspaper advertisements, sales 
tax table (optional). 

Discuss the local sales tax rate with your 
students. Almost everyone will have had some 
experience with sales tax. Discuss what kinds 
of items are not subject to sales tax. Many 
local and provincial governments do not levy a 
sales tax on food, except for restaurant meals. 
Sales taxes are not ordinarily charged on gaso- 
line since provincial and federal taxes are al- 
ready included in the price of the gasoline. 


INVESTIGATION 

Students should be supplied with a wide variety 
of old newspapers from which they may select 
their item. If this is not possible, use the items 
pictured in the Investigation section. If there is 
no sales tax in your locality, ask the students to 
pretend they are making the purchase in a 
locality in which a given sales tax applies. 

If possible, secure a sales tax table like those 
used in retail stores, and suggest that stu- 
dents use it to check their findings for the 
Investigation. 


DISCUSSION 

Allow sufficient time for students to tell what 
article they selected and how they computed 
the amount of sales tax. 

Since computing sales tax is simply one of 
the more familiar applications of finding a per- 
cent of a number, there is little that is mathe- 
matically new in the lesson. You should devote 
some time to discussing Exercises 2 and 3, 
which concern finding the total cost of an item 
including sales tax. 
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Sales Tax 
Investigating the Ideas 


In most provinces you must pay a sales tax on certain 
items that you buy. The sales tax rate is usually expressed 
as a percent of the amount purchased and may vary from 
5% to 10%. 


Do you know the sales tax rate in your community? 













Can you choose an item from an advertisement like those above 
and find out how much sales tax you would have to pay on it? 





Discussing the Ideas 


1. Explain how you found the amount of sales tax on the item that 
you choose. 


2. Study the flow chart below for computing the amount of sales tax. 


Amount of Multiply by the Amount of 
purchase sales tax rate sales tax 
$6.00 $0.30 


$6.00 X 0.05 


How can you find the total amount that you must pay for the item 
costing $6.00 when the sales tax is 5%? 


3. Explain how you would find the amount of sales tax and the total 
amount of the purchase if the item costs $18.75 and the local 
sales tax rate is 7%. 





1. Anew automobile costs $4200. 
The sales tax rate is 7%. How much 
sales tax must be paid on the car? 


2. A suit of clothes was priced at $80. 
The sales tax rate was 5%. 
A How much tax must be paid on 
the suit? 
B What is the total cost of the 
suit including the sales tax? 


3. What is the total cost of 
a pair of boots priced at 
$18.50 if the sales tax 
rate is 7%? 





4. An electric blender costs $32.50. 
The sales tax rate is 6%. What is 
the total cost of the blender to 
the nearest cent? = 





olesaler for $600 and marked up the 
ce 50% from what he had paid for it. 


n the car did not sell in two months’ 


e had a 40%-off sale. How much 


Using the Ideas 


. Mrs. Wright had a grocery bill of 


$23.40. She had to pay a 5% sales 

tax on all the non-food items. 

These items totalled $4.80 

A What was the amount 
of sales tax? 

B What was the total 
cost of the groceries? 


. In a certain city, the sales tax rate 


was 55 %. How much tax must be 
paid on a purchase of $100? Ona 
purchase of $500. 


. Pamela bought a $30-dress that 


was marked ‘'20% off.’’ The sales 
tax rate was 6%. What was the 
total amount she had to pay for 
the dress? 





8. Roger bought a new 10-speed 
bicycle. Its price was $120 but he 
got 15% off on a sale. The sales 
tax rate was 8%. What was the 
total cost of the bicycle? 


USED CARS 


“steiner rere 


‘i . On" SALE | 








UTILIZATION 

The exercises provide experience in determin- 
ing the amount of sales tax and the total cost 
of purchase for various items. 

When the students have completed the exer- 
cises, have them display their solutions on the 
chalkboard and explain them to the other 
students. 


EXTENSION 

Arithmetic Skill Card AP-19 is recommended 
for students who would benefit from additional 
practice. 

Enrichment: Ask students to cut out a news- 
paper advertisement and paste or tape it to a 
piece of paper. Beneath it they should write 
a story problem involving the local sales tax 
rate for one of the articles advertised. If each 
student makes up one or two such problems, 
an interesting booklet of sales tax problems 
can be compiled. 

Now would be a good time to encourage 
some students to undertake Research Project 
C on page B-125. 


Think Solution 
$600 - 150% = $900 (Dealer’s original marked 
price) 
40% of $900 = $360 (amount of discount) 
$900 — 360 = $540 (sale price) 
The dealer bought the car for $600 and sold 
it for $540, so he lost $60. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-8. 
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Objective 

Given an amount of principal, the interest 
rate, and the time, the student can determine 
the amount of interest. 


PREPARATION 
Materials: Advertisements of bank or savings 
and loan institution rates. 

The lesson will be more interesting if you 
use local interest rates in the Investigation. 
A field trip to a bank could be planned, or a 
representative from a bank might be invited 
to speak to your class briefly on the basic 
functions of banks. Many banks have brochures 
that advertise interest rates. Spend some time 
discussing how simple interest is determined 
for a given amount of money. 


INVESTIGATION 

If you want an open-ended Investigation, have 
different students choose different interest 
rates and compute the amount $200 would earn 
in a year at each different rate. Otherwise. 
choose a standard rate and have everyone use 
that rate. 


DISCUSSION 

The terms principal, interest, and interest rate 
are introduced in the first two discussion exer- 
cises. Exercises 3 and 4 are designed to help 
the student understand the interest formula, 
which is given in Exercise 5 with the steps 
shown by means of a flow chart. Only simple 
interest is treated in this lesson. 
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Interest 


Investigating the Ideas 





Discussing the Ideas 


if 


Suppose that you had 
this much money. 


Can you find how much your 
money would earn if you put 


it into a savings account in 
a local bank for one year? 





The money that a bank pays you for the use of your money 
(principal) is called interest. 

How much interest would you earn on the amount of money 
in the Investigation? How did you find it? 


. The interest rate is usually expressed as a percent and 


is often a yearly rate. 
What are some yearly interest rates at some local banks? 


. It is helpful to think of interest as so many dollars per 


$100 saved or borrowed. 

For example, if you borrow $500 for one year ata 
yearly rate of 8%, the interest charge is $8.00 per $100 
How much interest must you pay if you borrowed $500? 


. If you borrowed $500 at 8% yearly interest rate for 3 years, 


you would have to pay 3 times as much interest as for one 
year. How much interest would you have to pay for 3 years? 


. The flow chart will help you understand the 


interest formulal=P-R- T. 

Multiply by Multiply by 

the time (T) 
in years 


Principal 


yearly interest 
rate (R) 





Interest rate: 8% 


$500 x 0.08 = $40 


Time: 3 years 


Can you use the flow chart to find the interest on $1000 
at a yearly rate of 6% for 6 months (3 year) ? 





Using the Ideas 


. Find the interest for one year given the following amounts and rates. 

A $200 at 6% per year $300 at 4% per year 1 $400 at 64% per year 
B $600 at 7% per year $200 at 8% per year uv $300 at 53% per year 
c $500 at 5% per year $700 at 2% per year x $1000 at 82% per year 
p $800 at 4% per year $600 at 9% per year zt $1200 at2% per year 


zo mn 


Find the interest using the formula /=P- R- T. 

A $355 at 5% per year for 2 years D $21,500 at 4% per year for 10 years 
B $800 at 7% per year for 4 years E $450 at 6% per year for 13 years 

c¢ $4200 at 8% per year for 3 years F $620 at 8% per year for 4 mon 


. Sometimes interest rates are expressed as monthly rates 
rather than yearly rates. For example, if the monthly 
interest rate is 2%, this is equivalent to a yearly interest 
rate of 12 x 2% or 24% per year. 


Express each monthly rate as a yearly rate. 


A 1% B 15% c 3% wv 24% E15% F 3% 


. Give the monthly rates equivalent to the following yearly rates. 
A 12% B 18% Cc 6% D 8% E 9% F 30% 


. Mr. Nickols borrowed $300 for one 7. Carol had $150 in her savings 
year from his bank. The interest account. The yearly interest 
rate was 1% per month. How much rate was 43%. 
interest did Mr. Nickols have to pay a How much interest did her 
at the end of one year? money earn in one year? 
B How much money would Carol 
have in her account after 
the interest was added to 
her savings? 


. Suppose that you wanted to borrow 
$1000 for one year. Bank A has a 
10% yearly interest rate. Bank B 
has a 3% monthly interest rate. 
A Which bank would charge you 8. Mr. Marsh borrowed $22500 from 
less interest? a bank to buy a house. He paid 
B How much less interest would a 74% interest rate on the amount 
you have to pay that bank? he borrowed during the first year. 
How much interest did he pay the 
first year? 


UTILIZATION 
Exercise 3 introduces the idea of a monthly 
interest rate. This might lead into a discussion 
of how borrowers can be misled by advertising 
which quotes the interest rate on a monthly 
basis. For example, a company may advertise 
that they lend money at the rate of 15% per 
month. Although this seems a small amount, it 
actually corresponds to 18% interest on a 
yearly basis. 

When your students have completed the as- 
signment, allow some time for discussion of 
these exercises. 


EXTENSION 

For reinforcement, use Workbook page 71, 
Duplicator Masters page 51, and Arithmetic 
Skill Card AP-18. 

Enrichment: A problem that involves the 
idea of compound interest can be used to chal- 
lenge your more able students: 

Suppose you place $100 in a savings account 
at 5% yearly interest rate. At the end of | year 
you would have $100 + $5.00 interest in your 
savings. If you allowed the interest to accumu- 
late in this manner each year how much money 
would you have in your savings after 5 years? 
after 10 years? 

Answer: After 5 years: $127.63 
After 10 years: $162.89 

This would be an opportune time to refer 
interested students to Research Project D on 
page B-125, which suggests a compound inter- 
est activity. 


Assignments 

Minimum 1A-D, 2A-C, 3-5. 
Average 1E-L, 2-6. 
Maximum |-8. 
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Objective 
Given two numbers, the student can find 
what percent the first number is of the second. 


PREPARATION 
Plan a brief review of writing decimals for frac- 
tions and writing a fraction for some decimals. 


INVESTIGATION 

Have the students read the Investigation and 
use their own method of determining which 
school has won the greater part of their games. 
Some students may use ratios that have the 
same denominator, while others may find a 
decimal or a percent for the ratio. The Investi- 
gation provides the basis for the Discussion, 
which introduces the idea of finding what per- 
cent one number is of the second. 


DISCUSSION 

Notice the sequence of exercises. In Exercise 
1 the student describes his method of compar- 
ing the number pairs in the Investigation. Exer- 
cise 2 suggests comparing the ratios by means 
of decimals. Exercise 4 introduces the lan- 
guage ‘‘x is what percent of y?”’ Parts A, B, 
and C relate this to the numbers used in the 
Investigation. You might want to summarize 
the ideas brought out in Exercises 2-4 as shown 


below. 
[Sehoot[ Ratio_[_ Decimal [ Percent 


Rockville 
Jamestown 
Brownsburg 






Give additional examples of the type in Exer- 
cise 4, if needed, before moving on to the 
Utilization stage. 
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Finding What Percent One Number is of Another 


Investigating the Ideas 


Study the score board below. 


Rockville Junior High Pe 8 
Jamestown Junior High Eee © ee : 3 


Brownsburg Junior High 


Can you find which school has won 
the greater part of their games? 





Discussing the Ideas 


1. How did you find which school had won the greater part 
of their games? 


2. To compare the school’s records, you could compare the 
fractions a <, and is. This is often easier to do 
if you use decimals. Find a decimal in hundredths for 
each fraction. 


0. Ill 0. Ii 0. Ill 
A o> 20/900 Bb &—15)600 ce ——16)7.00 


3. Express each decimal in Exercise 2 as a percent. 


4. In order to find what percent one number x is of another 


number y, you can write : and find a percent for the fraction. 


EXAMPLE: 3 is what percent of 8? 
SOLUTION: 2 = 0.375 = 375% 
3 is 375% of 8. 


Use your answers to Exercise 2 to complete each statement. 


a Qis |ll|%of 20. B 6is || %of 15. e 7 is lll Sof 16. 


1. Find the number for each |i. 
A 4is ||\l|% of 20 d 4is || % of 5 
B 3 is || % of 10 
c 8is lll] % of 16 


Solve each problem. 


2. If 1 of every 2 persons has at least 
one cold a year, what percent of all 
people have at least one yearly 
cold? 


3. If 4 of every 10 trees in an orchard 
are apple trees, what percent of all 
trees are apple trees? 


4. If 1 litre of fruit juice is used in 
making 5 litres of punch, what 
percent of the punch is fruit juice? 


E 1 is || % of 100 
F 54 is |IIIII% of 200 


Using the Ideas 


G 27 is |\\l|% of 300 
H 19 is |\Il||% of 76 
1 12 is |Ii% of 160 


. The areas of two pieces of property 


are approximately in the ratio 3:5. 
Express the area of lotA asa 
percent of the area of lot B. 


. In a group of 500 people, 35 are 


more than seventy years old. 
What percent of the group is more 
than seventy years old? 


. Acoat was priced at $60 but was 


later sold for $48. The sale price 
was what percent of the original 
price? 


8. Find what percent the first number is of the second. 


Round your answers to the nearest tenth of a percent. 


A 11, 46 c 34,175 F 3.2, 12.4 
ANSWER: 23.9% pd 87, 266 G 136,541 cs 
B 28,55 E 28, 21 H 725, 8088 


ay 
9. In baseball, a “300 hitter’ is a person who makes a hit 


in at least 0.300 or 30% of his times at bat. In 1973, 
Pete Rose made 230 hits in 680 times at bat. 


a Was Pete Rose a ‘300 hitter’ that year? 


B Express the percent of times he got hits (batting average) 
as a percent to the nearest tenth of a percent. 





10. Don Kessinger has been at bat 311 times and made 90 hits. 
aA What is his average? 
B How many consecutive hits does he need in order to 
be a “300 hitter’? 
c¢ What will his average be if he is hitless for 7 times 
at bat? 


More practice, page S-24, Set 41 
- 


UTILIZATION 

Assign the exercises for independent work by 
the student. Most students will benefit by a 
discussion of the exercises after completing 
them. Solutions to the word problems can be 
placed on the chalkboard for student analysis 
and discussion. 


EXTENSION 

You may want to refer students to Supple- 
mentary Exercises Set 41 on page S-24, Work- 
book page 72, and Duplicator Masters page 52 
for additional practice. 


Assignments 
Minimum 1-5. Average 1-8. Maximum 1-10. 


B-121 


Objectives 

The student can estimate what percent the 
area of one region is of another. 

The student can use rounding to estimate a 
given percent of a number. 


PREPARATION 
Plan an oral review of simple fractions and 
percents. Students should know these relations: 
4 = 25%, + = 50%, # = 75% 
zo = 10%, 4+ = 20%, 2 = 60%, 4 = 80% 

Some practical estimation of percents would 
also be helpful. Use questions like these: 

1. What percent of the wall area is occupied 

by chalkboards? 
2. What percent of the class are boys? 
3. What percent of the chairs or desks are 
occupied? 
4. What percent of your desk top does your 
book cover? 


INVESTIGATION 
After the students have read the Investigation 
and studied the graph, ask them to write their 
estimates on a piece of paper. If possible, have 
reference books available so that they can 
check their estimates. 
Pacific Ocean 
Atlantic Ocean 
Indian Ocean 
Arctic Ocean 


166 000 000 km? 
85 000 000 km? 
73 000 000 km? 
10 000 000 km? 


DISCUSSION 

The students will probably use ratio ideas in 
comparing the areas of the oceans and then ex- 
press the ratios in terms of percents. Thus the 
Atlantic Ocean is about + or 50% as large as 
the Pacific. The Indian Ocean is about 45% as 
large as the Pacific. The Arctic Ocean is less 
than 10% of the size of the Pacific. Encourage 
comparison of other pairs of oceans during 
the discussion. 

Exercises 5 and 6 introduce estimation of a 
percent of a number by means of rounding. 
This practical kind of estimation is valuable 
in everyday affairs and also will aid students 
in checking their work for gross errors in their 
answers. 
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Investigating the Ideas 


Estimating with Percents 





r} 
: Indian 








The bar graph compares areas of 
the oceans of the world. The area 
of the Pacific Ocean is about 
166 000 000 square kilometres. 


Pacific [- 


Pacific 






Atlantic 
Indian : 


Arctic | | 


Use a reference book to 
check your estimates. 


Can you estimate the area of 


each of the other oceans? 








Discussing the Ideas 


1. How did you make each of your estimates? 


2. The area of the Atlantic Ocean is about what percent of 
the area of the Pacific Ocean? 


3. Is the area of the Arctic Ocean more or less than 10% of 
the area of the Pacific Ocean? 


4. How did you make your estimate of the area of the Indian 
Ocean? 


5. To estimate 31.7% of 496.4, you can round the numbers and 
think “30% of 500 is 150.”’ Therefore, 31.7% of 496 is 
about 150. Explain how you would make estimates for these 
products. 


A 48% of 81.42 B 63% of 7295 c 19.8% of 698.2 
6. If the Arctic Ocean is about 12.1% as large as the Atlantic Ocean 
and the Atlantic Ocean is 86 550 000 square kilometres, 


what would you estimate the area of the Arctic Ocean to be? 


7. What is your estimate 
rectangle that is shaded? 





Using the Ideas 


. Estimate what percent of each rectangular region is shaded. 
A c 





. Estimate what percent of each circular region is shaded. 


A B c D 





. The bar graph compares the 

areas of the seven continents. Asia 

A Which continent is about Africa 
50% as large as Asia? 

B Which continent is about 


North America 


South America 





50% as large as South Antarctica 
America? Europe 
ce Antarctica is about what Australia 


percent of the size of Asia? 


. Mr. Freed took his family to a restaurant for dinner. The check 
for the dinner totalled $23.85. Mr. Freed figured approximately 
15% of this amount for a tip. Which amount is the best 
approximation of the tip? 
A $3.00 B $3.50 Gag o3.7 pd $4.00 

. Estimate the sales tax, to the nearest dollar. on a used car 
which is priced at $2499 if the provincial sales tax rate is 


A 5% B 6% c 7% D 8% E 9% uA ane =| 


. Choose the best estimate for each exercise. fates 











A (100,.40,4000,..1,, 0.01) Six similar bricks balance 

B fie eiae. 20, 0.12, 0.012) 3 large blocks that are 

c (0 ae 97137 0327 370) also similar. Each block 
SERGI 2’ weighs 2 kg more than a 

D (0.45, 0.045, 450, 4.5, 45) brick. What is the mass of 

E (34, 3.4, 0.34, 340, 0.034) 1 block? 

F (660, 6.6, 66, 0.66, 0.066) 

G 


(16701067, 16,/,..16/, 1670) 





UTILIZATION 

Exercises 1, 2, and 3 concern percentage esti- 
mates for various regions. Exercises 4, 5, and 
6 provide practice in estimating a percent of a 
number by rounding the numbers given in the 
exercises. Exercises | and 2 might be done 
orally. 


EXTENSION 

Page 73 of the Workbook contains exercises 
that would be appropriate for additional prac- 
tice. 

Remedial: Encourage students to estimate 
1% or 10% of numbers and then use the results 
to make final estimates. 

Give problems like these: 

1. If x = 56, find each amount. 
A. 10% of x C. 0.01% of x 
B. 1% of x D. 1000% of x 
2. If y = 28.3, find each amount. 
A. 10% of y C. 100% of y 
B. 1% of y D. 0.01% of y 


Think Solution 

An algebraic solution to this problem follows: 

Let x equal the weight of a small block. Thus, 

2x + 3 equals the weight of a large block. 
(256-53) 13) 3a 


5s =P = 2h 
335 
x=5§5 


A large block weighs (2 -5) +3 = 13. 

Your students might reason like this: If 
s = small block and L = large block, then 

SEP Sisiae tel eed 

enema Some aba) aes?) se lenary ar Si) == 4 
If you deduct the extra 3 kg in each large block, 
you would have 

Sear er ae ar aN) oe Gy ae wl = Se 
or 7 small blocks weighing 35 kg. Each small 
block must weigh 5 kg; thus a large block 
weighs 2 - 5+ 3 or 13 kg. 


Assignments 
Minimum 1, 2, oral; 3; 4. Average 1-5. 
Maximum 1-6. 


Objective 
The student can demonstrate the ability to 
work with the concepts covered in this module. 


UTILIZATION 

The exercises can be worked independently by 
the students and then discussed, or they might 
form the basis for a class discussion of the 
main topics covered in the module. 

Some students should put their work for 
selected exercises on the chalkboard and dis- 
cuss their solution methods with their class- 
mates. 

Additional appropriate review exercises are 
provided on page 74 of the Workbook. 


B-124 


REVIEWING THE IDEAS 


1. 


10. 


Express each ratio in simplest terms. 
A8: 120 B20: 508 C65 25m D674 


. In the proportion 3:8 = 15:40, 


A which numbers are the means? 
B which numbers are the extremes? 


. Solve the proportions for n. 


a t=3 c a=i3 
Ba4 415 —sIZen Dn: 6— 2088 


. Express each ratio in simplest terms. 


A 300cmto5m ec 240 mmto 12 cm 
B 40dmto3m ob 600 mmto1m 


. The scale for a drawing of a house is 


1:100. The living room is pictured on 
the drawing as a 6.2 by 9.5-cm 
rectangle. What is the actual length 
and width of the living room? 


. Express each percent as a decimal. 


A 23% 
B 6% 


c 250% 
D 1.5% 


E 0.01% 
F 0.003% 


. Express each decimal as a percent. 


A 0.35 
B 0.04 


Cailee5 
Dp 5 


E 0.7 
F 0.009 


. Express each percent as a lowest- 


terms fraction. 
A 50% c 75% E 
B 30% p 80% F 


2% 
4% 


. Express each fraction as a percent. 


A c Ee? 


jo SN 


1 
F 500 


aw sl- 


= 
° 


Find the percent of each number. 
A 42% of 87 Cc 60% of $72.95 
B 9% of 283 D 375% of $800 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


*& 18. 


A sweater costs $14. The provincial 
sales tax rate is 7%. 
A How much tax on the sweater? 


B What is the total cost of the 
sweater? 


Find the interest on each amount. 
$200 at 7% per year for 1 year 

B $450 at 6% per year for 3 years 

c $225 at 8% per year for 11/2 years | 
pb $600 at 5% per year for 4 months 


> 


What is the yearly interest rate 
of the monthly rate is 14%? 


A baseball team won 9 out of 21 
games. What percent of the games, 
to the nearest tenth, were won? 


A television set priced at $300 
was reduced in price by $24. 
What percent was it reduced? 


The circle graph pictures how a 
certain city spent its taxes. 
Estimate the 
percent of 







Misc. 
all tax 
money 
Police and 
spent for fire protection Streets am 
each category. and parksill 


Choose the number closest to 2% of 


79 534.12. 
[¢] 1600  [e] 16 


[a] 160 000 
16 000 [p] 160 [F] 1.6 


The French franc is worth 20% as 

much as the dollar. 

A What is the value in dollars of 500 
French francs? 

B How many francs could you get in 
exchange for $50? 





. What is 38% of 420? 










a alg 
Solve the proportion: g = 32 8. a How much sales tax must be 


paid on a purchase of $26.95 
if the sales tax rate is 5%? 
s How much interest on $500 at 
a rate of 8% per year for 24 
years? 





tio of 18 mm to 3.cmis - 


[fe]s [eles [els 









scale on a map is 1 cm = 48 km. 
What is the actual distance 9. In a class of 20 children, 4 of them 


wear glasses. What percent of the 
children wear glasses? 













Express as a decimal. as 
17%  B 6.2%  ¢ 0.4% 10. Which is the best estimate for 


83% of 319? 


o 0237 ~—«*[A) 27 27 [e] 0.27 [B] 270 






express as a percent. 
Bi c¢ 0.083 









ESEARCH PROJECTS 


Make a scale drawing of the floor C Obtain a copy of a sales tax table 
plan of your home or of some building. for your province. Show how it is 
Choose a suitable scale to show the used by retail sales people. Local 
dimensions of the building as well as business firms or provincial tax 
some details such as windows and offices can provide tax tables. 
doors. 


Select some newspaper advertisements D Visit a local bank to find out about 
that show different percents of different interest rates that are 
discounts for articles that are on sale. charged for borrowing money or for 
Make a chart that shows the regular depositing money in savings 

price, the percent of reduction accounts. Try to determine how long 
(discount), the sale price, and the it would take for $100 of savings 
amount saved by purchasing the to double in value if it were left in 
article during a sale. a savings account. 


TEST YOURSELF 

This self-evaluation test should help students 
determine their strengths and weaknesses in 
terms of the concepts and skills developed in 
the module. Have the students reread the ob- 
jectives for the module and discuss with you 
those objectives that they failed to reach. Ade- 
quate review or remedial instruction can then 
be initiated. 


RESEARCH PROJECTS 

Project A might provide valuable motivation 
for many students. Practical experience in 
measurement, rounding, estimation, geometry, 
and ratio are all involved in this project. Some 
creative students might be interested in draw- 
ing floor plans for houses they design them- 
selves. 

Students who undertake Research Project B 
should be provided with posterboard on which 
to display their advertisements and charts. 
Such posters can make an interesting and 
visually effective bulletin board display. 

Students may find a study of a sales tax table 
an enlightening experience (Project C). The 
tables are usually constructed to show how 
much sales tax must be charged on each pur- 
chase amount within specified ranges. For ex- 
ample, in a state with a sales tax rate of 5%, 
all sales from 90¢ to $1.09 are subject to a S¢ 
sales tax; from $1.10 to $1.29, the sales tax is 
6¢; and so on. Thus, the amount of tax is 
rounded to the nearest cent. 

Students who try Project D will learn that 
the amount of time it takes for a given amount 
of principal to double depends on the interest 
rate and how often the interest is compounded. 
At a rate of 4% the amount will double in 18 
years if compounded annually. At 6% the 
amount will double in 12 years; and at 8%, in 
about 9 years. 
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Objective 
The student can demonstrate the ability to 
work with the concepts presented in this unit. 


UTILIZATION 

Because of the length of the Cumulative Re- 
view, you may find it necessary to allow more 
than one day for the completion of all the 
exercises. A more effective plan might be to 
assign problems selectively and then devote 
some time to a discussion of the main ideas of 
the learning unit before administering any 
achievement test on it. Thus, the following 
correlation between review items and the mod- 
ules of the unit may be useful: 





Module 
number 





Related 
exercises 








Encourage students to work through the re- 
view independently, but afterwards to seek aid 
with those topics that have given them difficulty. 
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CUMULATIVE REVIEW 


1. What fractional part of the figure is 
shaded? 


A 





2. Which fraction is equivalent to + ? 


Aa. | (Bg 18¢Ghishe Digs 


3. Give three fractions that are 


equivalent to: 


1 3 
A3 B io c 


wln 


4. In each set, which fraction is not 
equivalent to any of the other 
fractions in the set? 


f Sy 5050 a6 
A \3:12: 15> 24: 18 


Bis eet 





8: 20° 4° 16° 24 


5. Give the lowest-terms fraction for 


each fraction. 


15 16 14 25 
A 25 B 40 Cc 35 D 750 


6. Give a fractional number for each 
lettered point on the number line. 


0 A 1 Cc 2 


7. Give the correct symbol (<, =, or >) 
for each il. 


a Sills c-Si 


7 
ssi ov Yilpe 


8. Give an improper fraction for each 
mixed numeral. 
a 13 B 32 c 43 

9. Give a mixed numeral for each 


improper fraction. 


11 43 42 
re B 10 Cc 38 


10. 


ane 


a2: 


13. 


14. 


15. 


16. 











What is the least common denominator} 
for? and 4? 


Find the sums. 
1 


4 


5 3 1 1 
A 45a 4 Cat+3 
D 23+ 43 


B 1$+2 
Find the differences. 
11 c 7-32 


A 12 
2 1 


BIN AW 


8 55 = 
Give the missing numbers in each 
function table. 


Function Rule Function Rule 


1 
n+, 








A i E i 
B i F I 
c it G hi 
oii H ih 


Round each number to the nearest 
whole number. 
19 56 


A 33 Bp 4S c 2 
It took 4635 litres of gasoline 


to fill Mr. Wagner's car. The next 
time he filled his car, it took 


433 litres. How many litres 
did it take for both fill ups? 


Solve the equations. 
A =n Cao 


Al wa 
Oi Nim 
oO aH 
} Sil 
30C~<“‘(& 


Bz: n Dg- 


18. 


20. 


17 


a9. 


21. 


22. 


23. 


24. 


25. 


26. 


. Find the products. 
A 3 of 12 c 4 of 36 
B 3 of 72 D + of 250 
Find the products. 
a2-3 ¢ 183 
Biss Bee: 75 
Give the reciprocals for each. 
a 32 B 5 c 23 
Find the quotients. 
ngs} c1+% 
a ee 
Simplify each complex fraction. 
cits. 2) 

6 14 


If the system is in equilibrium, 
what is the distance x? 


ae Se x —>| 


Write a fraction for each decimal. 
Cyn ware B 0.318 c 0.04 


Write a decimal for each fraction. 
356 


A a B 1F000 c 6735 
Find the sums. 

Ae 6 3 47 = 19.068 

B 167.3 + 84.9 + 72.006 


Find the differences. 
2 Af 96 
B 83.49 — 17.864 


21. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


3 


36. 


37. 


38. 


39. 


40. 


Find the products. 
BR 62200512 B 43.09 x 7.6 


Find the quotients. 


aA 1.9)7.2: B 0.008)31.2 


Find the repeating decimal for $. 


Express 2 as a mixed decimal numeral. 


Solve the proportion: 3 = 32 


Express the ratio “300 cm to 5m’ in 
simplest terms. 


Express each percent as a decimal. 
A 27% B 115% c 8% 


Express each decimal as a percent. 
A 0.89 B 0.9 c 0.03 


Express each percent as a lowest- 
terms fraction. 


A 20% B 35% c 4% 
Express each fraction as percent. 
az B 2 c 3 
What is 15% of 642? 


A pair of shoes cost $18.95 plus 5% 
sales tax. What was the total cost 
of the shoes? 


How much interest on $600 ata rate 
of 53% per year for 3 years? 


In a school survey, 12 students out 

of 40 preferred a shorter lunch hour. 
What percent of the students preferred 
a shorter lunch hour? 


MATHEMATICAL RECREATION 

Many students can enjoy this kind of puzzle 
Encourage some of your more inventive stu- 
dents to create their own cross number puzzle. 
These can be most easily constructed on I-cm 
graph paper by tracing over the grid lines and 
shading squares as appropriate. If the students 
use light-blue colored pencils to write in the 
solutions to the puzzles they create, the puzzles 
can then be duplicated by any of several 
processes without the solutions being repro- 
duced, and given to other students to solve. 


Make a copy of the 
cross number puzzle 
grid on graph paper. 
Then find the numbers 
for the squares. 


ACROSS 
mae 


. The number of a large 
jet airplane. 


. XLVI 

ou 

. The number of centimetres 
in 1.78 metres. 


. Base two numeral for 5. 


. 2381 — 1979 
.19-9 

. 153 x4 

. 0.002)0.07 


. The square of a number 
greater than 15 that ends 
with a five. 


TEST 125, 8 nae 238 
Answers 7. 159.6 —8. a $1.08: B $100 


B-128 


. 2154 x 1129 

» 19.3855 0:34 

. 25 =Illi% 

. The digits in the first 
seven decimal places for 3. 


. The largest prime number 


less than 100. 


« [43rei35 2592) ht hits. 
. 292 

en ee 

. Two to the fifth power. 
. A number whose prime 


factors are 2, 3, and 5. 


? 4.168. km: | Se AAS Wee 
YOURSELF 8 0.062 ¢.0.004 6. a 80%; B 123%; ¢ 83%; v 23.7% 


9. 20% 10. A 


a = a. Ce ee AVY voyd VWe\l wt 


Ff _ aw? 





UNIT C: GEOMETRY AND MEASUREMENT 


Module 1: Basic Concepts of Geometry 


General Objectives 

To review and extend the basic concepts of points, lines, and planes. 
To study parallel and intersecting lines. 

To provide experience in comparing pairs of segments. 

To introduce half-lines and half-planes and to review rays and angles. 














To provide interesting geometric experiences by means of reflections. 
To review various types of triangles. 

To introduce convex and concave figures. 

To study some properties of quadrilaterals and other polygons. 











Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
80 RED The student can demonstrate an understanding of basic prop- C-2 WB 75, 76 
erties of points, lines, and planes. through 7 DM 53 
81 RED Given a pair of line segments, the student can decide if they C-8, 9 WB 77 SWM 2 50, 51 
are congruent or if one is greater than the other. C-10, 11 DM 54 SWM 3 154, 155 
82 RED The student can identify rays and angles. Calla tS WB 78 
DM 55 
83 RED Given a geometric figure and a line, the student can find the Galo li, WB 79 
reflection image of the figure in the line. 
84 RED The student can identify parallel and perpendicular lines. C-4, 5 WB 80 SWM 1 126 
C-16, 17 
C-18, 19 
85 RED The student can recognize and name various special angles. C-20,21 WB 81 
DM 56 
86 RED Given atriangle, the student can decide if it is scalene, isos- C-24, 25 WB 82 DS f-3 
celes, or equilateral. DM 57 
87 YELLOW The student can identify half-lines and half-planes. C-12, 13 
88 YELLOW The student can identify any of the special quadri- C-28, 29 WB 83 SWM 1 122, 123 
laterals. 
89 GREEN Given a polygon, the student can determine if it is convex C-26, 27 
or concave. 
90 GREEN The student can name a polygon according to the number C-30, 31 
of its sides. 
Reviewing the Ideas C-32 WB 84 
MATHEMATICS content. Basically, the module is concerned They are abstractions which exist only in the 
This module contains a large number of geo- with nonmetric geometry. mind. The marks that we put on paper or the 
metric ideas. Many of the geometric figures will In this module, students should gain a feeling models that we can hold in our hands are simply 
be familiar to the students, but the development for the fact that points, lines, and planes (in- imperfect representations of the ideas we think 
includes many fresh approaches to this familiar deed, all geometric figures) are simply ideas. about in an abstract sense. Of course, we often 


speak of the physical models as if they are the 
geometric objects themselves; this is simply a 
matter of convenience in communication and 
should not detract from the mathematical con- 
cepts involved. 

Parallel lines are introduced early in the 
module. The student is provided with intuitive 
experiences that will lead him to accept the 
Parallel Postulate: 

There is one and only one line through a 

point parallel to a given line. 

In formal treatments of geometry, many the- 
orems such as the ones about the sum of the 
angles of a triangle and even the Pythagorean 
Theorem cannot be proved unless the Parallel 
Postulate is assumed. 

The idea of reflection in a line is introduced in 
this module, and will be extended in the next 
module. A reflection is one of several transfor- 
mations of the points in a plane that is a rigid 
motion. A rigid motion is a motion under which 
all distances are preserved. 


If Pg is a line in a plane and A is any point 


not on PQ, then the reflection image of A in PO 
is the point A’ such that PQ is the perpendicular 
bisector of AA’. 





Point A is also the reflection image of A’. Each 
point on the line is its own image and thus each 
is fixed point under the reflection. Because of 
the way reflections are defined, we can think of 
the reflecting line as a mirror. 


TEACHING THE MODULE 


Materials 

Geoboards and rubber bands, dot paper, graph 
paper, rulers, scissors, cardboard or poster- 
board, pins or thumbtacks, plexiglass or acetate 
sheets. 


Vocabulary 

adjacent perpendicular 
acute angle plane 

angle point 

concave polygon 
congruent segments quadrilateral 
convex ray 

diagonal rectangle 
equilateral reflection 
exterior reflection image 
greater than regular polygon 
half-line rhombus 
half-plane right angle 
height rigid motion 
hypotenuse scalene 

image segment 
interior . skew 
intersection square 
isosceles straight angle 
less than supplementary angles 
line symmetry 
midpoint trapezoid 
obtuse angle triangle 

parallel vertex 


parallelogram vertical angles 

The geometry of this module provides the 
necessary background for the material in the 
modules that follow. Since your students’ back- 
grounds in geometry may vary considerably, it 
is important for the basic concepts of geometry 
to be reviewed thoroughly. 

The main purpose of the module is to provide 
students with a wide variety of geometrical 
experiences. Terminology is kept to a mini- 
mum; we are more concerned with ideas than 
with names of objects. 


Lesson Schedule 

You should allow at least 12 days to cover the 
material in this module. Tests, projects, and 
optional material might extend the time require- 
ment to at least 15 days. 


Evaluation 

In making evaluation plans, you should remem- 
ber that the main purpose of this module is to 
provide students with interesting geometrical 
experiences rather than simply to expose them 
to a list of definitions and geometric facts. 


-Twixt (Sigma) 


RESOURCES FOR ACTIVE LEARNING 


















Activities 
Boxes, Squares, and Other Things, NCTM — |} 
Developmental Math Cards, L15, 18, Addison- | 
Wesley 
Experiments in Mathematics, Stage 1, pp. 46— 
47, 52-55; Stage 3, pp. 20-27, Houghton | 
Mifflin 
Experiments With the Geo Strips, Midwest 
Publications 
Geoboard Activity Card Kit, “Triangles,” 
Cards 61-79; “Kites,” Cards 117-1199 
Cuisenaire Co. 
Geosquare Activity Cards, ““Map Problems, 
Networks, Junctions,’ Cards 80-97, Scott _ 
Resources 
Mira Activities, Activities 1-80, Cieatilll 
Publications 4 
Nuffield Project; Angles, Courses and Bear- | 
ings; Problems—Red Set, Nos. 9B, 10, 24, 
26, Wiley . 
Relationshapes Activities Cards, Nos. 66- 68, 
Addison-Wesley 
Sourcebook for Substitutes, ““Four-color prob- 
lem,” p. 81; “Jordan Curve Theorem,” pp. 
85-86; “Paths, routes, and circuits,” pp. 92-— 
93, Addison-Wesley 
Triangles, Cuisenaire Co. 


Manipulative Devices a4 

Circle Master Compass (Creative Publications) — 

Clinometer (Selective Educational Equipmemia 
Sigma) 

Geoboards (Addison-Wesley) 

Geo Strips (Mind/Matter; Selective Educa 
tional Equipment) 

Mira (Creative Publications; Cuisenaire Co.) | 

Protractors (Geyer; Selective Educational | 
Equipment) 

Transparent Geosquare (Scott Resources) 


Games and Puzzles 

Euclid (Midwest Publications) 

Net Results (Cuisenaire Co.) 

Perception Games (Edmund Scientific; Selec- 
tive Educational Equipment) 

Psyche-Paths (Cuisenaire Co.) 






MODULE 1: Basic Concepts of Geometry 


OBJECTIVES: 


After completing this module, you should be able to: 
a 


AAhwWN 


aS 


© @ 


UNIT C: Geometry and Measurement 








Identify the basic properties of points, lines, 
and planes. 

Name and compare line segments. 

Identify half-lines and half-planes. 

Identify rays and angles. 

Find reflections of geometric figures in a line. 
Recognize and identify parallel and 
perpendicular lines. 

Recognize and identify various types of angles. 
and triangles. 

Tell whether a figure is convex or concave. 


. Recognize and identify special quadrilaterals. 


Objective 
The student can name points and lines and 
can determine points of intersection of lines. 


PREPARATION 
Materials: Geoboards and rubber bands, dot 
or graph paper (Duplicator Masters, pages 
SOS) SaULenSs 

Discuss points and lines with your students, 
pointing out that a line contains infinitely many 
points and has no endpoints. However, the 
drawings we make to represent lines are finite, 
SO We put arrow tips on the “‘ends”’ to indicate 
that the lines continue endlessly. When we say 
“line,” we always mean “straight line.” 


INVESTIGATION 

The Investigation demonstrates that two points 
determine a unique line and that a given point 
can be on many different lines. When students 
record their lines, they should draw lines com- 
pletely through all points in a line, thus: 


DISCUSSION 

Even though some students may not have found 
all the lines through point P in the Investiga- 
tion, it is important that they understand the 
implications of their findings: Many lines can 
contain the same point, but given two distinct 
points, there is a unique line containing the 
points. 

Exercise 4 brings out the fact that, although 
points and lines are abstract geometric con- 
cepts, we can use pictures to represent them. 
__Exercise 5 develops the idea that the symbols 
RS, RT, @, and ST all represent the same set of 
points, that is, the line. Thus, it would be cor- 
rect to say that RS = RT=ST = we 


C-2 


Points and Lines 


Investigating the Ideas 


There is exactly one line 
that contains any two points. 


ag ee 
“line AB” 
SYMBOL: AB or BA 








How many different ‘‘lines’’ can you find 


on your geoboard that contain point P? 





Discussing the Ideas 


1. 


2. 


. When we Say ‘‘draw a line,’”’ we mean 


. The figure shows lines ¢ and m 


How many lines did you find that contain point P? 


What are some objects that remind you of the idea of a point? 


. Lines, in geometry, never end. However, we often 


see physical objects which remind us of lines. 
What are some objects that suggest lines? 


draw a picture to represent a line. 
What does the picture at the right 

suggest about the number of lines 
that can contain one point? 





. Aline can have many names. 


Three names for this line 
are RS, TR, and 7. 

What are some other names 
for this same line? 


intersecting at point P. 
Can two lines intersect in more 
then one point? 


Record your findings on 
dot paper or graph paper. 





. A How many lines are shown in 


Using the Ideas 


. Mark two points on your paper and label them P and Q. 


Use your ruler to draw the line through P_and Q. 
Mark a point A not on PQ. Draw AP and AQ. 


If three points are chosen not on the same line, how many 
lines can be drawn that contain pairs of these points? 


. Mark four points on your paper and label them A, B, C, and D. 


Make sure no three of them are on the same line. 
Draw all the lines that contain pairs of these points. 
Give names for the lines such as AB, AC, and so on. 
You should have six lines in all. 


the figure at the right? 

Give two other names for AE. 
Give two other names for AC. 
What is AB 9 CD? 

What is BC 9 ED? 





moo B 





. Draw four lines and label them m, n, o, and p. 


Make sure that no three of them go through the same 
point and that each one intersects the other three. 
How many points are determined by the intersections 
of pairs of these lines? 


. How many lines are determined by five points 


if no three of them were on the same line? 


How many lines are determined by six points 
if no three of them were on the same line? 





UTILIZATION 
The exercises on this page provide practice in 
representing points and lines, naming points 
and lines, and determining the number of lines 
through finite sets of points not on the same 
line (noncollinear points). 

Exercise 2, 3, 6, and 7 form a sequence of 
exercises that could be conveniently arranged 
in a table so that students can see a pattern. 




















= 
Number of points Number of 
not on one line possible lines 

3 3 

4 6 

a ie 
5 10 
6 b 15 














EXTENSION 
Enrichment: Challenge students to try to de- 
velop a formula for the numbers in the table 
above. The sequence consists of “triangular 
numbers.” The general formula is 
pip 

N =i pomme 
where p is the number of points not on the 
same line and.N is the number of lines. 


Think Solution 





Five colors Four colors 


You cannot color the regions as specified us- 
ing only three colors. 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1-7. 


C-3 


Objective Intersecting Lines and Parallel Lines 


The student can identify parallel lines and 





intersecting lines. Investigating the Ideas 
PREPARATION 
If you prefer, you might discuss the definition a ae pes Se 
of parallel lines before beginning the Investi- aii are att 
gation (see Discussion Exercise 2). However, Two lines in a plane can have _° Point of exactly one point 
you could begin immediately with the In- intersection of intersection. 
vestigation. 

1s ae 
INVESTIGATION is, ae pa 
The Investigation should prove interesting Three lines in a plane can have “zero Or three points 
because four lines in one plane can intersect of intersection. 
in 0, 1, 3, 4, 5, or 6 points, but not in just 
—_—__r 
<=_—_— 


Discussing the Ideas 


. Andrea drew this picture to illustrate 
four lines intersecting in four points. ¢c 0 
Was she correct? Explain your answer. 


. Two lines that are in the same plane and 





If we do not restrict ourselves to lines in a : d A B 
plane, four lines in space can intersect in ex- do not intersect are called parallel lines. Bh Ee, 
actly 2 points as shown. To show that AB is parallel to CD, 
we write AB || CD. 
ne What are some physical objects that C D 
remind you of parallel lines? 
3. Skew lines are two lines that are not econ 


in the same plane. In the figure 
lines s and t illustrate skew lines. 
They do not intersect, yet they are 
not parallel lines. 


DISCUSSION 

In discussing the definition of parallel lines, 
emphasize that two parallel lines are always co- 
planar; that is, they are in the same plane. 


Illustrate both parallel lines and skew lines, Use two pencils to demonstrate 
and discuss the fact that although skew lines 





Rae ntrseer they are not paratiet A intersecting lines B parallel lines c skew lines 
Exercise 4 introduces, without naming it, one A s ' P 
of the most famous postulates of geometry —. 4. Suppose point P is not on a line @. . 
The Parallel Postulate. This postulate asserts A ls there a line in the plane of P and 7 Le ¢ 
that in a plane there is no more than one line that contains point P and is parallel 
through a point not on a given line parallel to to line 2? 
the line. B ls there more than one line through P 


that is parallel to line 7? 


C-4 





a Using the Ideas UTILIZATION 
The exercises provide a variety of practice 


1. How many points with parallel, intersecting, and skew lines. 
of intersection are In naming parallel lines for the figures in 
shown in the figure b Exercise 3, a few students may name pairs 
for five lines? c such as AF and CH, or AG and BH. Of course 
such diagonal segments are parallel even though 

A the segments are not pictured in the text. 

d 
EXTENSION 


Additional practice exercises are provided on 
page 75 of the Workbook. 
Enrichment: Ask students to try to find the 


2. A Mark four points on your paper 
in the positions of points 


A, B, C, and D. Ae ig) maximum number of points of intersection for 
B Draw all the lines that you can we any given number of coplanar lines. (Solution: 

through pairs of points. ec a where 7 1s the number of coplanar lines.) 
c How many new points of intersection, ’ . 

other than A, B, C, and D, do the oP thio colution , 

inestterin? This Think problem illustrates the fact that the 


greatest number of regions into which three 


, intersecting lines can divide the plane is 7. 
3. Use the points at the corners of the box 


in the figure to name some parallel lines. 
How many pairs can you find? 


EXAMPLE: AC|| BD 
4. Name some skew lines using the points 
at the corners of the box in Exercise 3. 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1-6. 





C 

R Ss 
— += — <> <+—__e—_______@—____ > 

5. Suppose RS || UT and UT || XY. U T 
Is RS || XY? PRE AFT Oe 


6. Draw a picture to illustrate the following: 
Five lines a, b, c, d, and e in a plane such that a||b and c||d, 
a is not parallel to c, e intersects the other four lines, and 
the five lines intersect in four points. 





Objective Planes 


Given pictures or models of planes, the stu- 


dent can identify certain properties of planes. . 4 
fn ‘aes wP Investigating the Ideas 





PREPARATION 

Materials: Pieces of thin cardboard, scissors. A plane is a flat surface —gh. 
Distribute the materials needed for the In- that extends indefinitely. 

vestigation. Students can work in pairs or in You can make some models 

small groups on this Investigation. of planes using pieces of &* ages 

cardboard or tag board. 
INVESTIGATION Cut out three pieces of 
The purpose of the Investigation is to provide cardboard like A, B, and C. 


a concrete representation of intersecting planes. Then cut the slots scithat Waker 


Th moi when puoacr wil tncdi® ay goatteetnaway” §( 1 J ra 
. aes B through each piece. = 


The assembled pieces should look like this: 


Can you place the three pieces together to 


make a model of three intersecting planes? 








Discussing the Ideas 


1. The intersection of two planes is the set of all points that 
are common to both planes. Look at your model. 





DISCUSSION What geometric figure is formed by the intersection of two planes? 
The discussion questions should bring out the 
following ideas about planes. 2. How many lines of intersection are formed by the planes in your model? 
A. The intersection of two planes is a line 
Gene hk 3. Imagine that your model will just fit into 


B. Three noncollinear points determine a 
unique plane (Exercise 6). 





a rectangular box. Into how many separate 


C. A line and a point not on that line deter- compartments would the model partition the box? 
mine a unique plane (Exercise 5). 
D. A plane separates space into disjoint 4. Can you arrange the pieces of your model 
regions (Exercises 3 and 4). so that it would partition a box into six 
Point out that, given 4 noncollinear points, compartments? 
any three of them are in the same plane but 
the fourth point may not be. This accounts for 5. There is only one plane that will contain 
the fact that a 3-legged stool always sits steady a line and a point not on the line. 


on all three legs, but stools, tables, and chairs 
having four legs, may “‘rock” because the bot- 
tom of one of the four legs is not in the same 
plane as the other three. 


Hold two pencils to balance one of your 
planes in order to illustrate this. 


6. If three points are not in a line, then 
there is just one plane that contains 
all three points. Try to balance your 
model of a plane on three pencil points. 


Using the Ideas 


1. Mark three points on your paper so that only one plane 
contains these points. 


2. Mark three points on your paper so that each of many 
planes contains these points. 


3. Name the figure suggested by the phrase. 
A Two planes that do not intersect. 
Four planes intersecting in one line. 


Three planes intersecting. 
Two planes intersecting in a line. 


E 
B F 
c Aline intersecting a plane in a point. @ Three points in a plane. 
D Two intersecting lines in a plane. H 


Three planes intersecting in two lines. 

















— 


‘fa 

















4 








4. a Draw a picture of a plane. 
B Mark two points X and Y in the plane. 
c Draw XY. 
pb Mark a point P on XY between X and Y. 
E Mark a point Q in the plane but not on xx 
F Draw PQ. 


5. In the figure there are four points so that no 
three lie on one line and no plane contains 
all of them. Points A, C, and D determine 
one plane called plane ACD. 
Name three other planes determined by other A B 
sets of three points in the figure. 


6. How many planes would be determined by 
five points? (See Exercise 5.) 


UTILIZATION 
The exercises emphasize the interpretation of 
pictures involving planes and lines. Exercise 
3 involves many geometric ideas which stu- 
dents can see intuitively. These ideas should 
be discussed, but formal statements of them 
should not be stressed at this time. Some of 
these ideas are given below. 
A. The intersection of a plane and a line is 
a point. 
B. Two intersecting lines are always co- 
planar. 
C. Many planes can contain the same line. 
D. Pairs of planes which do not intersect are 
parallel. 
E. If two planes intersect, their intersection 
is a line. 


EXTENSION 

Further practice with the concepts introduced 
in this lesson is provided on page 76 of 
the Workbook and page 53 of the Duplicator 
Masters. 

Remedial: The faces of a cube or a rectangu- 
lar prism are portions of planes. Use models 
of these figures to illustrate the intersection 
of planes. For example, the intersection of 3 
of the faces of a cube is one point, a vertex of 
the cube. Each face of the cube intersects all 
but one of the other faces of the cube. 

Enrichment: Models of lines and planes can 
be made from cardboard and string or wire. 
Encourage students to make some models of 
the figures shown in Exercise 3. 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 


Objective 
The student can draw, demonstrate, or name 
pairs of congruent segments. 


PREPARATION 

Materials: Geoboards and rubber bands, dot 
paper or graph paper (Duplicator Masters, 
pages 82, 83). 

You will probably want to have students 
begin the Investigation as soon as the needed 
materials have been distributed. If geoboards 
are not available, dot paper or graph paper 
can be used as a substitute. 


INVESTIGATION 

Although the Investigation does not seem to 
involve measurement, most students will prob- 
ably think about placing rubber bands so that 
they go “over 4 and up 2” or “over 2 and up 
4.” Therefore some intuitive notions of metric 
geometry are involved in finding segments as 
long as the one shown on the geoboard. 


DISCUSSION 

The definition and symbol for segment is given 
in the first exercise. Note that if P is a point 
on AB and if P is neither A nor B, P must be 
between A and B. 

The term congruent segment is introduced 
intuitively in Exercise 2 as two segments whose 
endpoints are equally far apart. Although con- 
gruence of segments is a nonmetric concept, 
some students may observe that congruent 
segments have the same length (a metric con- 
cept), and this is certainly permissible since 
two segments are congruent if and only if they 
have the same length. 

In connection with Exercise 3, you might 
want to have students display on the chalk- 
board or overhead projector the congruent 
segments they found in the Investigation. It 
is unlikely that many students will have found 
all eleven of the possible segments, but by 
combining their individual findings they will 
probably achieve the maximum total. 


Investigating the Ideas 


; 
. If two segments have their endpoints equally 
i 


. How many different segments did you find on your geoboard that 


. We often use slash marks to indicate peas D 


Congruent Segments 


You can represent a segment 
on your geoboard by looping 
a rubber band around any 
two nails on the board. 





How many segments can you find on your geoboard | Record your findings; 
on dot paper. | 


that are just as long as the one shown above? 





Discussing the Ideas 


1. The segment AB with endpoints A and B is B 


the set made up of points A and B and all points Se | 
between A and B on AB. ak 2 fee. ¢ [ 
The symbol for segment AB is AB. AB i 
In what way is a segment different from a line? 


far apart, they are congruent. 
In the figure, XY is congruent to MN M N 
and we write XY = MN. 
Draw and name two segments that you think 
are congruent. | 


were congruent to the segment in the Investigation? | 


that two segments are congruent. The C 
same number of slashes indicates that AB HGDe ancl? ahaa 
the two segments are congruent. ee 

Name the pairs of congruent segments 
as indicated by the slash marks. 


OSs eh rian stpmaition seaek 
aR 


ae , N 4 
Sema ape corse om eg oe caeuaatthvor | 


Using the Ideas UTILIZATION 
Although circles have not yet been studied 


B 
. List the pairs of congruent segments A D Ee formally, students should be able to find pairs 
shown in the two triangles of congruent segments in the figure for Exer- 
; C cise 2. You might point out to the students that 
F 


they are expected to list only those segments 
with endpoints on the circle. 
Exercise 4 illustrates that congruence of seg- 
ments is a transitive relation. If AB = CD and 
CD = EF, then AB = EF. Congruence of seg- 
D ments is also reflexive (AB = AB), and sym- 
metric (if AB = CD, then CD = AB). 
Unless your students are already familiar 
with the use of the compass in geometric con- 
E E structions, you will want to point out to the 


= 


i) 


. The six points A, B, C, D, E, and F 
are equally spaced around the circle. B C 
List all the segments in the figure 
that are congruent to 


a AB B AC c AD A 












3. How many segments are shown in 
the figure for Exercise 2? 











. 38 students that their drawings for Exercises 5 
4. Complete the sentence: If JK = DE and DE = HG, thenJK = ?. and 7 need only be approximations. 
The geometric idea underlying Exercise 7 is 
5. Mark two points X and Y on your paper. Then mark that it can be proved that the quadrilateral 
a third point Z so that XY = XZ and XY = ZY. formed by connecting the midpoints of the sides 
of any quadrilateral is a parallelogram. Hence 
: the students should be able to guess from these 
ft 6. How many segments can you name using i A drawings that M,M, = M,M, and M,M, = 
A two points on a line? +—_e—_____________@—_+ M,Ms3. 
: : A Cc B 
B three points on a line? <0 > o> EXTENSION 
c four points on a line? 2h NA cA oni Riles Ri "nl Provide a duplicated copy of a circle with a 
p five points on line? A [B). {é C B diameter of about 15 cm and 24 points spaced 


evenly around the circle. Have the students 
draw all the possible segments joining the 24 
points. If this is done carefully, a beautiful 
design will result. The same figure with seg- 
ments constructed of fine thread on cardboard 
will provide an interesting decoration. Chal- 
lenge the students to count the total number of 
segments. (There will be 276 altogether.) 


Think Solution 


k 7. The midpoint of a segment divides a 
segment into two congruent segments. 
Draw a 4-sided figure such as ABCD. 
Label the midpoints of AB as M,, 

the midpoint of BC as M,, 

the midpoint of CD as M;, and 

the midpoint of AD as M,. 

Draw the figure M,M,M3M,. One solution for the diagram is shown on the 
Can you find some congruent student page. This is not the only solution, 
segments in your drawing? however. A further activity might be to see how 
many different solutions can be found, starting 
at a particular point. Consider: 





Zs 
Starting at any point, draw the figure ¢ Gi ie +. 
xX 
Neat 


without crossing any lines, retracing any 
lines, or lifting your pencil from the paper. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-7. 
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Objective 

The student can compare two given seg- 
ments and can write a statement that shows the 
comparison. 


PREPARATION 

Materials: Geoboards and rubber bands, dot 
paper or graph paper (Duplicator Masters, 
pages 82, 83). 

Draw a segment AB on the chalkboard. Tell 
the students to think about a point X that ts 
between A and B. Write AB, AX, and XB on 
the board. Then ask: ““Which segment must be 
the greatest, no matter where _X is located?” 
“Where must X be if AX = XB?” “If XB is 
the shortest segment, which segment is the next 
shortest?” 





INVESTIGATION 

Students could work effectively on this In- 
vestigation in pairs. It is not likely that pairs 
of students will find all the different possible 
segments, but if students’ results are combined 
it is likely that all will be found. Encourage 
students to think about “families of lines” and 
to use notions of length to help them. There 
are 14 different-size segments, as shown below. 





DISCUSSION 
Although the symbols > and < have been used 
with numbers, the use of the same symbols 
with segments may be new to your students. 
In discussing Exercises 3 and 4, stress the 
fact that there are certain inequalities that all 
students should agree upon regardless of the 
placement of the two “in between” points, C 
and E. Thus CE < AE, CE < CK, and CE < 
AK if C and E are between A and K. 





Comparing Segments 
investigating the Ideas 


Use your geoboard for 
this Investigation. 


How many different segments can 
you find on your geoboard so 
that no two are congruent? 








Record your findings on dot paper. 





Discussing the Ideas 


1. Are these two geoboard ,. . 
segments congruent? 
How can you tell? 





2. The endpoints of AB are farther apart 
than the endpoints of CD. We say that 
“AB is greater than CD” or ‘CD is less than AB.”’ 

We write this as AB > CD or CD < AB 


Compare the pairs of segments below. 





3. Label four points A, C, E, and K in that order on a line. 
Name all the different segments. You should have six in all. 


4. Find and name three inequalities about the six segments 
in Exercise 3. EXAMPLE: AC < AE 


5. In the figure, point P_ A p B 
is the midpoint of (ABN. \+=@ = 0 


What is the correct symbol for each ill 2 
a AB ii)BP 8 APiil)PB cc PBI AB 





Using the ideas 










1. Select the correct figure. 
A AB > CD 
B AB=CD 
c CD <AB 
D 
E 





CDSsAB: 

AB <CD 
2. Select the correct figure. 
AB < CD and EF <CD 
AB > CD and CD > EF 
AB < CD and CD = EF 
CD> EF and EF > AB 
AB = CD and AB > EF 
AB > EF and CD < AB 





“moo os Pp 





3. Select the statement that you think completes the sentence 
correctly. Be prepared to explain your selection. 


ee aS Se AB = EF. 
a lf AB = CD and CD = EF, we know that [aa EE 
AB = EF 
AB > EF. 
AB < EF. 
AB = EF. 





B If AB = CD and CD > EF, we know that 





ce If AB < CD and CD < EF, we know that 


-4. Write as many statements 

as you can that will compare 
different pairs of 

segments shown on 

the geoboard. 





5. Suppose that the distance between 
two adjacent nails on a geoboard 
either across or down is 1 unit. 


How many segments are 1 unit long? 

How many segments are 2 units long? 
How many segments are 3 units long? 
How many segments are 4 units long? 


1 unit 





UTILIZATION 
If students have difficulty with Exercise 3, 
you might suggest that they draw pictures to 
help them decide which of the two statements 
completes the sentence correctly. 

Remind students that the same number of 
slash marks on two segments indicates con- 
gruent segments. 


Solution, Exercise 4 
ST =WX OMA 2NCL 
Se OV UV < WX 
AW hace NGA YZ >WxX 
Each of these statements can also be re- 
versed. 











EXTENSION 

To provide additional practice, make selective 
assignments from Workbook page 77 and Dupli- 
cator Masters page 54. 


Assignments 
Minimum 1, 2. Average 1-3. 
Maximum 1I-5. 


Objective 
The student will be able to identify or show 
half-planes and half-lines. 


PREPARATION 
Materials: Geoboards and rubber bands, dot 
paper or graph paper (Duplicator Masters, 
pages 82, 83). 

Since the Investigation may require con- 
siderable time, it would be best to proceed 
immediately with it. 


INVESTIGATION 

The least number of regions will occur when 
no two of the segments intersect. The greatest 
number will occur when each segment inter- 
sects all of the others and no three segments 
have the same point in common. Possible ar- 
rangements of segments that will produce the 
minimum and maximum number of regions are 
shown below. 


Five regions 





Eleven regions 


DISCUSSION 

You might use the geoboard pictured in the 
Investigation as a model to illustrate half- 
planes. \f each rubber band is thought of as a 
line, then it separates the geoboard (plane) into 
two regions or half-planes. By definition, the 
separating line is not included in either of the 
half-planes. (Similarly, a half-line does not in- 
clude the separating point.) 

Many of the notions of separation or be- 
tweenness that are treated intuitively in this 
lesson can be treated quite rigorously in formal 
geometry courses; some of the notions are as- 
sumed as postulates and others can be proved 
as theorems. However, such rigor is inappro- 
priate at this level. 





Half-lines and Half-planes 


Investigating the Ideas 


The four colored segments divide the 
square region on the geoboard into 
six smaller regions. 


Can you find the fewest and the greatest 
number of regions into which a square can 
be divided by four segments whose endpoints 





are on two different sides of the square? 


Record your findings on dot paper. 


Discussing the Ideas 















The region on each of the two sides Line (edge) yr as 
of a line in a plane is called a half-plane. 
We say: A line in a plane separates 

the piane into three sets, 

the line and two half-planes. 






One side 
of the line 


& A half-plane 





1. The red line on a hockey rink suggests a line tnat 
separates a plane. What are some other examples? 


2. Do you think that a half-plane includes the separating 
line or edge? 

















Each of the two sides of a point 
on a line is called a half-line. One side of a 


: ; oint on a line 
We say: A point on a line separates ? 


the line into three sets, 
the point and two half-lines. 


A half-line 





3. What are some physical objects that suggest that a point 
separates a line? 


4. Does a half-line include the endpoint? ~ 





4. 


ti = MO 


A 


moo oe 


Draw a picture of a plane with 
line @ separating the plane 

into two half-planes. 

Mark a point P in one of the 
half-planes and a point Q in 
the other half-plane. Draw 
segment PQ. Does segment PQ 
necessarily intersect line 7? 


Mark another point R in the same half-plane as point Q. 
Does RQ intersect line “? Does PR intersect line 7? 


Draw a figure like the one at 
the right. 

Shade (||) the half-plane that 
is the C-side of AB. 

Shade (3) the half-plane that 
is the B-side of CD. 


Which region has been shaded twice, 1, 2,3, or 4? 


X and Z are on opposite sides of |lll. 

Z and ||| are on the same side of Y. 

W and Y are on opposite sides of |||. 
W, Y and Z are on the same side of |||. 
V and X are onthe same side of ||. 


Shade (WW) the set of points that 
are on the B-side of 7. 

Shade (///) the set of points that 
are on the C-side of n. 

Shade (||) the set of points that 
are on the A-side of m. 

Describe the set of points that are 
in all three half-planes. 


. Refer to WX to give the correct letter for each ||. 


Using the Ideas 











<—__@—_@—__@ __@ _@__»> 
Ww xX Yaa Z V 
oC 
A 
Cc B 
m 
n 


UTILIZATION 
Exercise | illustrates that a line in a plane 
separates the plane into two half-planes so that: 
(a) If two points are not in the same half 
plane, the segment joining the two points 
intersects the separating line. 
(b) If two points are in the same half-plane, 
the segment joining them will not inter- 
sect the separating line. 


EXTENSION 
Page 78 of the Workbook provides exercises 
that would be appropriate for further ‘practice 
with the ideas presented in this lesson. 

Enrichment: Just as each line separates the 
plane into half-planes, each plane in space 
separates the points in space into two half- 
spaces, the two regions on each side of the 
plane. 

— s 
« ht aa 
a 


Half-space 


Challenge students to find the maximum 
number of regions into which three intersect- 
ing planes will divide space. (Answer: 8) This 
could be illustrated by means of a cardboard 
model. 


Assignments 
Minimum 1, 3. Average 1-3. Maximum 1-4. 


Objective 
The student can name rays and angles shown 
by drawings and compare the sizes of angles. 


PREPARATION 

Since there is a considerable amount of geom- 
etry in this lesson, you may need to spend extra 
time in discussing the ideas and the symbols 
that are introduced. 


INVESTIGATION 
There are just 6 angles possible with the four 
rays from point O. 

A common misconception among students is 
that two rays with a common endpoint deter- 
mine 2 different angles. This misunderstanding 


— 
Y= 
— 


may be caused by the students thinking that 
the interior and the exterior of an angle are 
two angles. Another possible source of con- 
fusion is related to the way we measure angles. 
Some students think of the amount of rotation 
required to make one ray coincide with the 
other, and of course there are two different 
numbers that measure this rotation, depending 
on the direction of the rotation. Stress the 
fact that the two different rays with the common 
endpoint determine a unique angle, the set of 
points on the two rays. 


DISCUSSION 

Exercise 2 presents a nonmetric method of 
comparing two angles. To compare the size of 
the angles, first choose one pair of correspond- 
ing points on one side of each angle. Then fol- 
low the same procedure for the other side of 
each angle. This gives two pairs of points that 
determine the “‘openings” for the two angles, 
and these corresponding openings are used to 
compare the size of the two angles. 

If an overhead projector is available, use it 
in discussing Exercise 3, to show the intersec- 
tion of different half-planes. Shade the half- 
planes on separate overlays and show the class 
the different half-planes; then put the overlays 
together to show the intersection. 


C-14 


Rays and Angles 


investigating the Ideas 


An angle is the union B 
of two rays which have 


the same endpoint. 


A 
B vertex 


na cea 


NAME: 
Ray AB 


A ray is the union 
of a half-line and 


its endpoint. 


a; sides 


SYMBOLS: ZA 
ZB 
Z1 


NAMEs: Angle A 
Angle BAC 
Angle 1 


~ SYMBOL: 
AB 








How many rays and angles 


can you find and name in 
the figure at the right? 





Discussing the Ideas 


1. In naming an angle with three letters, such as Z BAC, 
which letter denotes the vertex of the angle? 


2. If the openings of two angles are the same, then the 
two angles are congruent (=). If the two angles are 
not congruent, then one angle is greater than or 
less than the other. In the following pairs of 
figures, the same number of slash marks on the 
segments tells you which pairs of segments are 
congruent. How do each pair of angles below 
compare in size? 


3. a The interior of 2 BAC is the intersection 
of two half-planes as shown in the figure. 
Describe the two half-planes. 


B What is meant by the exterior of the angle? 


AC 





D 
E Bay 
ZD=ZF 
LE > FLD SLE 








Using the Ideas UTILIZATION 
. Exercise 4 illustrates various relations between 
4. a Name the rays that form the angle. pairs of angles. Part A suggests a kind of “‘addi- 
; Rie R tion” for congruent angles. Parts B and C deal 
B Which point is the vertex of the angle? with combinations of inequalities and congru- 
c Use three different symbols 2 ences. Students are expected to respond to 
to name the angle. s T these parts intuitively rather than through strict 


geometrical reasoning. 


2. How many different angles are J K 
shown in the picture? Use three Construction, Exercise 6 
letters to name each angle. L : : 
M H 


3. Suppose that BA, BC, ED, and EF are congruent. 
Which symbol (<, >, or =) should go in each illy-2 


a If AC < DF, then 2B (ll) ze. EXTENSION 


B If AC > DF, then 2B ih Ze C D Additional practice exercises appropriate for 

—- this lesson are provided on page 79 of the 

c If AC = DF, then 2B ll LE. E ! Workbook and page 55 of the Duplicator 
Masters. 

F Remedial: Ask students to name at least 4 

rays in the figure below; at least 4 angles. Name 










® 


4. Give the correct symbol (<, >, or =) for each ll. 


A : ; 
14=/4 two straight angles with vertex O. What pairs 

met < as “ then 2 ABC ll < DEF. of angles seem to be congruent? shane the 

tee 2 interior of Z AOC. 
B if . | then Z ABC |||) 2 DEF. 

Loo Seed D C 

Y ABC 2 DEF 

If icra) | then 22 IK{ 23. ; : 
4 





5. Complete each sentence by naming an angle. 
A Point E is in the interior of 2 ?. 
B Point D is in the exterior of 2 ?. 
c Point B is in the interior of 2 ?. 
pb Point A is in the exterior of 2 ?. 


Enrichment: Ask students to find a formula 
for the number of angles formed by n rays from 
the same point. 

YU ied) 


> 


Solution: 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 





k 6. Draw two intersecting lines m and n 

and choose points A and B as shown. 

Shade (ll) the half-plane that is A 

on the B-side of m. 

Shade (2) the half-plane that is 

on the A-side of n. 

a What is the intersection of 
the shaded regions? 

B What is their union? 


— 








Objectives 

The student can find the reflection of geo- 
metric figures in lines and can use reflections 
in a line to identify symmetric figures. 


PREPARATION 

Materials: Plexiglas or heavy acetate sheets, 
geoboards and rubber bands or dot paper (Du- 
plicator Masters, page 82). 

It is highly desirable for each student or 
small group of students to have a small rec- 
tangle of acetate or Plexiglas for the work on 
reflections in this module and in Module 3. 
Commercial devices are available for this pur- 
pose, but satisfactory home-made models can 
be made from Plexiglas or heavy acetate sheets. 
Used and cleaned x-ray film, usually available 
from x-ray labs, can also be used. Tape the 
acetate or other reflector to a 3-sided cardboard 
frame to increase the sturdiness of the mirror. 


Cardboard 
frame 


Acetate 


Slotted 
cardboard 





Two slotted cardboard strips can be used so 
that the mirror will stand upright. 


INVESTIGATION 

Students using geoboards can use one rubber 
band to show line @ and another band to show 
the triangle. After the students have shown and 
recorded the reflection of AX YZ, suggest that 
they form some other geometric region on their 
geoboards and show its reflection. 


DISCUSSION 

Be sure to emphasize the fact that the reflection 
images of geometric figures are the same size 
and shape as the original figures. Such ideas 
are more important than the accuracy of stu- 
dents’ constructions. 


Reflections 


Investigating the Ideas 





If line @ on the geoboard represented 
an upright mirror, you could see the 
reflection of AABC in the mirror. 

The reflection is ADEF. You can 
visualize this by thinking of folding 
the geoboard at the line. Then the 
two triangles would match. 





Can you show how the reflection of 
of AXYZ would look on the geoboard? 










Record the reflection on dot paper. 





Discussing the Ideas 


1. 


. You can use a rectangular piece of clear 


The triangle that you found for the question above is 
the reflection image of triangle XYZ in the line 7. 

Does the reflection image that you found have the 
same size and shape as the original triangle? 





plastic to help you draw reflection images 
of figures on paper. Hold the plastic 
upright to the paper. Look through the 
plastic to see the reflection image. Try 
drawing the reflections of various figures. 


. Do you think that the reflection image of a geometric figure 


in a line is always the same size and shape as the original figure? 


rad 
. The region shown is a symmetric region with 7 
as a line of symmetry. Each half of the 
region is a reflection image of the other. 


How Can you use a plastic mirror to see if these regions are symmetric? 


A B 








1. Which point is the 


Using the Ideas 


reflection image of 
each of the points 





Avon CxO wand & 5 ’ 
in line ¢? Cnn he 
A 
2. For each picture, tell whether the two objects are Z 


reflection images of each other in the line. 
A : B ; c 
ae pe —_ 
D E F 
ve 
CHOICE | J 
<Q CHOICE i 
¢t 
/ 
"alt 


3. Copy each figure below. Then draw the reflection image 
of each figure in the line. 


° P et 
5 
nei | ¢ 
4. Which regions are symmetric? 


H E L P 


* 5. Draw four segments on your paper. Use your plastic mirror 


and reflections to find the midpoint (middle point) of each segment. 


UTILIZATION 

Although most of the exercises could be an- 
swered without the aid of a plastic mirror, the 
students’ interest and understanding will be 
enhanced if they can use a device that enables 
them to see the reflections. 

Reflections in a line are also sometimes called 
“flips” about a line. We do not use the term 
“flips” in this book, however. 

In using the plastic mirror in Exercise 5S, 
students should discover that if they can make 
the reflection image of one end of the segment 
fall upon the other end of the segment, then the 
mirror must intersect the segment at its mid- 
point. 

In general, the lesson should be kept on an 
intuitive level. 


EXTENSION 

Page 80 of the Workbook provides exercises 
designed to reinforce the ideas presented in 
this lesson. 

Remedial: If an overhead projector is avail- 
able, use it to demonstrate reflections. Draw a 
line PQ and a AABC on one side of the line. 
Place a sheet of acetate over this drawing, and 
trace AABC and points P and Q. Now turn 
the sheet of acetate over, aligning P and Q 
again. The reflection of A ABC will appear on 
the opposite side of PQ. 





Assignments 
Minimum 1-4. Average 1-5. Maximum 1-5. 


Objective Perpendicular Lines 
The student can identify right angles and 
construct them by means of reflections. Investigating the Ideas 


PREPARATION 
Materials: Plastic mirrors. 

Briefly review reflections. Have the students 
mark two points A and B on their paper. Then 
ask them if they can place their plastic mirrors 
in such a position that B is the reflection image 
of A. By the basic property of reflections, the 
line of the mirror will be the perpendicular bi- 
sector of AB. 


Draw a line @ and 
mark a point Q on 
the line. 











Can you find a line m through Q so that ¢ is the reflection 
image of itself when m is the reflecting line? 





Discussing the Ideas 


INVESTIGATION 

The Investigation will not require much time, } ‘ J 

but the underlying idea is important: 1. The lines ¢ and m are called perpendicular lines. 
If two lines intersect so that one line is the You can write this as ¢ 1 m. 


reflection image of itself when reflected in 


: Is each line the reflection image 
the other line, then the two lines are per- 


of itself in the other line? 


pendicular. 
DISCUSSION 2. What are some physical objects that remind you 
Right angles are defined in Exercise 5 as the of perpendicular lines? 
nonstraight angles formed by pairs of per- 
pendicular lines. Using the definition and the 3. If @ 1 m, the angles shown are 
same construction process as in the Investiga- congruent to each other. 
tion, some right angles can be drawn for Exer- Explain how you can use a plastic 
cise 6. mirror to check whether or not 


lines ¢ and m are perpendicular. 





4. When the two rays of an angle lie on a line 
and are opposite in direction, the angle is R A S ov T 
called a straight angle. 

Give some names for the straight angle at 
the right with point S as the vertex. 


5. The four non-straight angles formed p 
by two perpendicular lines are called 
right angles. The symbol | is used 
on drawings to indicate a right angle. 


What are some objects in your classroom q 
that suggest right angles? 


6. Can you explain how to use your plastic 
mirror to draw a right angle. 





Using the Ideas UTILIZATION 
; Students will need their plastic mirrors for this 
1. Which pairs of lines are perpendicular? set of exercises. Exercise 2 suggests the geo- 


A B c D metric theorem that, in a plane, two lines per- 
pendicular to the same line are parallel. 
In Exercise 6, allow for various methods of 
construction. One method is shown below. 
Step A Step B 


2. A Draw aline t and then mark 
a point P on line t. Use 





j j ie . 
your mirror to draw a line AS oe ae Seer 


perpendicular to line t 
through point P. 


In Step A, construct two perpendiculars to a 
line @ through arbitrary points X and Y. In 


B Mark another point Q on line t and then draw a perpendicular Step B, place the mirror on Y and turn it until 
line to line t through point Q. the image of X (denoted by X’ above) falls on 
c What do you think is the relationship between the two the perpendicular through Y. Mark X’ and then 
lines perpendicular to line t? complete the square by constructing a perpen- 
dicular to X'Y at X’ by the method described 
3. Use your plastic mirror to draw a right angle. in Step A. 
EXTENSION 
A D 


Additional practice exercises appropriate for 


4. Use your plastic mirror to draw d 
y P this lesson are provided on page 81 of the 


a figure like this one. 


Workbook. 
B '® 
‘ J Think Solution 
5. Use your mirror to draw a line °©Q This Think problem should be solved by trial 
through point Q that is and error. The solution is shown by the anno- 
perpendicular to line ¢. SS tated drawing on the student page. 


* 6. Construct a square with the aid of your plastic mirror. 


data 


Two points are labelled A, 
two points are labelled B, 
two C, two D, and two E. 


Join Ato A, B to B, CtoC, 
D to D, and E to E with 
paths along the lines of the 
grid so that no two paths 
cross or touch at any point. 




































Objective 

The student can identify adjacent angles, 
supplementary angles, vertical angles, and 
acute and obtuse angles. 


PREPARATION 
Materials: Plastic mirrors. 

Review the various methods of denoting 
angles. Point out to the students that in draw- 
ings involving more than one angle it is best to 
use the three-letter notation or numeral no- 
tation. 


DISCUSSION 

Your students may already be familiar with 
some of the definitions given in this section. 
If so, you should simply review these defini- 
tions and perhaps quickly work through all the 
exercises as a Class activity. However, if your 
students have not had previous experience with 
these definitions, you should progress more 
slowly and give additional examples in order 
to be sure that students understand them 
thoroughly. 

The Discussion introduces three types of 
related angles: adjacent, supplementary, and 
vertical angles. Acute and obtuse angles are 
also discussed. The Discussion Exercises will 
give the students a chance to clarify these 
ideas, and the Utilization exercises wll give 
them an opportunity to work with the definitions. 

At this level, we rely mainly on pictorial 
definitions. It is probably more desirable for 
the student to be able to name pairs of related 
angles in a drawing than it is for him to verbalize 
complicated definitions. 

Vertical angles can be defined as two of the 
nonstraight and nonadjacent angles formed by 
two intersecting lines. In Exercise 3, students 
can use a plastic mirror to discover that pairs 
of vertical angles are the same size. The mirror 
must be placed along the line that bisects one 
pair of the vertical angles. 

The definitions of obtuse and acute angles 
rely upon an intuitive understanding of “‘greater 
than” and “‘less than” for angles. At this stage, 
one angle is “less than” another if it has a 
smaller ““opening”’ than the other. 
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Discussing the Ideas 


1. The figure shows that 


. If 2XYZ is a straight angle, 


Related and Special Angles 






Common side 


ZAOB and 2 BOC are 


Interiors 
: 7 do not 

lap. 

adjacent angles. Vertex overlap 

We say: ZAOB is adjacent to 2 BOC. 


In A and B , explain why [A] 
Z1 and 22 are not adjacent : 2 
angles. 2 
1 
Vv 
FE D 
B A 


then 21 and 22 are 
supplementary angles. xX 


aa 


2 
Pe 


HS 


C 


Which two pairs of angles are 
supplementary if 2 BAC isa 
straight angle? 


. Lines m and n intersect at point O. 


We say: 21 and 22 are vertical angles. ed 
23 and 24 are vertical angles. Dah ee ea 
A Do you think pairs of vertical a a 


angles are the same size? 


B Can you find a way to use reflections 
to compare two vertical angles? 


. An angle smaller than a right angle 


is an acute angle. 
Is 26 an acute angle? S 


Z5is an acute angle 


5. An angle greater than a right angle 


but less than a straight angle is 
called an obtuse angle. 


A \|s Z8 obtuse or acute? 


B What name is given to the 
pair 27 and 28? 


8 


Z7is an obtuse angle 








Using the Ideas UTILIZATION 
You may treat this entire exercise set as an 


1. Using the figure at the right, name oral activity if your students’ background in 
. ; : 5 geometry has been fairly broad. 
a five pairs of adjacent angles. 4 i 
B two pairs of angles that are 32 EXTENSION 


not adjacent. Workbook page 82 and Duplicator Masters 
page 56 offer exercises that may be used for 
2. Complete each sentence with the correct word (vertical, supplementary). extending practice with the ideas presented 


in this lesson. 
A Angles 1 and 3 are ?. 3 
g — Remedial: Ask students to study the figure 


n 
Angles 3 and 4 are ? . below and name as many different pairs of re- 
Angles 2 and 4 are ?. 7 3 5 lated angles'as they can. Then ask them to tell 
Angles 1 and 2 are ?. 4 which angles are obtuse and which are acute. 
Angles 2 and 3 are ?. mM 
. . r 
3. In the figure, r and s are lines. 2 
Indicate which pairs of angles are a = 
A vertical angles. s 
B supplementary angles. 
41\2 
5 3 
A 


moo B 





4. Tell whether each of the numbered 
angles in the picture at the right is 


A right. c obtuse. 
B acute. p straight. 


Enrichment: Present students with a problem 
like the following. 

Suppose ZXYZ and ZVYX are adjacent. 
What is fie 
Nein fl iad AOC OES) 


: r let ch sentence. E ; : 
5. Use the words acute or obtuse to complete each sentence B. {interior of Z YYZ} / {interior of Z VYX}? 


A An angle that is congruent to an obtuse angle is an ? angle. (6) 

B An angle that is supplementary to an acute angle is an ? angle. C. {interior of 2 YYZ} U {interior of 2VYX}? 
c If ZA and 2B are vertical angles with ZA acute, then 2Bis ?. ({interior of 2 VYZ}) 

pb The supplement of an obtuse angle is an ? angle. Think Solution 

E An angle that is less than a right angle is an ? angle. There must be 12 nails on the boundary of the 
F Aright angle is less than an ? angle. cross; hence no side of the cross can contain 


3 nails. The solution shown in the annotated 


dna figure is unique. 


Assignments 
Minimum 1-4, oral. Average 1-S. 
Maximum 1-S. 








Form an outline of a cross with a 
rubber band on a geoboard so that 
five nails are inside the cross 


and eight nails are outside the 
cross and all sides of the cross 
are congruent segments. 





Objective 
The student can identify the sides, vertices, 
interior, and exterior of a triangle. 


PREPARATION 
Materials: Cardboard strips, scissors, centi- 
metre rulers, pins or thumb tacks. 

For the Investigation, students will need 
several minutes to prepare the strips. There- 
fore, you will probably want to distribute the 
materials and begin the Investigation at once. 


INVESTIGATION 
The purpose of the Investigation is to provide 
concrete experiences in constructing a triangle. 
Two main ideas should evolve from this ex- 
perience: 

1. A triangle is a rigid figure. 

2. It is not. always possible to construct a 

triangle, given three arbitrary segments. 

The student should discover that triangles can 
be formed from the following combinations of 
lengths; 3,5, and 7cm:.3. /7and.9\ cm: 5.7. 
and 9 cm. No triangle can be formed by the 
combination of the 3, 5, and 9 cm strips. 


DISCUSSION 

Exercise 2 introduces the idea elaborated on 
in Exercise 3: Any triangle formed by three of 
the strips can have but one shape. A triangle is 
rigid in the sense that the length of the three 
sides fixes its shape. The students can check 
the rigidity of their triangles by exerting pres- 
sure on the sides. The triangles will retain their 
shape unless the sides are bent or deformed. 
Compare the rigidity of a triangle to that of the 
quadrilateral suggested in Exercise 5. Note that 
the quadrilateral may assume many different 
shapes. You may want to discuss the role of 
triangles in providing rigidity in construction 
of buildings, bridges, and braces of various 
kinds. 


Triangles 


Investigating the ideas 













You will need some cardboard, 
three pins or thumb tacks, 

a pair of scissors, and a 
centimetre ruler. 


Cut out four cardboard 
strips and punch holes 
in the ends as shown. 





How many different shaped triangles can you make by choosing 
any three of the strips and putting pins through the holes? 


Discussing the ideas 
1. Did you find three of the strips that would not form a triangle? Which three? 
2. Can you make triangles of different shape using the same three strips? 


3. A triangle in geometry, B 
consists of three points, 
not all on one line, and side 
all the points on the worten 
segments determined 
by the three points. A G 
A triangle is said to be a rigid geometric figure. 
Can you use the strips to demonstrate why a triangle 
is a rigid figure? 


4. a How many sides does every triangle have? 
B How many vertices? (The plural of vertex is vertices.) 


5. Join the four strips together 
to form a 4-sided figure. Is it 
a rigid figure like a triangle? 









Using the Ideas UTILIZATION 
The exercises provide practice in identifying 
1. a Mark three points not in a line on your paper and naming triangles and their parts. 
and label them R. S. and T. Exercise 4 defines the interior and the ex- 
terior of a triangle. If you prefer, discuss these 


Bedotn the) points with segments. ideas prior to assigning the problems. 


c You have drawn triangle RST (SYMBOL: ARST). 


What are some other symbols that could name Solutions, Exercise 3 
the triangle? EXAMPLE: ASTR B D A. B. C. 
C 
2. Name as many triangles as Thc / \ 
you can in this figure. 
A E EXTENSION 


Remedial: To provide additional practice in 


3. Draw a figure that illustrates each situation. Fart dvuRan es wpreshatunoiie xeeudesuatiih 


a Aline intersecting a triangle in two points. overlapping triangles, like those below. Ask 
8B Aline intersecting a triangle in only one point. students to name as many triangles in each 
ce Aline that contains many points of a triangle. figure as they can. 


4. A point is in the interior of a triangle 
if it is in the interior of each angle of 
the triangle. If a point is not in the 
interior or on the triangle, it is in the 
exterior of the triangle. 





exterior 


é iS N P 
YA SK 
A Be ik U M QO 


Enrichment: Ask students to find the total 
number of triangles in each figure. Extend the 
sequence with two more figures. 


aa 


Think Solution © 

The students must solve the problem by trial 
and error. The number 77 gives a five-number 
Sequence" / 7,49. 30, 16, o. Alltothen 2-aieit 
numbers give a sequence of four or fewer num- 
bers. Some students may be interested in see- 
ing what 3-digit numbers will yield the longest 
sequence. 


Draw a figure and label it like the one shown. 
Then mark each point described below. 
A Point X is in the interior of AABE 
and in the exterior of AAFB. 
B Point Y is in the interior of AADE 
and in the exterior of AAFE. 
c Point Z is in the interior of AADC 
and in the interior of ABCE. 





Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 
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Objective 

The student can identify the following types 
of triangles: scalene, isosceles, equilateral, and 
right. 


PREPARATION 
Materials: Plastic mirrors, geoboards, dot 
paper or graph paper (Duplicator Masters, 
pages 82, 83). 

Since any preparatory discussion of the ideas 
is likely to preempt the Investigation, it would 
be best to begin the Investigation immediately. 


INVESTIGATION 

The Investigation consists of constructing 
various kinds of triangles on the geoboard or 
on dot paper. The related definitions will be 
given in the Discussion section. 

The triangle described in part C of the In- 
vestigation (an equilateral triangle) cannot be 
formed on a square-array geoboard. If a circu- 
lar geoboard of 6, 12, or 24 nails were available, 
such a triangle could be formed. 

Sample solutions for parts E and F: 





12 nails on the sides 6 interior nails 


DISCUSSION 
The types of triangles classified in Exercises 
2,3, and 4 in terms of their congruent elements 
can also be classified according to their lines 
of symmetry. 

Scalene triangle: No line of symmetry. 

Isosceles triangle: At least one line of 

symmetry. 

Equilateral triangle: Three lines of symmetry. 
You might find it interesting to point out that, 
if a triangle has 2 lines of symmetry, then it 
necessarily has 3 lines of symmetry. 

In Exercise 6, you might have the students 
try to draw a triangle with two right angles. 
They will see that two of the sides will be 
parallel so that a triangle with 2 right angles is 
an impossibility. 
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Types of Triangles 


Investigating the Ideas 





How many of the triangles described below 


Record your findings 


can you find on your geoboard? on dot paper. 





moo oe Pp 


A triangle with no two sides congruent. 
A triangle with a pair of congruent sides. 
A triangle with all sides congruent. 

A triangle that has a right angle. 

A triangle with the greatest possible 
number of nails on its sides. 

A triangle with the greatest possible 
number of nails in its interior. 





Discussing the Ideas 


1. 


. A scalene triangle has no two of its sides congruent. 


. An isoceles triangle has at least two sides congruent. 


. An equilateral triangle has 


. A right triangle has a right angle. 


. Can a triangle have two right angles? Explain. 


One of the triangles above is impossible to form on 
the geoboard. Which one do think it is? 


Draw a scalene triangle. Does it have any lines of symmetry? 


How many lines of symmetry does an isoceles triangle have? 
B 


all sides congruent. How 

many lines of symmetry does 

an equilateral triangle have? A C 
Equilateral AABC 


A Show aright triangle on the geoboard y 
that is also an isoceles triangle. 


B The longest side of a right triangle 
is called the hypotenuse. Where is 
the hypotenuse of a right triangle 
located with respect to the right xX b 4 
angle of the triangle? Right AXYZ 





Using the Ideas UTILIZATION 
Assign these exercises according to the needs 
of your students. 
Exercise 5 is more difficult than the others 
and is intended primarily for more capable 


1. Each triangle on the geoboard 
has a special name, scalene, 
isoceles, equilateral, or 





right students. Allow students to experiment with 
Five he AaTerot eachtranale a Si , mirrors until they discover a method of con- 
gle. “ie 4 ise 
a AABC ¢ AGHI E +L A. Isosceles triangle 
B ADEF p AJKL SNES ali Step | Step 2 gA 
| Mirror 
2. What properties would an isoceles right triangle have? Vas Wises rE 
pai ps With mirror on 4, find 
3. The drawing shows how a compass may the image of B on BC. 


be used to draw an equilateral 
triangle. Draw an equilateral 
triangle with sides 6 centimetres 


B. Right triangle 


Step | Step 2 
Mirror i 





long. 
peueses 1 through C. Draw wf Retiree AB. 
' : / 
4. Draw an isoceles triangle that has 2 EXTENSION ; 
a pair of sides 5 centimetres long. To provide additional practice, make selective 


assignments from Workbook page 83 and Du- 
plicator Masters page 57. 

Enrichment: Ask students to find as many 
5. Use your plastic mirror and your A isosceles right triangles of different sizes as 
knowledge about reflections to fh they can on a 5 by 5 geoboard. (Solution: 8 

find each figure. | triangles, as nea below.) 
| 
| 


A lsoceles triangle 
B Right triangle 


ec Equilateral triangle 
(HINT: See the figure 
at the right.) 












4 + 
Think Solution 
Mle {4-9-2 — 49) 
14: CFI, CFE, CFJ, CFB, CFD, CAJ, CAE, 
CAD; CAB? CEIF CEJ, CED CBIACBD 
10: AFE, AFJ, AFG, AFB, AFD, ADE, ADG, 
ADJ, ABE, ABJ 
7: BEH, BEF, BEJ, BDF, BDE, BDJ, BDH 
9: FJE, FIG, FJD, FJI, FDI, FDH, FDE, 
FEG, FEH 
5: EJI, EJH, EJD, EDG, EDI 
DIG, DIE 





ine) 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-S. 





C-25 


Objective Convex and Concave Figures 


The student can state whether a given plane 


Jue is CONnNVeEX OF CONCAVE. . s 
fg Investigating the Ideas 





PREPARATION ; 

The lesson is of such a nature that preparatory Suppose each drawing below represents a floor plan 
activities are not necessary. of a room and you are standing inside the room. 
INVESTIGATION [A] Ce (e] 


The Investigation will require only a short 
amount of time. Emphasize that students are to 
think about standing at any point inside the 
room, not at one particular point. Ask students 
to record their choices on paper so that they 
can refer to them during the Discussion. 








DISCUSSION 
The representations of room floor plans are 


In which rooms could you see all parts of the room 
used to give an intuitive description of convex no matter at what point you stood in the room? 


and concave figures. A more formal definition 
of convexity and concavity is given as a part 





of Discussion Exercise 4. Discussing the Ideas 
Exercises 2 and 3 bring out the idea that 
every triangle is a convex figure, but polygons 1. The rooms in which you can see all parts of the room 


having more than three sides can be either con- 


from any inside point are convex shaped rooms. 
vex or concave. 


The others are non-convex shaped rooms. 
Is your classroom convex or non-convex in shape? 


2. Can you draw a non-convex triangle? 


3. Is the statement true or false? 
All 4-sided geometric figures are convex. 


Draw some pictures that would illustrate your answer. 


4. Another way in which you can think about 
convex and non-convex figures is illustrated 
at the right. 


A figure is convex if every segment Convex 
joining any two points on the ~ 

boundary of the figure contains 

only points in the interior of 

the figure or on the boundary. 

Non-convex figures are concave figures. Concave 


A Draw a 6-sided figure that is convex. 
B Draw a 6-sided figure and show that it is concave. 


C-26 


1. Tell whether each figure is convex or concave. 


Using the ideas 





2. Make a copy of each figure below. Then draw a segment 


that will show that each figure is concave. 
A 8 c 


3. Draw a figure like the one B A 

shown at the right. 

A If A and D are connected 
by a segment, is the 
figure Convex or concave? C 

B Complete the figure with two segments connecting 
D with A to form a convex figure. 

c Complete the figure with two segments connecting 
D with A to form a concave figure. 


aural 


It is said that the approximate temperature can be found 
by counting the number of chirps per minute of a cricket. 
The flow chart below gives the method. 








Number of | : 
Fai a: Multiply 

chirps per 

minute by : 

What is the approximate temperature when the number 
of chirps per minute is 
a 40 B 112 c 184 dp 4 E 256 
At what temperature would a cricket stop chirping? 














Temperature: 
Iliiec 








UTILIZATION 

Exercise | can be discussed orally, if you pre- 
fer. Exercises 2 and 3 involve pencil and paper 
activity. 


EXTENSION 

Enrichment: Convex and concave surfaces may 
provide some interesting enrichment experi- 
ences. You might want to ask some students 
to consult reference books to find information 
about practical applications of convex and con- 
cave surfaces. Reflections with convex and 
concave mirrors provide interesting distortions. 
Concave mirrors are used in telescopes, search- 
lights, and flashlights. Convex mirrors are often 
strategically placed in retail stores so that they 
reflect a view of large parts of the store that 
might otherwise not be visible to employees. 


Think Solution 

The temperature at which a cricket would stop 
chirping can be found by using 0 chirps per 
minute as the input in the flow chart. This gives 
an output of about 4.4°C. 


Assignments 
Minimum |, oral; 2. Average 1-3. 
Maximum 1-3. 


Objective Special Quadrilaterals 


The student can identify the following special 
quadrilaterals: square, rectangle, parallelo- 


. : hol 
gram, trapezoid, rhombus. Investigating the deas 


PREPARATION Two squares of different size are shown on the geoboard. 


Materials: Geoboards, plastic mirrors, dot pa- 
per or graph paper (Duplicator Masters, pages 
82, 83). 

Distribute the needed materials and have the 
students begin the work on the Investigation. 





How many squares of different 
size can you find on your 


geoboard? 


INVESTIGATION 

The Investigation will provide several minutes 

of challenging activity. Do not expect all stu- 

dents to find all the squares of different sizes. 
Squares with areas 1, 4, 9, and 16 are ob- 

vious. The less-obvious squares can be formed 

as shown below. 


Record your findings on dot 
paper or graph paper. 





Discussing the Ideas 


Bee 1. Squares are a special kind of quadrilateral. 


Rie ee ult Prey san A Oe Do you think that a square is a convex 
es per & oN or a concave quadrilateral 7 cea Ronee 





: : a iy Give your reasons. quadrilateral quadrilateral 
DISCUSSION 2. Study the special quadrilaterals named below. What 
Exercise 2 provides pictorial and verbal de- other properties do you think each quadrilateral 
scriptions of the special quadrilaterals. Observe might have besides those that are listed? 


that all squares are rectangles and all rectangles 
are parallelograms. A trapezoid is usually de- 
fined as a quadrilateral with at least one pair of 
parallel sides. According to this definition, a 
parallelogram is a special kind of trapezoid. 

The various subsets of the set of all convex ssbiek 
quadrilaterals can be pictured by means of a Trapezoid Parallelogram 
Venn diagram such as the one below. 






Opposite 
sides 
parallel 








parallel 





xn 

rectangle 
with 

congruent - 


parallelogram 


with 
right angles _ 





sides — 
Rectangle Square 
Observe that the set of squares is the inter- 
section of the set of rectangles and the set of 3. Can a quadrilateral have two right angles and not be a rectangle? 
rhombuses. Thus, we can think of a square as Illustrate this with your geoboard or by drawing a picture. 
either a rhombus with right angles or as a 
rectangle with congruent sides. 4. Can a quadrilateral have two right angles and not be a trapezoid? 


Illustrate your answer by drawing a picture. 
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Using the Ideas UTILIZATION 
If geoboards are available, students might con- 


1. Of the five special kinds of quadrilaterals shown in Exercise 2 struct the quadrilaterals shown in Exercise 2. 

on the preceding page, tell which ones have The figure in C is a rhombus since all sides are 
1] t iat halteid congruent. Some students may identify it simply 

Aa CoB alte pair o pate el sides. asa parallelosram, 
B two pairs of parallel sides. Students should have access to plastic mir- 
c all right angles. rors for Exercises 4, 5, 6, and 7. 
p all sides congruent. Construction, Exercise 7 

2. Give the name of each special quadrilateral shown on the geoboards. Sten 1s Step phe 

Draw AB. Find B’, the reflection 





image of B, and draw AB’. 














mae 
A B 
Step 3: rag me, C 
3. Draw a trapezoid that has Locate A’, the reflection ce RY 
a line of symmetry. image of A in BB’, and ryt 
peel at dees draw A'B and A’ B’. ee 

You have drawn an ABA’ B' is a rhombus. A B 
isoceles trapezoid, Think Solution 
that is, a trapezoid —_— When the left side and front of the cube are 
with a pair of spread flat (see figure 1), they form a rectangle. 
congruent sides. Thus, path AxB will be the shortest distance. 


A 
4. How many lines of symmetry does a rectangle have? 


Draw a picture to show the lines of symmetry. 


5. Draw a rhombus. Show any lines of symmetry. 





6. Draw a square. Show all its lines of symmetry. eget 
Assignments 


7. Construct a rhombus by means of reflections. Minimum 1-4. Average 1-6. Maximum 1-7. 
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Objective Other Polygons 


The student can name the polygons of up 
to ten sides and determine the number of Investigating the Ideas 
diagonals of each polygon. 

PREPARATION 
Materials: Geoboards, dot paper or graph pa- 
per (Duplicator Masters, pages 82, 83). 

Review the meaning of convex and concave 
figures and the special quadrilaterals before 
students begin the Investigation. 


A triangle is a closed geometric figure 
with the fewest number of sides. 





What is the greatest number of sides 


INVESTIGATION of any convex figure that you can 


The Investigation provides concrete experi- show on a5 by 5 nail geoboard? 
ences with polygons of many sides. Most stu- 


dents will be able to find a convex polygon of 8 
sides on the geoboard. However, many stu- Discussing the Ideas 
dents _will have difficulty finding that the maxu- 

| mum number of sides of a convex polygon on 
a 5 by S geoboard is 9, as shown below. 





1. A polygon is a closed geometric figure 
whose boundary is composed of segments. 
The word polygon comes from 

poly meaning “many” and 
gonia meaning ‘‘angle.”’ 





Does every convex polygon have the 
same number of angles as it has sides? 





2. A convex polygon is a regular polygon if 


| DISCUSSION all of its sides are congruent segments 
The Discussion Exercises focus on the defini- and all ot its angles are congruent. 
"tions of polygon, regular polygon, and diago- A What is the name of a regular polygon 
nals of polygons. Emphasize the fact that that has three sides? 
regular polygons have all sides congruent and B What is the name of a regular polygon 
all angles the same size. Exercise 3 illustrates that has four sides? 


that, if only one of these conditions is met, the 
polygon will not be a regular polygon. Although 


pihombrch: wleeie Sone teniett ic none 3. A Draw a polygon that has four congruent sides 


regular polygon. A rectangle has all angles the but which is not a regular polygon. 
same size, but since all sides are not necessarily B Draw a polygon that has four angles, all congruent 
congruent, it is not a regular polygon. to each other, but which is not a regular polygon. 


4. A diagonal of a polygon is a segment 
connecting two nonconsecutive vertices 
of a polygon. 

A Does a triangle have any diagonals? 
B How many diagonals does a quadrilateral have? 
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Using the Ideas 











_ NUMBER OF DIAGONALS 





2. Give the name of the polygon 
(triangle, square, and so on) 
shown on the geoboard whose 
vertices are named below. 





A ADGJ bp MBDFO 
B FGH E DFHJ 
c CEIK F BDFHJK 


3. Using the points on the geoboard in Exercise 2, name an octagon. 
Draw a picture of the octagon. 


4. How many regular polygons are shown on the geoboard? Name them. 


IRUUFU 


Use tracing paper to copy this figure. 
It is a simple closed curve. (Think of 
a loop of string that does not cross 

itself.) Within the colored circle, shade 
the interior of this simple closed curve. 















UTILIZATION 

You may want to emphasize the names of the 
polygons given in the table. Concentrate on 
the meaning of the prefixes: tri-, quad-, penta-, 
hexa-, etc. 

Students may find the number of diagonals of 
some polygons difficult to count. Suggest that 
they look for patterns when filling out the table 
in Exercise 1. In general, for a polygon of n 
sides, the number of diagonals, d, is given by 
the formula 

2 
i ae ott 


a a 








where n is the number of sides of the polygon. 


EXTENSION 

Enrichment: Ask students to try to find a 
method of constructing some of the regular 
polygons using straightedges and compasses. 


Think Solution 

The trick to the solution is based on an ele- 
mentary concept. In crossing from the exterior 
to the interior of a simple closed curve, the 
curve itself must be crossed. This may be 
illustrated by a less complicated figure. Be- 
ginning at point B, which is in the exterior of 
the curve, the curve is crossed once to arrive 
at point A, which is in the interior of the curve 





Beginning at point C in the exterior, crossing 
the curve once, places you in the interior; 
crossing a second time takes you to the ex- 
terior; the third crossing places you in the 
interior. Thus an odd number of crossings places 
you in the interior; an even number of crossings 
places you in the exterior. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 


Objective 
The student can demonstrate the ability to 
work with the ideas presented in this module. 


UTILIZATION 

The review exercises can be assigned as inde- 
pendent work or discussed in large or small 
groups with students. 

If you have omitted any of the topics in this 
module, you should not include the exercises 
dealing with those topics in the review assign- 
ments. 

Additional exercises suitable for use in re- 
viewing the concepts presented in this module 
are provided on page 84 of the Workbook. 


REVIEWING THE IDEAS 


1. Give three names for this line. 


A B Cc 





m 


2. Choose the correct figure suggested 
by the phrase ‘‘two planes intersect 
in a line.” 


“(fh + - 4 Ly 
3. Name the pairs of congruent segments 
in this figure. 


Cc 
B D 


[5 


4. Complete each sentence. 
A lf XY = RS and RS = MN, 
then XY = ?. 


B If CD < JK and JK = PQ, then ?. 








5. A Each of the two sides of a point 
on aline is calleda ?. 


B Each of the two sides of a line 
in a plane is calleda ?. 


6. Name three different rays. 
A B Cc 


<-—_e—_________e—__________o > 


7. Name three angles shawn 
in this figure. 


8. Are AABC and ADEF 
reflection images of 
each other? 





10. 


11. 


12. 


13. 


14. 


15. 


. Which regions are symmetric? 








L] [e] 





Name the kind of lines (parallel, 
skew, perpendicular) for the pairs 
shown on the cube. F E 


a AD and FE 
B AB andCG 
c AD and AB 





Tell which angles are 
A acute 
B obtuse 
ce right 

D straight 





Tell which pairs of angles are 
A vertical 2 


1 3 
B supplementary 5/4 


Give the name of each kind of 
triangle pictured below. 


A | B c : 
Which figure is convex? 
. > A i Y 
Find and name the following polygons 
on the geoboard. 


A trapezoid 
B parallelogram 
c© pentagon 
p hexagon 





EST YOURSELF 


Smplete he eenence. 


X and Y are points, there is 
xactly ? line that contains them. 


. Name all the segments on the line. 


4. 


Boke B Cc 


oe > 


Use the figure in Exercise 2. 
Which symbol (<, =, or >) 


goes in the iili2 AB i AC 


All points on one side of a line 


_ inaplane is called a ? 


j 
: 


Refer to the figure below to 
complete each sentence. 


2 A The two lines intersect at point ? . 
B The union of a and AD is a? oe 


6. 


Which segment, 


AB or CD, is the 
reflection image 


a of XY in the line? 


_RESEARCH PROJECT S 


b, 


Straight lines can be used to make 
some interesting patterns, designs, 
and figures. Make some designs based 
on straight lines. (See Patterns and 
Puzzles by Sylvia Horne; Chicago: 
Lyons and Carnahan, 1968: available 
from McGraw-Hill Ryerson, Ltd.) 


Make a large poster depicting the 
Snowflake Curve. This curve has the 
property that although it has a finite 

area, it can have infinite perimeter. 

(See History of Mathematics by 

Carl B. Boyer; New York: 1968, John 

Wiley and Sons Canada, Ltd., pp. 660-661.) 


_ Name the kind of lines (parallel, 


skew, perpendicular) described. 
A Two lines that intersect to 
form right angles. 
Two lines in a plane that do 
not intersect. 
Two lines that are not in the 
same plane. 


8. Which figure is an isoceles right 
nae 


“AUR SS 


. Name the type of angle for each part. 
A ZBAD is a(n) ? angle. 


B ZABC is a(n) ? angle. 
e¢ BCD is a(n) ? angle. 


Name this special 
quadrilateral. . 


Is it convex or concave? 





Do you think that a straight line can 
be drawn without using a ruler or 
some other straight edge? Some 
devices, called linkages, have been 
invented with which to produce 
straight lines. One such linkage was 
invented by James Watt. In 1864, a 
linkage known as Peaucellier’s Cell 
was invented which produced straight 
line motion. Find out and make some 
models of these linkages. (See The 
Enjoyment of Mathematics by Hans 
Rademacher and Otto Toeplitz; 
Princeton, New Jersey: Princeton 
University Press, 1957.) 


TEST YOURSELF 

This self-evaluation test will give students a 
measure of their understanding of the major 
concepts of the module as set forth in the 
objectives listed at the beginning of the module. 


RESEARCH PROJECTS 
Students who undertake Project A will dis- 
cover that attractive, durable straight-line de- 
signs can be made by using nails as points and 
stretching colored string or yarn between the 
nails. Such designs are often used in the works 
of professional artists and craftsmen. 
Research Project B would be an appropriate 
undertaking for students who have shown a 
special interest in geometric constructions. A 
brief description of the principal construction 
steps follows. 
Draw a large equilateral triangle on a piece 
of posterboard. Divide each side into 3 con- 
gruent segments. Construct an equilateral 
triangle outward on the middle third and 
erase the segment that was the middle seg- 
ment. Now divide each side of the new curve 
into 3 congruent segments and again con- 
struct equilateral triangles outward, again 
deleting the middle third. Repeat this process 
as many times as possible. The resulting 
curve has an area less than the area of the 
circle circumscribing the original triangle, 
but the perimeter is unbounded. 


First Three Stages of the Snowflake Curve 


Research Project C would be an excellent 
one for a mathematics fair. Attractive, work- 
able models can be made from strips of wood 
or Meccano strips. 


MATHEMATICAL RECREATION 

To make the strip for the hexaflexagon, con- 
struct the first equilateral triangle on the strip 
by using a protractor to draw angles of 60° 
measure. Cut off the small right triangle at the 
left end of the strip. Now the remaining tri- 
angles can be formed by carefully folding the 
strip back and forth over the first triangle. 





Since this model is somewhat complicated, 
you may want students to begin with a simpler 


model. A pattern having only three faces is - 


presented in Donovan Johnson’s Paper Fold- 
ing for the Mathematics Class, Washington, 


D.C.: National Council of Teachers of Mathe- — 


matics, 1957. 
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ATHEMATI E! 


Use a strip of adding machine paper. Mark off 19 equilateral triangles 
on the strip. Label the front and back of the strip with the letters 
as shown in the diagrams below. 


NLP XT N1 SP ALND NPN 


Front side 


\AN/NAN/NS NA NSN NA N/ 


Back side 



















Fold the strip in a winding motion so that the same letters on the 
back side face each other; that is, d faces d, e faces e, and f faces f. 


SO AVAVAVAVA'S 


With the strip flat on your desk, fold the strip again 
with a winding motion so that all the pairs of faces 
labelled c come face to face. This should cause 
the strip to fold into a hexagon shaped with 

all the faces on one side of the 
hexagon labelled a and all the faces 
on the other side labelled b. 

The two faces labelled x and y are 
pasted face to face to complete the 
hexaflexagon. 

Now flex your hexagon as shown in the figure 
by pinching it into a 3-cornered shape and 
letting it open at the centre. You will expose 
another face of the hexaflexagon with all 
of its faces having the same letter on them. 






Ef TAIne AD 





















Can you flex your hexaflexagon so that you find all six faces? 
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UNIT C: GEOMETRY AND MEASUREMENT 
Module 2: Measurement 


General Objectives 


To review and strengthen the students understanding of the process of 


measurement. 
To place emphasis upon metric units of measure. 
To provide experiences in measurement of length, area and volume. 
To introduce metric measures of capacity. 


Performance Objectives 


91 RED Given a segment, the student can give its length in metric 
units. 


92 RED The student can find the perimeter of a polygon given the 
lengths of its sides. 


93 RED Given a rectangular region, the student can find its area. 


94 RED Given a parallelogram, the student can find its area. 


95 RED Given atriangular region, the student can find its area. 


96 RED Given a rectangular solid, the student can find its volume. 


97 RED Given a rectangular solid, the student can find the surface 
area. 


98 RED The student can find the capacity of a given container using 
metric units. 


99 RED The student can measure angles with a protractor. 


100 YELLOW Given aright triangle and the lengths of two of its sides, 
the student can apply the Pythagorean Theorem to find the length of 
the third side. 


101 YELLOW The student can compute sums and differences of angle 
measures using degrees, minutes, and seconds. 


102 GREEN Given a measurement, the student can give the greatest 
possible error in the measurement. 


103 GREEN Given a triangle or other polygon, the student can find the 
sum of the measures of its angles. 


Reviewing the Ideas 
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To present the Pythagorean Theorem in terms of area of squares on the 
sides of a right triangle. 
To develop skills in angle measurement with a protractor and to work with 


degrees, minutes, and seconds. 


To show that the sum of the measures of the angles of a triangle is 180° 
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Related Activities 
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ASC AP-11 
SWM 2 264, 265 
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135 
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MATHEMATICS 
The measurement process is basically a func- 
tion in which a geometric object is assigned 
a number according to an agreed-upon unit. 
The steps of the measurement process are as 
follows: 
If S stands for an object to be measured, then 
1. Select a unit. 
2. Divide S into units. 
3. Count the number of units in S. 
This number is the measure of S, m(S). 
To measure length, the unit we choose is a seg- 
ment. To measure area, we choose a square as 
the unit. For volume, the unit is a cube. 
A few basic formulas are developed in the 
module. A = lw, A = +bh, and V = Iwh are the 
most important of these. 


TEACHING THE MODULE 


Materials 

Centimetre rulers, metre sticks, graph paper, 
small cubes, adding machine tape, geoboards, 
dot paper, scissors, posterboard, protractors. 


Vocabulary 

accurate minute 

are perimeter 

area polygon 

base polygonal path 

bisector precision 

capacity protractor 

complementary Pythagorean Theorem 

degree relative error 

gram second 

greatest possible supplementary 
error surface area 

hectare unit 

height cube 

length segment ' 

litre square region 

metre volume 


These are the three main goals for teaching 
the module: 


1. To further the students’ understanding of the 
measurement process. 

2. To develop the students’ ability to measure 
length, area, volume, and angles. 

3. To improve the students’ problem solving 
skills. 


It is vital that students be provided with the 
necessary measurement tools for the work in 
this module. Centimetre rulers, metre sticks, 
cubes, and protractors are the basic measuring 
devices required for the module. Metric units 
of measure are used except for the cases in 
which the unit of measure is arbitrary. 

While much of the material may constitute re- 
view for some of your students, there are many 
topics (such as greatest possible error; metric 
capacity; and angle measure using degrees, 
minutes, and seconds) that will be new to your 
students and deserve careful treatment. 


Lesson Schedule 

You should plan to allow about 14 days to 
cover this module, assuming coverage of one 
lesson per day. Additional time may be neces- 
sary if special projects are carried out in con- 
junction with the work of the module. 


Evaluation 
It is reasonable to expect that the student 
should be able to measure lengths using metric 
tools and to use the protractor in measuring 
angles. This aspect of students’ progress is 
better evaluated by actual observation than by 
a paper and pencil test. 

Students should be expected to compute 
areas of rectangles, parallelograms, and tri- 



















angles and to find the volume of rectangular 
solids. 

The chapter review and self-evaluation test | 
should provide tools for assessment of student — 
progress and can serve as models for a teacher- 
made test. Module Achievement Tests are also 
available from the publisher as part of the test 
package designed for this series. 


RESOURCES FOR ACTIVE LEARNING 


Activities 
Developmental Math Cards, K15, 17; LI, Addi- — 
son-Wesley 
ESS :Senior Balancing, Webster, McGraw-Hill} 
Experiments in Mathematics, Stage 1, pp. 8- } 
13; Stage 2, pp. 12-21, Houghton Mifflin 
Experiments With Pentominoes, Midwest |} 
Publications ; 
Let’s Play Games in Metrics, National Text- — 
book Co. 
Measure and Find Out, Books 2 and 3, Scott | 
Foresman ' 
The Metric System, Addison-Wesley | 


sa 


Manipulative Devices 
Centimetre cubes—1 gram mass (Addison- } 
Wesley) 


Games and Puzzles i 
Hexed (Midwest Publications; Selective Edu- 
cational Equipment) 
Polyominoes (Lakeshore; Sigma) 
Soma and other block puzzles (Creative Publi- } 
cations; Edmund Scientific) 


PRE LAOS PUSS 


PES 


“MODULE 2: Measurement 


Be a a 





OBJECTIVES: 
After completing this module, you should be able to: 
if 
2. 


3. 


UNIT C: Geometry and Measurement 









Measure segments using metric units of length. 
Express metric measures in larger or smaller 
metric units. 

Find the perimeter of a polygon. 

Find the area of rectangles, parallelograms, and 
triangles. j 

Use the Pythagorean Theorem to determine the 
length of the third side of a right triangle when 
the other two are given. 


. Find the volume and surface area of space 


figures. 

Use a protractor to measure angles. 

Find sums and differences of angle measures 
given in degrees, minutes, and seconds. 

Find the sum of the angle measures of 
triangles and other polygons. 


Objective 
The student can select an appropriate unit 
and use it to find the measure of an object. 


PREPARATION 
Materials: Small cubes, rulers, graph paper 
(Duplicator Masters, page 83). 

Almost all students at this level will have 
had some measurement experiences involving 
length, area, and volume. You can discuss 
briefly the measurement process or proceed 
immediately to the Investigation. 


INVESTIGATION 

After students have had an opportunity to 
study the flow chart, allow them to select their 
Own measurement activity if feasible, or have 


_ some students do the measurement of lengths, 


while others do the area or volume activity. 

Do not specify the unit to be used, but simply 
guide the students into their choices. Some will 
use units on rulers, but some may use non- 
standard units. Provide graph paper for unit 
squares in the area activity and small cubes for 
units in the volume activity. 


' DISCUSSION 

i When discussing the measurement activities, 
. refer to the flow chart in the Investigation and 
| point out that regardless of which measure- 


ment activity was carried out, the measurement 
process was essentially the same. 

To check their estimates of length and area 
in Exercises 2 and 3, the students can trace 
the units in the textbook. For Exercise 2, they 
should make a ruler. A grid of the squares in 
Exercise 3 could be used to check their area 
estimates, although some students will recall 


What is the Measurement Process? 


Investigating the Ideas 


When you measure a set or object, you assign a number to it. 
The flow chart below shows the measurement process. 


A set or 
object S 


The number is 
the measure 
of S 


Divide 
S into 
units 


Count the 
number of 
units in S 


Choose a 
unit of 


to be 
2 measure 


measured 





A measure of a segment is called length. 
A measure of a plane region is called area. 
A measure of a space figure is called volume. 


Can you choose a unit 
of measure and find the 
measure of at least one 
of these objects? 


[a] The length of one side of your classroom. 
The area of a desk top or table top. 
[c¢] The volume of a box. 





Discussing the Ideas 


1. Explain how you measured the object that you chose? 


2. To measure length, a segment must be chosen as the unit. 
A lf AB is the unit, estimate the 


length of your desk top. 


A 1 unit B 
o—___—_® 


B Find a way to check your estimate. 


3. TO measure the area of a plane region, 
a square region is chosen as the unit. 


: 1 square 
the area formula for rectangles and use it to A Estimate the area of the front cover unit 
check their estimate. of your book using the square unit 

shown. 


B Find a way to check your estimate. 


4. To measure the volume of a space figure, 
a cube is chosen as the unit. 


me 


Using the cubic unit shown, find the 
volume of the figure at the right. 


1 cubic 
unit 





* 6. 


At 


Using the Ideas 


. When measuring each item described, would you be finding 


length, area, or volume? 


A The height of a flag pole. bp The distance of a bike trail. 
B The space inside of a drawer. E The floor space in a cabin. 
c The size of a patio. F The amount of concrete needed 


for a sidewalk. 


. Tell whether length, area, or volume is being described in each part. 


A Joan claimed that she painted the entire inside of the closet. 


B Joan then said that she had completely filled the closet with 
boxes of clothes. 


c The closet was wide enough to accomodate three boxes. 
She also noted that she had used two cans of paint for the job. 


E In putting the cartons into the closet, she figured that she had to 
walk back and forth across the room 115 times. 


F Joan's father noted that she had forgotten to paint the closet door. 


. If +——4 Is the unit, how long is each segment. 


ONS eth iD BE 





c G 





Suppose a cube whose edges were only half as long as the cube in 
Exercise 5 was the unit of measure, what would be the volume of 
the figure in part a ? 


UTILIZATION 
Exercises 1 and 2 may be discussed orally if 
you prefer. 

The unit in Exercise 3 is the centimetre, and 
in Exercise 4 the unit is the square centimetre. 
In Exercise 3 the students can either use a 
centimetre ruler or mark off multiples of the 
unit along the edge of a sheet of paper and use 
that as their ruler. 


Solution, Exercise 6 

A cube with edges 2 as long as those of another 
cube has only % the volume of the other cube. 
A demonstration of this using 9 cubes of the 
same size shows that it will take 8 times as 
many of the smaller cube to equal the volume 
of the larger figure. 


me 


Therefore, 8 - 12, or 96, of the smaller cubic 
units are needed to make the figure shown in 
Exercise SA. 


EXTENSION 

Enrichment: A pentomino is a plane region 
made of 5 squares each of which has at least 
one side in common with another square. Two 
pentominos are shown below. 


Ask students to try to find all possible pen- 
tominos. (There are 12 in all.) Then ask them 
if they can arrange the 12 pentominos to form 
a rectangle. 


Assignments 

Minimum | and 2, oral; 3-5. 
Average | and 2, oral; 3-5. 
Maximum | and 2, oral; 3-6. 
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Objective Units of Length 


The student can measure and record lengths 


of segments using metric units. Investigating the Ideas 
PREPARATION 
Materials: Centimetre rulers, metre sticks, add- This segment has a length of one decimetre. 
ing machine tape. 
The previous lesson introduced the general 


idea of measurement. This lesson focuses upon 
measurement of length using metric units. If 
your students have had considerable experi- 
ence with metric units, you can treat this Estimate your height in decimetres. 
lesson as review. For students with little previ- 
ous experience with the metric system, you will 


need to proceed slowly, carefully emphasizing Can you estimate the length or width of your classroom in 
er eee tee ne) ene decimetres and then find a way to check your estimate? 


[a] Is your hand more or less than one decimetre wide? 





INVESTIGATION 
The Investigation introduces the metric unit 
called a decimetre. Many students’ hands will 


be approximately | decimetre wide. You might , ‘ ' : 
suggest that pairs of students work together 1. The standard unit of length in the metric system is a metre (m). 


and estimate each other’s height in decimetres, A decimetre is one-tenth as long as a metre. 


using their Hands as an approximate decimetre Cut a strip of paper or string to be one metre in length. 


unit. After they have estimated the length or Use the decimetre above to help you 
width of the classroom, suggest that they make ; 


a decimetre ruler from a strip of adding ma- 
chine tape and use their ruler to check their 


Discussing the ideas 


2. A About how many decimetres long is one of your arms? 





estimate. B What part of a metre is the length of one of your arms? 

DISCUSSION 3. The table of prefixes 

Students may already have made some deci- will help you understand 

metre rulers for the Investigation. Display a other units in the metric ten one tenth 

standard metre stick and have the students system. Fill in the screens. one hundred one hundredth 

compare their homemade rulers with it. a 1 kilometre (km) =| m one thousand one thousandth 
The importance of understanding the pre- 

fixes of the metric system given in Exercise 3 B 1 decametre (dam) = |llll m 

cannot be stressed too strongly.:Once the rela- c 1 centimetre (cm) =|ll| m E 1 decimetre (dm) = |lll| m 

tion between the units is grasped, the metric p 1 millimetre (mm) = ||| m F 1 hectometre (hm) =||ll| m 


system becomes quite simple to use. 
4. A What is the length of XY to 

the nearest whole centimetre? 

B What is the length of XY in ar 
millimetres? ella, 

c If the length of XY in centimetres is 4.3 cm, 
what is its length in decimetres? 

pb What is the length of XY in metres? 
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Using the Ideas 


1. Give the missing number for each part. 
The diagram may help you. 


1 metre (an) ——_ A a$a 


1 decimetre(dm) ——_—_——-| 





1 millimetre(mm) 


A 1m=|ll| cm —E 1m=|ll| mm 1 80cm ='|ll| dm 

B 1dm='lll cm F 2cm=|ll| mm J 23 cm=|lll| mm 
¢ 1m=|ll| dm « 30mm=|l|cm = « 7m='fl| cm 

p 1dm=|ll| mm H 500 cm =|l||| m Lt 1000 cm =|lll| m 


2. Give the length of each segment in millimetres. 
Then give the length in centimetres. 


a ¢ aes, 


aaa D eam 


3. Draw segments having these lengths. 
A 94cm c 60 mm E 39mm 
B 7.5cm bp 1.2 dm F 0.02 m 


Gc 05dm 
H 0.083 m 


4. Express each measure in metres. 
EXAMPLE:2 m3 dmg cm=2 38m 
A 5m6dm2cm p 67cm G 1dam 8m 7 dm 
B i1m3dm4cm E 23cm 8mm H 1km 7 hm 5 dam 
ec 8dm 5cm F 2m 2dm2cm 2mm 1 tkm5cm 3mm 


r 5. A kilometre (km) is 1000 metres. Give the missing 
numbers for each part. 


a 1km='|ll] hm ¢ 1km='|llj_m 
B 1km=\ll| dam pb 1km=|lll| dm 


—E 1km=|ll| cm 
F 1km=|l| mm 


UTILIZATION 
Students will need rulers scaled in centmetres 
for Exercise 2. 

In practical applications of length, the most 
common units are kilometre, metre, centimetre, 
and millimetre. The other units, decimetre, 
decametre, and hectometre, are used less fre- 
quently. However, an understanding of these 
units will help the student understand the 
decimal nature of the metric system. 


EXTENSION 
See Workbook page 85 for further practice 
exercises. 

Remedial: Write “8126.354 metres” on the 
chalkboard and then use a diagram like the one 
below to show how each digit in the numeral 
for the measure refers to the various metric 
units. 





Enrichment: Measure a distance of 20 metres 
in a hallway (or a greater distance outside). 
Have students use a stopwatch to find the 
amount of time it takes them to walk the mea- 
sured distance. Then have them compute the 
amount of time it would take them to walk a 
distance of | kilometre. 


Assignments 
Minimum 1-3. Average 1-4. Maximum |-S. 
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Objective 
The student can find lengths of polygonal 
paths and perimeters of polygons. 


PREPARATION 

Materials: Centimetre rulers; geoboards, dot 
paper, or graph paper. (Duplicator Masters, 
pages 82, 83). 

Most students will be familiar with the con- 
cept of perimeter of a figure as “the distance 
around” the figure. Therefore you might draw 
some polygons on the board and ask, ‘““What 
is meant by the perimeter of this polygon?” 
Then have someone show how they could find 
the perimeter. 


INVESTIGATION 

Discuss the meaning of polygonal path and 
the length of the polygonal path. Have the 
students measure each segment of polygonal 
path ABCDEF with their centimetre rulers and 
compute the total length of the path. 

You might limit students to about 15 minutes 
for carrying out the Investigation activity. 
Then, if time permits, collect and combine the 
drawings of the different shaped regions with 
perimeter 12 units that the students have found. 
A few sample regions are shown below. 







DISCUSSION 
In Exercise 2, two equivalent ways of finding 
the perimeter might be suggested. First, double 
the length and double the width and then find 
the sum. Secondly, add the length and width 
together and then multiply the sum by 2 
Exercises 3 and 4 can be generalized: 
If a regular polygon of n sides has each side 
of length s, the perimeter P is given by the 
formula P=n- s. 
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Polygonal Paths and Perimeter 


Investigating the Ideas D 


The polygonal path ABCDEF is the union phd 
of segments AB, BC, CD, DE, and EF. A 





Its length is: length AB + length BC + length CD + length DE + length EF. 


If a region has a boundary which is a polygonal path, 
then the perimeter of the region is the length of the path. 


Can you show eight different-shaped 
regions on your geoboard that have 
a perimeter of 12 units? 


Record your regions on dot paper 
or graph paper. 





Discussing the Ideas 


1. What is the length of the polygonal path ABCDEF in the 
Investigation? Use your centimetre ruler. 


2. Explain how to find the perimeter 4 
of this rectangular region. 


3. If the length of one side of a square s 
is s units, then the perimeter P is 
given by the formula 
P=s+s+s+s=4:'s 


A What is the perimeter if s = 7 cm? 
B What is the perimeter if s= 2.1 m? 





4. What would be a formula 
for the perimeter of 
each of the figures 
at the right? 

Each have sides 
with length s. 











1. Find the length of the 
polygonal path RSTUVWX. R 


2. What is the perimeter of each region? 


4 2 

A 8 B aed c D 

1 
Spots 27 1 ; 
21 
6 ian. 6 
4 
: 1 
2 8 

: 12 


3. The formula for the o " 
perimeter of a triangle is 
A 


P—a+b+c c 


where a, b, and c are the lengths of 
the sides of the triangle. Use the 
formula to find the missing part in 
each row of the table. 


4. A formula for the perimeter of the 
rectangular region would be 


P= i(il- 7+ Ill: w or P=|lll -(¢+w) 


Complete the sentence by giving the 
number for the screens. 


5. Use the formula for the perimeter 
of a rectangle to find the missing 
numbers in each part of the table. 





x6. A rectangle has a perimeter of 24 centimetres. 
What could be the length and width of the sides 
if each side is a whole number of centimetres? 


Using the Ideas 























UTILIZATION 

Formulas for perimeters of triangles and rec- 
tangles are presented in Exercises 3 and 4. Of 
course, it is the distributive principle that 
proves that the two formulas are the same, but 
flow charts might effectively be used to help 
students understand more clearly that the two 
formulas are equivalent. 





Solution, Exercise 6 

The sum of the length and width must be }P, 
or 12. Therefore any two whole numbers whose | 
sum is 12 could be the length and width. 


EXTENSION 
Appropriate additional practice exercises are 
provided on page 86 of the Workbook. 
Enrichment: Ask students whether they can 
show how to arrange 9 unit squares that do 
not overlap to form (1) a region with the small- 
est possible perimeter, and (2) a region with the 
greatest possible perimeter. 


Solutions 
FH QOOROOOOD 
9 unit squares 9 unit squares 
P= |2 units P = 36 units 


Think Solution 

Although the area of the star is considerably 
less than that of the pentagon, the two regions 
have the same perimeter. Note that the star 
can be formed by “pushing” each vertex of the 
pentagon inward. 


Assignments 


Minimum 1-4, 5A and B. 
Average 1-5. Maximum 1-6. 
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Objective 
The student can state the greatest possible 
error for a given measure of length. 


PREPARATION 
Materials: Centimetre rulers, metre rulers. 

All actual measurement of length is subject 
to error and, in a certain sense, is always 
inexact. It is inexact because of the limitations 
of the devices we use for measuring. What is 
important is that when reporting the measure 
of some object we are able to state that the 
error in the measurement will not exceed a 
fixed amount—the greatest possible error. This 
greatest possible error is always 3 of the small- 
est unit used in the measurement process. 


INVESTIGATION 
The measurement activities of the Investigation 
are designed to give students experience in 


_ rounding measurements to the nearest whole 


unit. Thus if some students find that the length 
of their desk top is between 7 and 8 dm, they 


- must decide whether it is nearer to 7 dm or to 


8 dm. In any case, the error will not exceed 3 


. dm, or 5 cm. 
} 


tb) 


, DISCUSSION 
' The main point to be emphasized in the Dis- 


cussion is that very few measurements are 
found to be exactly a whole number of units, 
even when the unit is very small. However, the 
measurement can be given as being nearer some 
number than another. Use Exercise 2 to help 
establish these ideas by asking: 

‘Between what two whole numbers is the 

thickness of the book?” 

“Is the thickness nearer to 2 cm or to 3 cm?” 

“If the thickness is reported as 3 cm, will the 

error be more than 5 cm?” 

These questions should aid the student in 
understanding why the greatest possible error 
for this exercise is 0.5 cm. 
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Greatest Possible Error 


investigating the ideas 


In measurement, the number that you get depends upon the unit you choose. 


A B 


0 1 


Centimetres 





The length of AB to the nearest decimetre is 1. 
The length of AB to the nearest centimetre is 9. 


Can you measure one or more of the following objects 
and record their measures to the nearest unit? 


[a] The length of your desk top in decimetres. 


The length of your room in metres. 
[¢] The length of a book in centimetres. 





Discussing the Ideas 


1. Did any of the measurements that you made come out to 
exactly a whole number of units? 
How did you decide which number of units to record if 
the length was between two whole units? 


2. Suppose a student said that a book was 3 centimetres 
thick, to the nearest centimetre. 
A Could it be as thin as 2.1 centimetres? 
B Could it be 2.8 centimetres? 
c Could it be as much as 3.7 centimetres thick? 


3. When a measurement is reported as 3 centimetres, 
to the nearest centimetre, the actual length must 
be between 2.5 centimetres and 3.5 centimetres. 
The greatest possible error is 0.5 centimetres. 
The greatest possible error of any measurement is 
half of the smallest unit of measurement used. 


What is the greatest possible error in each of the 
measurements you made in the Investigation? 






| Centimetres 





1. For each reported measurement, give the largest and 


Using the Ideas 


EXAMPLE: 8 cm 
Answer: 8.5 cm, 7.5 cm 


—E 12cm 


the smallest lengths possible for the actual length. 


A 4km B 19m Cc o7icm p 19mm F 154dm 


A Measure each side of the figure to the 
nearest whole centimetre. Add the 
lengths to find the perimeter. 

B Measure each side of the figure to 
the nearest millimetre and then add 
these lengths to find the perimeter. 


c What is the difference in the perimeter 
for A andB ? 





. The relative error of a measurement is found by dividing 


the greatest possible error by the reported measurement. 
When you compare two measurements, the one with the 
smaller relative error is said to be more precise. 
EXAMPLE: Reported measure: 10 centimetres 
Greatest possible error: 0.5 centimetre 
Relative error: 0.5 + 10 = 0.05 That is, the error may be as 
much as 5 parts in 100 or 1 part in 20. 


Find the relative error of each measurement. 
A 4cm B 30m c 25mm Dp 18 km 


Which is the most precise measurement? 


Astronomers give the average distance from 
Jupiter to the sun as 773 million kilometres 
to the nearest million kilometres. Could the 
actual distance be as much as 773 700 000 
kilometres? Why or why not? 





. An astronomer says that it is about 12 light years M 


from Earth to a certain star. Taking a light year to be 
9.4 trillion kilometres, how much could the actual M 
distance (in kilometres) differ from the 


: astronomer’s figure? 


UTILIZATION 

Most students will probably gain more from 
an oral discussion of these exercises than from 
independent work. However, if you prefer to 
have them work independently, allow some 
time for discussion after they have completed 
the exercises. 

The terms relative error and more precise 
are introduced in Exercise 3. These terms 
should not be overemphasized at this time. It 
iS more important to be sure that your students 
understand the basic ideas involved than it is 
to have them attempt to memorize these spe- 
cific terms and rules. 


EXTENSION 
Duplicator Masters page 58 provides appro- 
priate exercises for further practice. 
Enrichment: Have students work together 
in small groups, measuring as carefully as they 
can, to determine the perimeter of the class- 
room. Ask each group to record their measure 
of the perimeter on the chalkboard. When all 
groups have completed their measurements, 
compare the results and discuss ways in which 
the measure might be in error and the greatest 
possible error. Some students may suggest 
finding the average of all the measures in order 
to arrive at the “best” estimate of the actual 
perimeter. 


Assignments 
Minimum 1-3. Average 1-3. Maximum I-6. 
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Objective 
The student can find the area of a region by 
counting or estimating square units. 


PREPARATION 
Materials: Centimetre graph paper (Duplicator 
Masters, page 83). 

The concept of area is probably familiar to 
most of your students. In this lesson, students 
determine the area of a region by counting unit 
squares or by estimating. 


INVESTIGATION 

Provide centimetre graph paper from which 
students can cut out a square decimetre. This 
region can be used by students to estimate the 
area of their desk tops. Some students will 
measure the length and width and compute the 
product to find the area. 


DISCUSSION 

The word area is introduced in the first Dis- 
cussion Exercise. Encourage students to esti- 
mate areas of a variety of plane regions. 

For Exercise 2, have students use the square 
decimetre cut out for the Investigation. If the 
square was cut from centimetre graph paper, 
the relation between a square centimetre and a 
square decimetre will be obvious. 

In Exercise 3, discuss ways of finding the 
area of the parallelogram and the trapezoid 
without having to count partial squares. We 
can find that the parallelogram has the same 
area as the rectangle because we can think of 
cutting off the triangular section indicated by 
the dashed segments and “‘gluing”’ it onto the 
other side of the parallelogram to form the 
rectangle. 





Point out that the triangular portions of the 
trapezoid are just half of the rectangular, re- 
gions indicated by the dashed segments. 





Units of Area 
Investigating the Ideas 


This region 
is One square 
centimetre. 


Can you estimate the number of 


This region is . square decimetres needed to 


one square —m> | cover your desk top? 
decimetre. Find a way to check 
your estimate. 


Discussing the Ideas 


1. The number of square decimetres, or parts thereof, needed to 
cover your desk top is the area of the desk top. Estimate the 
area of some other regions using a square decimetre as the unit. 


2. Think of a square one metre on each side. 


A What is the area of the square metre if the square 
decimetre is the unit? 


B What is the area if the square centimetre is the unit? 


3. Unit squares are indicated on the grid. Count 
the Squares to find the area of each pslilece 








Using the Ideas UTILIZATION 
Exercises | and 2 involve finding area by count- 


1. Each small square is a square centimetre. ing. Some students may use formulas for area 
What is the area of each sales of rectangles or triangles. However, these will 


be covered in the following lesson, so there is 
no need to emphasize them here. 

Exercises 3, 4, and 5 introduce metric units 
of area. The relation between the various 
metric units of area is given below. 
| hectare = 100 ares = 10 000 M2 


1 are = 100 m2 
2. Find the area of each shaded region. 
Unit squares are indicated by the grid. 1 km? = 100 hectares = | 000 000 m2 
have students find the number of ares in the 


floor of their math classrooms. 

G 
Assignment 
Minimum |, 2A-G. Average 1, 2A-G, 3, 4. 
Maximum |-6. 


3. An are (pronounced ‘‘air’’) is a unit of area. A square 
ten metres on each side has an area of one are. 
How many square metres are there in one are? 


EXTENSION 

Enrichment: To help students gain a clearer 
idea of the size of units of metric area, find a 
suitably large area in the gym or outside and 
mark out | m? and | are, and (if enough space is 
available) 1 hectare. Alternatively, you can 






4. A hectare is 10 000 square metres. How one 
many ares are there in an hectare ? 


5. How many hectares are in one square 
kilometre? 





-6. Suppose each small square represents 
an area of 125 000 square kilometres. 
Estimate the total area of the country. 


4 





Objective 
The student can find area of rectangles and 
parallelograms by using area formulas. 


PREPARATION 

Materials: Geoboards, dot paper or graph pa- 

per (Duplicator Masters, pages 82, 83). 
Review the concept of area by showing a 

few simple figures on the geoboard or overhead 

projector and asking students to find the area 

by counting unit squares. 


INVESTIGATION 

The purpose of the Investigation is to allow 
students to discover that several different quad- 
rilaterals all with area of 6 square units can be 
found on the geoboard. The regions below 
represent some possibilities. 











DISCUSSION 
During the Discussion, emphasize the formulas 
for area of a rectangle and area of a parallelo- 
gram. (Area of rectangle: Ad =¢ - w; area of 
parallelogram: A = b - h) 

Another important point to be observed is 
that area is preserved under cutting and reas- 
sembling of the object to be measured. 


Thus, if the area of region S is a given number 
and if region § is divided into two smaller re- 
gions, S$, and §,, and then put back together 
differently, the area remains the same. This is 
an important principle for developing the con- 
cept of area for various polygonal regions. In 
particular, the development of the formula for 


the area of any parallelogram in Exercise 4 de- 
pends upon this fact. 
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Finding Area of Rectangles and Parallelograms 


Investigating the Ideas 


Suppose each of the smallest squares 
on the geoboard is a unit square 
Then the rectangle shown has an area 
of 6 square units. 








Can you find some different-shaped 
quadrilaterals that also have an 
area of 6 square units? 


Record your regions on dot paper 
or graph paper. 


Discussing the Ideas 








1. Would this parallelogram have the 
same area as the rectangle above? 
How can you decide? 





2. Sometimes we say, ‘‘the area of a rectangle,’ when we 
really mean the area of the interior of the rectangle. 
A In the rectangular region 
at the right, how many unit 
squares in the bottom row? 
B How many rows? 


c How many unit squares in all? Aas tdi ! 


= length (¢) ———> 


p Can you write a formula for the 
area of any rectangle with length ¢ and width w? 
3. Can you find the area of each parallelogram? 


A 


4. In Exercise 3, if b is the length of the base and h is 
the height of each of the parallelograms, can you 
write a formula for the area of a parallelogram? 


Using the Ideas 


1. Find the area of each rectangle. 


A B 1 Cc 
ee | 


| 


2. Find the area of each region. 
‘ 


1 7 
} Oa 
1 ; : i = 
| , 
| 5 3.3—+ 
cine act ate ge 


3. Use the formula A= b - h to find the area of each parallelogram. 


B c 
LY 
a b=45 A 
b=7 


b= 10.6 
4. Find the area of the floor of a rectangular room 
that is 4.5 metres long and 3.4 metres wide. 


5. What would it cost to carpet the room in Exercise 4 
if carpeting sells for $14.95 per square metre? 


6. A certain rug cleaner charges $1.75 le 4m 
per square metre to clean rugs. How 

much would be charged to clean the 4.5m 

wall-to-wall carpeting for theroom i | 
shown at the right? 


rr “em = 


-#—8 m—+ 


7. Acertain brand of tiling is available in squares that 
are 25 centimetres on each side and cost 29¢ each. 
About how much would it cost to tile a floor 2.8 metres 
by 3.4 metres? 
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UTILIZATION 

Exercises 1, 2, and 3 give practice in applying 
the area formulas. Exercises 4 through 7 deal 
with practical applications of area measured in 
metric units. 


EXTENSION 

To provide further practice, make selective as- 
signments from Supplementary Exercise Set 42 
on page S-25, Workbook page 87, Duplicator 
Masters page 59, and Arithmetic Skill Cards 
AP-7 and AP-8. 

Remedial: Have students draw a parallelogram 
(region §S), cut off a triangular region (S,). 
and reassemble the pieces §, and S, to form 
a rectangle. 


CAEN YS ad ara 


ee 


Enrichment: Some students may be interested 
in learning why the area formula for rectangles, 
A = @w, holds not only for whole numbers but 
for fractional numbers as well. A discussion of 
a diagram such as the one below could be used. 


— a a eer 
|| | TT RWS 
Lt | | | SSS 
(25 on peel a N 


Ad 

pili BBB\\\ 
UUUUD 

WUUAG : 


| sq unit — 25 small squares 












eh 


Each small square 
is s; of a 
\ Algatios 
SY — 15 small squares ehedte unit. 
% 56° a= = 23 Bb 
UY, — 10 small squares 
Area = 2s5square units 
RS — 6 small squares | Notice that 
12-12 =8-2=$8=7958 


Total area — 56 small squares 
Assignments 


Minimum 1A-C, 3. Average I-S. 
Maximum |-7. 
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Objective 

The student can use the area formula, 
A=3:b-h, to find the area of any triangle. 
PREPARATION 


Materials: Paper and scissors. 

Review the method of finding area of rec- 
tangles and parallelograms. Understanding of 
the area of these figures is basic to the develop- 
ment in this lesson. 


INVESTIGATION 

The purpose of the Investigation is to show 
that any triangle whose base is the same as that 
of a rectangle and which has the same height 
as the rectangle will cover 3 the area of the 
rectangle. When pieces A and B are rotated 
180°, they exactly cover triangle T. Therefore 
the triangle covers 3 the area of the rectangle. 


> 


DISCUSSION 

Exercise 2 reinforces and extends the ideas of 
the Investigation. Since the area of rectangle 
ADBE is 12 square units, the area of AABD 
must be half as much, or 6 square units. Simi- 
larly, ABDC has half the area of rectangle 
BDCF, or 16 square units. Together the two 
triangles have an area of 22 square units, which. 
is exactly > the area of rectangle ACFE. Hence 
the area of the triangle can be found by taking 
> the area of the rectangle. This justifies the 
area formula for triangles: A =3-b-h. 

In the discussion of Exercise 3, make sure 
students understand that the height of a right 
triangle is the same as the length of one of the 
legs of the triangle. 
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Finding Area of Triangles 


Investigating the Ideas 


Draw a rectangle of any size. 

Then show a triangle with its 

base along one side of the height (h) 
rectangle and its height the 

same as the rectangle. Cut i 


out the rectangle and pieces 


b 
AlBvandal eee iD) 


Can you show that pieces A and B | Try this with 


will exactly cover triangle T? another triangle. 





Discussing the Ideas 


1. What does the Investigation show about the area of 
triangle T as compared to the area of the rectangle? 


What is the area of rectangle ADBE? 
What is the area of AABD? 
What is the area of rectangle BDCF? 
What is the area of ABDC? 


What is the area of AABC? 
Explain how the figure shows that the 
formula for the area of a triangle 


is A= >-b-h 
where b is the base and h is the altitude. 


nmoeoses Pp 








3. a What is the height of the 
right triangle? 
B How can you find its area? 
c What is its area? 


4. Complete the computation to find 
the area of this triangle. 





A= 3:b-h 
=2° 64-22 
=3- 2-3 ='llll square units 








Using the ideas 


1. Find the area of each triangular region. Use the formula A=3-b-h. 


2 Seale a, 














+ 8 —+| 


w|— 









3. What is the area 
of the largest 
triangle that 

can be formed 
onadby5 

nail geoboard? 


4. A triangular lot with a base 
of 55 metres and a height 
of 32 metres was sold 
for $15 960. How 
much did the lot 
cost per square 
metre? 





| 


32m 


| 





}~—— 55 m ——> 


5. Find the areas of the triangles with the following dimensions: 


A b=240 mm B b=3m c b=4m Dp b=6.3 dm 
h=315 mm h=43m h = 200 cm h=28 cm 


6. Design a flow chart for finding the area of a triangle. 
Find the area of each region. 


[a] “ES 3 [ce] a 











F 
2 
a 
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UTILIZATION 

Exercises | and 2 are suitable for all students. 
In Exercise 2, however, you may need to re- 
mind some students that either leg of a right 
triangle can be the base, while the other leg is 
the height. 


EXTENSION 
Workbook page 88, Duplicator Masters page 
60, and Arithmetic Skill Card AP-9 are recom- 
mended for use with students who would bene- 
fit from further practice with the concepts of 
this lesson. 

Remedial: Have students try the following 
problem. 


D C 


At B 


Cut parallelogram ABCD along one diagonal 
and show that AABD and ACDB are the same 
size. (Since the area of the parallelogram is 
b-h, the area of each of the triangles is 
+:b-h.) 

Enrichment: Show a triangle like this on the 
geoboard and challenge students to find its 
area. (Solution: 74 square units.) 





Think Solution 
These three examples involve finding areas of 
trapezoids by finding the sum of the areas of 
two triangles. 

xs (2 2 SN) ae (> Sy) Ss: o ANS =e Sy = 8 

IB, (2 © Sy) ap SD > Bi) 5 Se Seats 

C. bh + ah or th(b+a) 


Assignments 
Minimum 1, 2. Average 1-5. Maximum 1|-6. 
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Objective 

The student can verify the Pythagorean 
Theorem for particular cases and can use the 
theorem to find the length of a side of a given 
right triangle. 


PREPARATION 
Materials: Scissors, graph paper (Duplicator 
Masters, page 83). 

Lead a brief oral review of area of squares. 
Have students give the area when given the 
length of one side. Conversely, give the area 
of some square (making certain that it is a 
square number such as 100, 49, 64, and so on) 
and ask students to give the length of one side 
of the square. 


INVESTIGATION 

While the Investigation construction is quite 
general, students will probably find it easier to 
use graph paper as an aid in drawing the right 
triangles and the squares. If time permits, sug- 
gest that the students try the same activity with 
other right triangles. 


DISCUSSION 

At this stage, it is more important to provide 
students with the factual part of the Pythago- 
rean Theorem (and some basic experiences 
which give them an opportunity to demonstrate 
visually the truth of the theorem) than it is to 
offer a rigorous proof of its validity. 

In Exercise 3, little would be gained by inter- 
jecting the observation that one can find the 
length of the hypotenuse by finding the square 
root of 16. Rather, students should simply 
reason that the area of the square on the hypote- 
nuse is 16 square units, so the length of the 
hypotenuse must be 4 units. 
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The Pythagorean Theorem 
Investigating the ideas 


[a] Construct right AABC with a 
square on each of its sides 
as shown in the figure. 


Locate the centre of the 
middle-sized square and 
call it point O. 


[c] Draw DE through point O so - _ 
that DE || AB. Then draw GF 1 DE. 
(Four regions are formed in 
the middle-sized square.) 


[p] Cut out the four regions of 
the middle-sized square and 
the small square region. 





Can you place the five regions of the two smaller squares 
so that they will exactly cover the large square? 








Discussing the ideas 


1. Try the Investigation again using a different-sized 
triangle for step A. Do the two squares on the legs 
of the triangle cover the square on the hypotenuse? 


2. The Investigation illustrates the Pythagorean Theorem. 
In any right triangle, the sum 
of the areas of the squares on 
the legs is equal to the area 
of the square on the hypotenuse. 
If a= length of a leg 
b = length of another leg 
c = length of the hypotenuse 
then a?+ b?=c? 





Can you find three whole numbers a, b, and c, each less 
than 6, such that a?+ b?=c?? 


3. If the area of the square on one leg of a right triangle 
is 10 square units and the area of the square on the other 
leg is 6 square units, what is the area of the square on 
the hypotenuse? How long is the hypotenuse? 

























Using the Ideas 








res. 


1. Copy and complete the table below the figu 


ial a 




















. Use the formula for the Pythagorean Theorem to complete each part. 
a |lf a=6 and b=8, then a?+ b?=|l|l| and c = ||. 
B If c2=25 and b?= 16, then a?= ||| and a =|ll. 
c Ifa=5 and b= 12, then c?=|lll| and c =|. 





a 
a> D7 C- 





. Complete the table using the Pythagorean Theorem. 





UTILIZATION 

In discussing Exercise |, call attention to the 
table of areas and the fact that the truth of the 
Pythagorean Theorem is demonstrated by find- 
ing the area of the three square regions and 
noting that the sum of the areas of the two small 
regions, in each case, is equal to the area of the 
large region. Also in Exercise 1, you may want 
to remind some students that they can find the 
area of the large square by adding the areas 
of its interior regions—the four small triangles 
and (in parts B, C, and D) the small square. 


EXTENSION 
The exercises on page 89 of the Workbook 
could be used to provide further practice with 
the concepts presented in this lesson. 
Enrichment: Students might be interested in 
the legend that the ancient Egyptians, survey- 
ing their lands after the annual flooding of the 
Nile, constructed right angles by stretching 
ropes to form a 3-by-4-by-S5 right triangle. 





Suggest to the students that they use a piece 
of rope or string and make a loop with 12 
equally spaced knots around it. Then three 
students should hold the loop at the appropri- 
ate knots to demonstrate how a right triangle 
is formed. 


Assignments 
Minimum 1. Average 1, 2. Maximum 1-3. 
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Objective 
The student can find the volume of a rectan- 
gular solid by using the formulaV=€@-w-h. 


PREPARATION 

Materials: Small wooden cubes (or sugar 

cubes), at least 27 per group of students. 
Sugar cubes can effectively be substituted 

for wooden cubes. They can be glued together 

and sprayed with hair spray or some other 


Finding Volume 


Investigating the Ideas 


These seven pieces of the Soma Puzzle 


are made from three or four cubes each. 


When placed together properly, they 
will make one large Soma Cube. 


fo 


fixative for greater durability. 
Can you do it? 
INVESTIGATION 
Completion of the Investigation will require 
several minutes in addition to the time needed 
to construct the 7 pieces of the Soma puzzle. 
However, it is a highly motivating puzzle and 
the time devoted to it will be time well spent. 
To answer the Investigation question, stu- 
dents will probably reason that the cube must 
be 3 units in length on each edge since there 
are 27 cubes altogether. The real challenge 
lies in constructing the cube. 


Can you find the length of each 


edge of the Soma Cube? 





Discussing the Ideas 


1. The number of unit cubes that it takes to make a 


space figure is called the volume of the figure. 
DISCUSSION 


Use the Soma Cube to motivate a discussion 
of the meaning of volume. For example, ask: 
“If one of the small cubes is the unit of volume, 
what is the volume of each piece?” “Can you 2. a How would you count the number of 
arrange the 4 ‘flat pieces’ into a rectangular unit cubes in this rectangular box? 


block that is one unit high?’ ‘‘What is the p 
B How man uares in the base? 
volume of such a block?” (15 cubic units) y a : ; ee 
c How many unit cubes in the 


bottom layer? 
How many layers? 


Exercise 2 is important in that it develops mow ened Unie Ne SmOkSie 
the volume formula for rectangular solids. Be F Explain each formula for the 
sure to bring out the basic idea that if all of volume of a rectangular box: 
the layers of a given figure are the same, then 
the area of each layer is the same as the area 
of the base of the figure, and this area can be 
multiplied by the height to give the volume. 

If the base of the figure is a rectangle, the 
area of the rectangle can be found by multiply- 3. a What is the volume of the box 
ing the length times the width, and the volume shown by the dotted segments? 


pe seus Wa MTS isis MOR Miike Sa OIE B How does the volume of the wedge 
ee eas compare to the volume of the box? 8 


What is the volume of the Soma Cube if each 
small cube is a unit of volume? 





w -/ cubes in 


Volume = area of base times altitude each layer 


and V=I/-w-h 
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Using the Ideas 


_ Find the volume of each space figure using the dimensions given. 











13. a A box is 5 centimetres long, 4 centimetres wide, 
and 3 centimetres high. What is its volume? 
B If each side were twice as long, how many times 
greater would the volume of the box be? 
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UTILIZATION 

Since there is a considerable amount of arith- 
metic involved in finding the volumes in these 
exercises, an assignment of only part of the 
set may be sufficient for your students. 


EXTENSION 

Arithmetic Skill Card AP-12 is appropriate for 

supplemental use with this lesson. 
Enrichment: Challenge students to use the 

Soma Cubes to make a variety of interesting 

space figures. Some sample figures are shown 

below. 





Aircraft Carrier Castle 


Think Solution 

Since four of the tires must have been on the 
car at all times during the 40 000 km, the total 
distance on all five tires was 160 000 km. This 
gives an average of 32 000 km for each tire. 


Assignments 
Minimum 1-6. Average 1-9. Maximum 1-13. 


C-53 


Objective 

Given a rectangular solid, the student can 
find the volume and the surface area of the 
solid. 


PREPARATION 
Materials: Models of cubes and rectangular 
solids. 

Review the concept of volume of rectangular 
solids. If you choose, you might also discuss 
the meaning of surface area of a figure, even 
though this is introduced in the Investigation. 


INVESTIGATION 

Since no new mathematics is involved in the 
Investigation, students should be able to pro- 
ceed independently. 

If some students have difficulty with space 
visualization, provide a model of the figure in 
the Investigation with the unit squares marked 
on the faces, or provide cubes so that they can 
build a model. 





DISCUSSION 

Exercise | discusses a way of finding the sur- 

face area of the Investigation figure. Some of 

your students may be able to understand a 

formula for surface area of a rectangular solid: 

If ¢, w, and /; are the dimensions, then 
Surface areaa=2(0 -w+?¢@-h+w-h) 

A model of Exercise 4 which can be sepa- 
rated into two rectangular solids may help stu- 
dents see how to compute the volume and 
surface area of such a figure. 
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Volume and Surface Area 
Investigating the Ideas 


The diagrams below show that a cube with a volume of 
one cubic unit has a surface area of 6 square units. 


ere Z 
ieee naa 


Surface Area: 
Volume: 1 cubic unit 





6 square units 


Can you find the volume and the 


surface area of the space figure 
at the right? 





Discussing the Ideas 


1: What is the area of face A in the space figure above? 
What is the area of face B? 
What is the area of face C? 


How can you find the area of all six faces 
(total surface area) of the space figure? 


oo 8B PF 


2. A What is the volume of this 
Soma Puzzle piece? 


B What is its surface area? 





3. If you wanted to find the total surface area of the walls, 
the ceiling, and the floor of your mathematics classroom, 
what measurements would you make? 


4. How would you find the volume 
and surface area of the space 
figure at the right? 











Using the ideas 


. Find the volume and surface area of each space figure. 


c D 
— Gat) mie, 


. Find the volume and surface area of each space figure. 








. A cereal box is 28 centimetres high, 20 centimetres wide, 
and 9 centimetres thick. 


A What is the volume of the box? 
B What is the surface area of the box? 


. A shoe box is 1.7 decimetres by 0.9 decimetres by 3.1 decimetres. 
a Find the volume of the box. 
B Find the surface area of the box. 


. Find the volume and surface area of each space figure. 






. A When the colored cube is removed, 
the volume is decreased by 1 unit 
but the surface area is unchanged 
Explain this fact. 


B What other blocks 
can you remove 
from the figure 
and still keep 

the same surface 
area? 
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UTILIZATION 

Exercise | can be used to determine whether 
students can discern a relation between the 
volume and surface area of n cubes placed in 
a row. Construct a table like the one below 
and have students complete it for several more 
cubes. 





Volume (No. 
of cubes) | DAS aed n 





Surface area 
(square units) |6 | 10] 14/18 



































For n cubes in a row the surface area will be 
4n + 2 square units. 

To aid students in Exercise 6, provide 
wooden cubes so that they can more readily 
visualize the problem. 


EXTENSION 

To provide further practice, make selective 
assignments from Workbook page 90, Dupli- 
cator Masters page 61, and Arithmetic Skill 
Cards AP-11 and AP-12. 

Enrichment: Suggest to students that they 
find the surface area of some of the space fig- 
ures made from the Soma Cubes in the last 
lesson. 


Think Solution 
Students can solve this problem by trial and 
error. However, an algebraic solution is pos- 
sible: 

Let x = length of one edge of the cube. 

6x” = surface area 
x? = Volume 
If x? = 6x?, then dividing both members by 
x”, we have x= 6. 
Hence, surface area = 6 - 6?= 216 sq units, 
and Volume = 6? = 216 cubic units. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-6. 


Objective 

The student can express the capacity of ap- 
propriate containers in liters or in subunits or 
multiples of litres. 


PREPARATION 
Materials: Lightweight posterboard, scissors, 
centimetre rulers. 

Review the meaning of the metric prefixes. 








deci- one tenth deca- ten 
centi-one hundredth hecto-one hundred 
milli- one thousandth kilo- one thousand 





INVESTIGATION 

The purpose of the Investigation is to provide 
a concrete model of a cube whose capacity is 
1 cubic decimetre = 1000 cm? or | litre. For 
students who have had little work with metric 
measures and know only the customary English 
units, this will be a valuable experience. Use 
posterboard or thin cardboard to make a dur- 
able model of the open-top cube. 


DISCUSSION 
A litre is a standard measure of capacity that 
is equal to the volume of | kilogram of water 
at 4°C and at standard atmospheric pressure 
of 760 millimetres of mercury. Since | gram 
of water occupies | cm’, a litre contains 1000 
cm®* and, hence, is equivalent to | dm*. 

In most scientific work, a capacity of 1 cm? 
is referred to as 1 millilitre (ml), which is 
qo00 litre. 

In discussing Exercises 3 and 4, make cer- 
tain that students understand the relation be- 
tween the various units. 
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Metric Measures of Capacity 


Investigating the Ideas 





This is a pattern for 
an open-top cube. 





Can you make a model of an open-top cube 
using a pattern in which each square is 
one-decimetre on each side? 





Discussing the Ideas 


ie 


2. 


. What is the capacity in 


What is the volume of your cube in cubic centimetres? 


If your cube could be filled with water, it would hold 
one litre (7). A litre is a standard measure of capacity. 


A What part of a litre is a millilitre? 


B How large would a cube need to be in order to hold 
a millilitre? 


. What is the number for each screen? 


A 1 kilolitre (kl) =jllll 2 dD 1 hectolitre (hl) = lil 2 
B 1 decilitre (dl) =|ll] 2 E 1 centilitre (cl) = lll] 2 
e 1 millilitre (ml) =|lll] 2 F 1 decalitre (dal) = |lll| 7 


. Since 1 cubic centimetre (cm*) has a capacity of 1 ml =0.001 ¢ 


you can express units of volume in terms of capacity. 
Explain how to find the missing numbers. 


a 500 cm? is a capacity of ||| 2 c 72 cm°is a capacity of || ml. 
B 2749 cm?is a capacity of |llll 4 


millilitres of this container? 





pd ||| cm? is a capacity of 3.8 ml. 








Using the Ideas UTILIZATION 
Exercises | through 4 give practice in finding 


1. Find the capacity of each container in millilitres. capacity and mass of containers of water. 
(Use the fact that 1 cm’ is a capacity of 1 ml.) Exercises 5, 6, and 7 are applied word prob- 
A B c lems involving metric measures of capacity. 


EXTENSION 
6 cm 
Think Solution 
The necessary steps are these: 

4com (1) Fill the 9-litre container and then pour 4 
4cm litres into the 4-litre container. 


2. Express each capacity in Exercise 1 in litres. : 
eq Ie 


3. A tank is in the form of a cube one metre Nine Four 
on each edge. How many kilolitres of water Dump out the 4-litre container and pour 


will it take to fill the tank? 4 litres more from the 9-litre container into 
the 4-litre container. 


4. At standard pressure and temperature, 
the mass of 1 millilitre of water is 1 gram. |e] 
What is the mass of 


Nine Four 
? ? ‘i 
A 25 ml of water? B 1 ¢ of water? c 1 kl of water? Reali duinp ont the 4line eontameraad 


pour the | litre left in the 9-litre container 
into the 4-litre container. 


eg 





(2 


— 





jam 
ws) 
al 


5. A soft drink bottle has a capacity of 236 millilitres. 
How many litres in a carton of six bottles? 


6. A family uses about three litres of milk per day. 
If the cost is 29¢ per litre, how much do they 





spend for milk each week? each year? Nine Four 
(4) Refill the 9-litre container and then pour 
7. Gasoline costs 11.9¢ per litre. How much (to the nearest cent) into the 4-litre container until the latter is 
would it cost to fill a tank whose capacity is 60 litres? full. Thus, thé 9-litre container will have 


6 litres remaining. 


davunu ae ler 


Nine Four 
Assignments 
Minimum 1-4. Average 1-6. Maximum 1-7. 
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Objective 
Given a protractor and a picture of an angle, 
the student can find the measure of the angle. 


PREPARATION 
Materials: Protractors, straight edges. 

Try to determine how many of your students 
are familiar with the use of a protractor. Most 
of them will probably benefit from a review of 
its use. If a clear plastic protractor is available, 
demonstrate its use by means of an overhead 
projector. Emphasize the importance of align- 
ing the protractor properly and reading the 
measure from the appropriate scale, since many 
protractors have a double scale. 


INVESTIGATION 

The measures of 2CAB, ZDAB, Z EAB, and 
Z FAB can be read directly from the protractor. 
There are six other angles, and their measures 
can be found by subtraction: 


mZCAD = 35° m Z DAE = 50° 
mA CAE. 85s m Z DAF = 80° 
mZCAF = 115° mZEAF = 30° 


DISCUSSION 

For Exercise 1, students should observe that 
the bottom edge of the protractor should be 
aligned with one of the rays of the angle so 
that the midpoint of the edge coincides with 
the vertex of the angle. Then the point at which 
the other ray intersects the outer edge of the 
protractor can be found and the angle measure 
can be read from the appropriate scale. 

Exercise 3 brings out the idea that angle 
measure is additive for adjacent angles. 

The bisector of an angle (Exercise 6) is a ray 
that divides the angle into two angles that have 
the same measure. Students should recognize 
that if they use a protractor to find the measure 
of a given angle its bisector will be the ray that 
intersects the outer edge of the protractor at 
the point halfway between the two rays of the 
angle. 
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Discussing the Ideas 


1. Draw an angle on your paper or on the chalkboard. 


. A degree is what fractional part of a straight angle? 


. Measure each angle. A 


. Draw an angle and its supplement. 


. Using your protractor, draw an angle of 45° and 


. Explain how you can use a protractor 


How Are Angles Measured? 


Investigating the Ideas 


A familiar unit angle 

is called a degree. 

The size of a 1-degree 
angle is such that the 
measure of a right angle 
is 90 degrees. 














You can measure an angle 
by using a protractor 

that has degree units 
marked around a semicircle. 


The protractor shows 
that the measure of 

Z DAB is 70 degrees. 
We write: mZ DAB = 70° 


Using the angles shown on the protractor above, how many 
angles can you name and find the degree measure for? 


Explain how you would use a protractor to find 
the degree measure of the angle. 


Does mZAOC = mzZAOB+m2zZBOC? 


Measure each angle, adding their 
measures. What do you observe? O 


an angle of 135°. What can you say about these 
two angles? Mi 
Gee of 


to draw the bisector of an angle. i 


Using the Ideas 


1. Using the picture of the protractor, give the measure 


of each angle in degrees. 


A ZBAC t ZDAE 
Bp ZBAD m Z DAF 
c ZBAE n ZDAG 
p 2 BAF o ZDAH 
E ZBAG p ZEAF 
F ZBAH a ZEAG 
G ZCAD rR ZEAH 
H ZCAE s ZFAG 
me 2.CAF t ZFAH 
J ZCAG u 2GAH 
Kk ZCAH v ZHAD 


15 
160 
170 
180 


H 


F 
0 


CF, e 
SS YY 


e 


2. Use a protractor to draw angles with the following measures. 


APi3/7° B 65° c 108° 


3. Measure the angles below. 


ey at 


D 135° 


Ene. 


F 100° 


4. Use a protractor to help you draw each of these regular 


polygons. All the sides of each polygon 


the same length. 


A 
60° 


60° 60° 


Equilateral 
triangle 


Regular 
pentagon 





should have 





Regular 
hexagon 


fo 








B 


UTILIZATION 

Protractors will be needed for all but the first 
exercise. In the figure for Exercise |, the 7 rays 
form 21 distinct angles. Encourage students to 
observe that parts O and V refer to the same 
angle. 

When students use their protractors to mea- 
sure the angles in Exercise 3, you may need to 
remind some of them that they must think of 
the rays as extending indefinitely. Thus, they 
will realize that they can trace the angle from 
the text and then extend the pictured rays to 
help determine the angle measure. Note that 
Exercise 4 is intended primarily for more able 
students. 


EXTENSION 

See Workbook page 91 for exercises that may 
be assigned for further practice with the con- 
cepts of this lesson. 

Enrichment: Have students design their own 
protractors and use them to measure some 
angles. A reasonably good protractor can be 
made by cutting out a semicircle of paper and 
folding it repeatedly as shown below. The fold 
lines become the divisions on the protractor. 
Four folds will result in 16 divisions. The small- 
est division can be used as the unit angle. 


| 
First | 
fold : 
a) (b) 


( 


Setond ,7 Third 
fold) fold ~~ 
a era 

(d) 


vA 
(c) 


—— 





Assignments 


Minimum 1, 3. Average 1-3. Maximum 1-4. 


Objective 


The student can find sums and differences of 


angle measures when the units are degrees, 
minutes, and seconds. 


PREPARATION 

Review angle measure. Point out that only 
whole degrees were used in the previous les- 
son. In this lesson smaller units, known as 
minutes and seconds, are used. 


DISCUSSION 

Discuss with the class the subdivision of the 
unit degree into ‘the smaller units of minutes 
and seconds. To emphasize the smallness of a 
minute, ask the students to turn back to the 
previous lesson and look at the angle of one 
degree pictured there. Ask your students to 
imagine that this angle is divided into 60 con- 
gruent angles. Each small part is the unit of 
one minute. 

A second is go of a minute. To stress the 
smallness of this unit, you might point out that 
if an angle has a measure of | second, each of 
its rays would have to be extended over a dis- 
tance of 2 kilometres before the rays would 
have an “‘opening”’ of one centimetre. 

Work through the examples of addition and 
subtraction, giving special attention to the 
work involving regrouping of units. 

Point out that, in finding the measure of an 
angle supplementary to an angle whose mea- 
sure is in degrees, minutes, and seconds, 180° 
can be rewritten as 179°59'60” to facilitate 
subtraction. 
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Discussing the ideas 


. The example below will help you understand how to 


. When subtracting angle measures, » 
A 


. Two angles are complementary if 


5. Two angles are supplementary if 


Degrees, Minutes, and Seconds 


Imagine that an angle of 1° is 
divided into 60 congruent angles. 
Each of the 60 small angles 

is called a minute (an angle of 1’). 
Now think about dividing an angle 
of 1’ into 60 congruent angles. 
Each of these smaller angles is 
called a second (an angle of 1”). 60 minutes (60’)=1° 60 seconds (60”) = 1’ 





In astronomy, angles are often measured 
in degrees, minutes, and seconds. 


. What part of a degree is each of the following? 


A_30% . Bgils, c 10’ D 6’ E 45’ F 4 G 30" H 15” 


add angle measures. The measure of 7 ABC is the 
sum of the measures of 2ABD and Z DBC. 


m ZABD = 31°24’ 
m Z DBC = 25°41' 
m Z ABC = 56°65'= 57°5' B 


What was done to rewrite 56°65’ as 57°5'? 











you may have to regroup some units. 


Find the missing number of minutes 
and then find mZ DBC. 


m ZABC = 119°12' = 118°’ 
mZABD = 55°45'= 55°45’ 
m Z DBC = 2 ~~ (iihe Wl 











the sum of their measures is 90°. 
lf mZ ABC = 41°30’, what is mZ CBD? 


the sum of their measures is 180°. 


What is the measure of the supplement 
of an angle whose measure is 63°39' 43” ? 





2. Give the measure of 2 DEF. 


Using the Ideas 


1. Give the measure of 7 ABC. 


A B 





A D B D 


a 87°35" 
P 
6 
ae E 
F 








3. Find the sums of the angle measures. 


EXAMPLE: 37° 48'35”" 
TS 0 FA467 
52°10) 61, = 52°106' 21° = 53°46) 23," 





A 25°15' 43" B 86°28 29” c 34°37’ 48" Dp 67°46’ 38" 
Doo 10 or ZT OO” 120°46' 37" Of 13 22° 
. Find the differences of the angle measures. 
EXAMPLE: 37°48' 35" Bt 4h *95° 36° 107°95" 
of AGS) 15°57 46" 1S or 46" 
z 2 49" 24°) 50°49" 
A 120°56' 43" B 48°53'10" CG /8°43 21° Dp 129°34'10” 
15° tS 288 20°39' 26” 13°44' 52" 29°35 59% 
. Find the measure of an angle that is complementary 
to an angle whose measure is 
A 38° B 27°49’ c 42°16’ 38" Dp 58°49" E 43'19”" 
. Find the measure of an angle that is supplementary 
to an angle whose measure is 
A 56° B 105°20' c.84°26 39° D 125°58' 43" E 4°58" 


UTILIZATION 

The exercises furnish practice in using the 
newly introduced units of minutes and sec- 
onds in a variety of problems. Some skill in 
adding and subtracting with the new units 
should be an expected outcome of the lesson. 

It may be helpful to point out that the divi- 
sion of the degree into minutes and seconds Is 
analogous to the division of the hour into min- 
utes and seconds. 

Most of the difficulty in this lesson is likely 
to occur in addition and subtraction problems 
where “borrowing” or “carrying”? seconds, 
minutes, and degrees is involved. While it is 
not incorrect to express the measure of an angle 
as 24°72'66", it is more desirable to express it 
by regrouping the units into the form 25°13'6”. 


EXTENSION 

Workbook page 92 is recommended for extend- 
ing practice with the ideas presented in this 
lesson. 

Enrichment: We inherit the degree unit of 
measure from the ancient Sumerian civiliza- 
tion, which flourished about 3000 B.C. The 
Sumerians used a lunar calendar of 12 months, 
each of which had 30 days. They had to add 
extra days to the year at the end. If the year 
were exactly 360 days, the Earth in its annual 
passage around the sun would pass through 1° 
per day. 

This might be a good time to call attention 
to Research Project B on page C-65, which 
concerns another unit of angle measure, the 
radian. 

Other students might be encouraged to con- 
struct a metric protractor. Let a straight angle 
be the unit angle so that the measure of a 
straight angle is |; that is, mst Z = 1. Then, di- 
viding the straight angle into ten congruent 
parts gives a deci-angle. Dividing this smaller 
angle into 10 parts would give a centi-angle. 


Assignments 
Minimum 1, 2. Average 1-4. Maximum I-6. 
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Objective 

The student can use the fact that the sum of 
the angle measures of a triangle is 180° to 
find measures of angles in triangles and other 


polygons. 


PREPARATION 

Materials: Protractor, scissors, straightedge. 
This lesson extends the work of the previous 

lesson. You might review angle measure briefly 

before proceeding with the Investigation. 


INVESTIGATION 

The Investigation gives the student an oppor- 
tunity to discover the geometric theorem that 
the sum of the measures of the angles of every 
triangle is 180°. Some students may already be 
familiar with this fact. Those who are not may 
obtain results that vary from 180° by 1 or 2 
degrees because of inaccurate measurement. 
Record the angle sums on the chalkboard so 
that everyone can see that the results are ‘‘very 
close to 180°.” 


DISCUSSION 
Exercise | illustrates an intuitive kind of proof 
of the angle sum theorem. The formal proof is 
based on the fact that alternate interior angles 
formed by a transversal of 2 parallel lines are 
congruent angles. 

Another intuitive demonstration is illustrated 
below by means of paper folding. 


Fold Y 


é 
od een X* Fold! ee 
‘A B IE SA 


The angles at the three vertices fold together 
to form a straight angle. 

In discussing Exercise 3, you might use a 
demonstration like that for Exercise |. Tear 
off each corner of the quadrilateral and put the 
vertices together to show that the sum of all the 
angles is 360°. 
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Sums of Angle Measures of Polygons 
Investigating the Ideas 


A Draw three large differently-shaped 
triangles on your paper. 


B Measure the three angles of each B 
triangle to the nearest degree A 


C Find the sum of the angle measures ss 
of each triangle. G 4 


Compare your sums of 
the angle measures with 
those of your classmates. 


Do you think that the sum of the 


measures of a triangle depends 
upon the shape of the triangle? 





Discussing the Ideas 


1. Cut out one of the triangles that 
you drew for the Investigation. 
Tear off two corners and place 
them as illustrated in the drawing. 


What does this experiment suggest 
about the sum of the measures of 
the three angles? 





2. You should have convinced yourself of 
the truth of the following statement: 


The sum of the measures of all the 
angles of any triangle is 180°. 





If you know that one angle of a triangle 
has a measure of 50° and a second angle has 
a measure of 70°, how could you find the 
measure of the third angle without using 
a protractor? 


R ae 


3. Every quadrilateral can be divided into 
two triangles. Since the sum of the 
angle measure in each triangle is 180°, 
what is the sum of the measures of the jy 
four angles of quadrilateral MNOP? 





1. Find the degree measure of the angle whose measure is not given. 


ie, 
62° 28° 


A B Cc 
7003 
60° 
2 
D E F 
od 





61°10’ 





B 61°10' 


2. What is the measure of each angle 


of equilateral ARST? 
R 


. In parallelogram ABCD congruent 
angles are marked by the same 
number of slashes. 


If mZA = 59°10' and ZD is 
supplementary to ZA, what is 
the measure of angles B, C, and D? 


. What is the sum of the measures 
A of the angles of APQS? 
B of the angles of AQRS? 
c of the angles of quadrilateral PQRS? 


. What is the sum of the measures 

A of the angles of ARSV? 

B of the angles of AVSU? 

c of the angles of AUST? 

Dp of the angles of pentagon RSTUV? 


. What is the sum of the measures of the angles of a hexagon? 


. Can you write a formula for the sums of the angle measures 
of a polygon having any number n of sides? 


Using the Ideas 











UTILIZATION 

All of the Exercises are based on the fact that 
the sum of the measures of the angles of a tri- 
angle is 180°. 

By using the fact that any convex polygon 
of n sides can be divided into (” — 2) triangles, 
the sum of the measures of the angles of any 
convex polygon can be found. The latter exer- 
cises in the set are designed to lead to student 
discovery of this fact. 


EXTENSION 

To provide further practice, make assignments 
from page 93 of the Workbook and page 62 of 
the Duplicator Masters. 

Enrichment: The sum of the angles of a poly- 
gon can be demonstrated by means of rota- 
tions as described below. 

Draw a large triangle, AABC. Place a pencil 
with the eraser end at vertex A. Slide the pencil 
along AC until the point reaches C (Step 1). 
Rotate the pencil about C until it coincides with 
BC (Step 2). Slide the pencil along BC until the 
end reaches B. Rotate about B until pencil 
reaches AB. (Step 3). Slide pencil to point A. 
Rotate about 4 until pencil coincides with AC 
(Step 4). 





Now observe that in going around AABC the 
pencil has made exactly 3 turn or it has rotated 
exactly 180°. 

A similar demonstration with a quadrilateral 
will show that the pencil makes a complete 
revolution; hence the sum of the angle mea- 
sures must be 360°. 


Assignments 
Minimum 1-3. Average I-5. Maximum 1-7. 
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Objective 
The student can demonstrate the ability to 
work with the ideas presented in this module. 


UTILIZATION 
Centimetre rulers and protractors should be 
available for students to use in these exercises. 
Allow time for discussion of the Exercises, 
especially those which students have most dif- 
ficulty in working. 

Additional review exercises are provided on 
page 94 of the Workbook. 
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REVIEWING THE IDEAS 


1. Measure each side 
of the triangle 
in millimetres. 





2. What is the perimeter of the 
triangle in Exercise 1? 


3. A 1 metre = ||| centimetres 
B 1 centimetre =||ll| millimetres 
c 1 decimetre = ||||| metre 
dp 23cm='|ll| dm 
e 47 dm='|ll| m 
F || m=5 km 


4. When the measure of an object is 
reported as 8 centimetres (to the 
nearest centimetre), what is the 
largest and the smallest measure 
for its actual length? 


5. Find the area of each region. 


i 


wo 
NIi- 


6. If the lengths of the legs of a right 
triangle are 6 and 8 metres, what 
is the length of the hypotenuse? 


7. Find the volume of 
this space figure. 


3 


NI- 


10m 





10. 


ie 


12. 


13. 


14. 


15. 


16. 


. Find the surface area of the space 


figure in Exercise 7. 


. One litre of water has a volume 


of Ill cubic centimetres. 


What is the capacity in ml 
of a cube 4 cm on each edge? 


Give the measure of each angle. 
Y 


Find the sums of the angle measures. 
A 25°15' 43" B 86°28’ 29" 
502735) 36" 37°49' 32” 


Find the differences of the angle 
measures. 


A 120°56723> B 98°23'10” 
75 mlsoe48u 29°50' 26" 
B 
A What is C 
mZAOB? 
B What is 
mZAOC? 
c What is 50°31' 
mZBOC? A O D 


What is the measure of 

an angle which is supplementary 
to an angle which measures 
103°42'? 


What is the measure of ZA? 


















Sow many iilumetes long i is the 
segment? __ 






Find the 
areas of 
squares © 
- Aand B. | 

What is © 
_ the area of 
square C?_ 











RESEARCH PROJECTS 


A Can you find a formula for the area 
of any region on the geoboard when 
you know the number of nails on the 
boundary of the figure and the number 
of nails inside the figure? The formula 
for the area is called Pick’s Theorem. 
(See Geoboards and Motion Geometry 


by John J. Del Grande; Glenview, Illinois: 


Scott, Foresman, 1972 available from 
Gage Educational Publishing, Ltd.) 


B Another unit of angular measure that is 
often used in advanced mathematics is 
called a radian. Find out how the 
radian compareswith the degree, how 
you can construct an angle whose 
measure is one radian, and how this 
unit is used in mathematics. 


6. 


10. 


. What is 


A Find the volume 
‘of the figure. 


B Find the surface 
area. 


mZCBD? 








B 46°34’ 45" 
19° 28°25 - 





_ Find the differences of the angle 


measures. 
A. 158°35" B 106°48' 20” 
87°48" 3.00641" 


If two angles of a triangle each have 
a measure of 54 degrees, what is the 
measure of the third angle? 


There are many different proofs of the 
Pythagorean Theorem. Find an 
explanation of one or more of them. 
Make some diagrams or charts that 
will help explain the proof. (See The 
Pythogorean Proposition by Elisha 
Scott Loomis; Washington, D.C.: 
NCTM, 1968.) 


The numbers 3, 4, and 5 are called 
Pythagorean numbers because 


32+ 42 = 52 


Can you find some other triples which 
are Pythagorean numbers? Look up 
this topic in a reference book to see 
how you can find many other triples. 





TEST YOURSELF 

Have students work through the self-evaluation 
test independently and then use the answers on 
the following page to check their own work. If 
students miss a problem, they should note the 
corresponding objective and then attempt to 
analyze their mistake by reviewing the appro- 
priate lesson of the module. 


RESEARCH PROJECTS 
Project A may be especially attractive to stu- 
dents who like to figure things out for them- 
selves. By starting with very simple figures and 
using trial-and-error methods, they can dis- 
cover Pick’s formula: 

=$-b+i-1 
where A is the area, b is the number of nails 
on the boundary, and i is the number of nails 
in the interior. They might also develop a 
formula for a region that has a “hole” in it: 

= $b+i. 

For students who are interested in Research 
Project B, you might point out that any secon- 
dary-level geometry or trigonometry text will 
contain information on radians. A radian is 
defined as an angle which, if its vertex is at the 
center of a circle, will intercept an arc of the 
circle whose length is the same as the radius 
of the circle. 

Project C is recommended for your more 
able students. You should not expect them 
to achieve complete understanding of the 
proofs of the theorem, especially those that 
are algebraic. 

Students who explore Project D might be en- 
couraged to try to construct a table of Pythag- 
orean triples (a, b, and c where a? + b?=c?). 
Such a table can be constructed by letting 
a= p? — q?, b= 2 - pq, and c= p?+ q?, where 
p and q are positive integers and p > q. 





MATHEMATICAL RECREATION 
If playing cards are available, use the 13 cards 
of any one suit for this activity. 

The solution to this stacking problem lies in 
thinking about the inverse operations to the 
steps given in the rules. The inverse operations 
are as follows: 

Pick up card 13 first and place it face down 


in your hand. Pick up card 12 and place it | 


face down on 13. Slide the bottom card to the 
top. Pick up card 11, place it face down on 
the stack, and slide the bottom card to the top. 
Continue this procedure until all cards have 
been picked up. 


The final order of the cards in the stack will - 


besa 228 Sailer a O52 00365 Osa. 


When dealt out in the manner stated in the - 


rules, the cards will come out in consecutive 
order. 
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A STACHRING PROBLEM. 


Print the numerals 1 through 13 on index cards. 





The problem is to devise a way of stacking the cards 
in such a way that when you place the stack in your 
hand face down, you can turn up the cards 1 through 
13 in order following the rules below. 


RULES: 


1. With the stack of cards face down in your hand, 
turn the first card face up and place it on your 
desk. It must be card number 1. 


. Slide the next card (that is on top of the stack) 
to the bottom of the stack without turning it over. 


. Turn up the next (third) card and place it face up 
on your desk. It must be card number 2. 


. Slide the next card that is on top to the bottom 
of the stack. 


. Repeat the steps, alternating by turning up a 
card and then moving the following top card to 
the bottom of the stack. 


How should the cards be “stacked” so that they can 
COCK UD AN 12, on. Oo, Sia ie 8. 9, Tie, lororuenrs 
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UNIT C: GEOMETRY AND MEASUREMENT 


Module 3: Rigid Motions and Constructions 


General Objectives 
To introduce motion geometry by a study of some rigid motions. 
To provide experience with translations, rotations, and reflections. 


To examine some aspects of rotational, translational, and reflectional 


symmetry. 


To provide motivation through work with translations. 

To relate the concepts of rigid motions to congruence. 

To provide experience with geometric constructions by means of reflection 
constructions and compass ans straightedge constructions. 





Performance Objectives 





Pupil Text 


Reteach-Reinforce 





Related Activities 


104 RED The student can give the coordinates of a point and can locate C-68, 69 SP b-3 SWM 1 92 
a point when co-ordinates are given. 
105 RED The student can find a translation image of a given figure in C-70, 71 WB 95 SWM 3 164, 165 
the co-ordinate plane. C-72, 73 DM 63 
106 RED The student can find a rotation image of a given figure after a (CaW4 WS WB 96 SWM 2 64, 65 
4,4, or }-turn about a point. DM 64 
107 RED The student can determine if a given figure has rotational Ca Owi: DM 64 SWM 1 115 
symmetry. SWM 3 160 
108 RED Given a geometric figure and a line in the coordinate plane, C-78, 79 WB 97 SWM 2 62, 63, 269 
the student can find the reflection image of the figure in the line. DM 65 
109 RED Given a pair of congruent triangles, the student can identify C-86, 87 WB 98 PD b-2 
corresponding sides and angles. DM 66 
110 YELLOW The student can apply reflections or ruler-and-compass C-90 WB 99-101 SWM 1 116 
methods to construct various geometric figures. through 97 DM 67, 68 SWM 2 69 
111 GREEN The student can decide whether a figure can tessellate a C-82, 83 SWM 3 168. 169 
plane. C-84, 85 
Reviewing the Ideas C-98 WB 102 








MATHEMATICS 

This module introduces the student to three 
kinds of motions in geometry: translations, ro- 
tations, and reflections. These motions are 
called rigid motions or isometries because the 
distance between any two points of a figure 
before and following any of these motions is 
unchanged. Rigid motions are thus said to be 
_distance-preserving motions. 

Intuitively, a translation, or a slide, is a mo- 
tion that ‘“‘moves’’ each point of the plane 
the same distance along parallel lines. Thus, 
AA'B'C' is said to be the slide image of AABC. 
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The arrow from C to C’ can be thought of as 
indicating the distance and direction of the slide. 


A rotation is rigid motion in which each point 
of the plane is rotated about some fixed point in 
the plane. The fixed point is called the centre of 
rotation. Most of the work on rotations in this 
module deals with rotations that are 4, 3, or 3- 


turns since these are easily demonstrated on the 
geoboard or co-ordinate plane. 








The figure above illustrates a 4-turn clockwise. 
Work with rotations of figures in the co-ordinate 
plane gives experience in naming new co-ordi- 
nates of points after a given rotation. 


Reflections were introduced in Module | of 
this learning unit. The material on reflections in 
this module involves reflections in the co-ordin- 
ate plane. 

As an extension of the work with rigid mo- 
tion, we define congruent figures in terms of the 
rigid motions. Two geometric figures are con- 
gruent if one is the image of the other by means 
of one of the rigid motions or by a combination 
of rigid motions. 

Simple geometric constructions involving 
perpendiculars are introduced by means of re- 
flections. Ruler and compass methods are used 
in the study of other traditional constructions. 


TEACHING THE MODULE 


Materials 

Graph paper, co-ordinate grid paper, compass, 
ruler, scissors, geoboards, dot paper, plastic 
mirrors, tracing paper, crayons, colored pencils, 
index cards, posterboard. 


Vocabulary 

altitude order of symmetry 
bisector perpendicular 
centre of rotation perpendicular bisector 
centroid reflection 
circumcentre reflection image 
compass rigid motion 
congruent rotation 
construction rotational symmetry 
co-ordinates slide 

corresponding slide image 

incentre straight edge 

line of symmetry tangram 

median tessellation 
midpoint translation 


If some of your students have studied from 
earlier books in the Investigating School Math- 
ematics series, they may have had a brief intro- 
duction to the ideas of this module. Keep the 
work on an intuitive level, stressing the ideas 
that are presented. We have purposely avoided 
introducing unnecessary terminology and sym- 
bolism associated with rigid motions. 

Most of the work with the rigid motions is 
done in the first quadrant of the co-ordinate 
plane. This presentation is intended both to 
facilitate the work and to provide additional 
practice with co-ordinate geometry. 

The material dealing with combinations of 
motions, symmetry, and tessellations is de- 
signed to extend the ideas of motion geometry. 

The work with congruence centres on con- 
gruent triangles, and relates congruence to rigid 
motions. The material is informal, and the only 
proofs involved are intuitive in nature. 

The latter part of the module introduces geo- 
metric constructions, first by using a plastic 
mirror and reflections and then by using tradi- 
tional tools—compass and straightedge. 


Lesson Schedule 

The time you spend on the module will depend 
on the background of your students and the 
depth of coverage you give to the module. Av- 
erage coverage will require about 12 days, 
but a longer period might be desirable for 
slower students or a more in-depth study of the 
material. 


Evaluation 

Use the students’ daily performance as a guide 
in evaluating their progress in this module. 
There are not a great many facts or skills that 
the students should master. Rather, they should 
become acquainted with the ideas of rigid mo- 
tions in geometry and become more motivated 
to pursue these ideas in depth. 


The module review and the self-evaluation 
test can be used as models for your own evalua- 
tive instrument for the module, or you might 
wish to use the Module Achievement Tests 
which are available from the publisher. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

ESS :Mirror Cards; Pattern Blocks; Tangrams, 
Webster; McGraw-Hill 

Experiments in Mathematics, Stage 1, pp. 14— 
15, 36-39; Stage 3, pp. 12-13, Houghton 
Mifflin 

Geoboards and Motion Geometry, Scott 
Foresman 

Mira Activities, Activities 81-100, 127-138, 
Creative Publications 

Nuffield Project; Problems-Red Set, Nos. 19- | 
21; Symmetry, Wiley 

Relationshapes Activity Cards, Nos. 76-79, 
Addison-Wesley 

Rolling; Tessellations, Cuisenaire Co. 


Manipulative Devices 

Circle Master Compass (Creative Publications) | 

Geoboards (Addison-Wesley) 

Mira (Creative Publications; Cuisenaire Co.) 

Pattern Blocks and _ stickers (Webster, 
McGraw-Hill) 

Protractors (Geyer, Sigma) 

RelationShapes (Addison-Wesley) 

Templates (Pickett) 


Games and Puzzles 

Configurations (Wff’N Proof) 

Madagascar Madness (Mind/Matter) 

Pythagoras (Midwest Publications) 

Tangrams (Addison-Wesley; Creative Publi- |} 
cations) 
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OBJECTIVES: 
After completing this module, you should be able to: 
1. Name and locate points on a co-ordinate grid. 
2. Show the slide image of a geometric figure in 
the co-ordinate plane. 

3. Show the rotation image of a geometric figure 
aftera i. - or? turn about a point. 

4. Give the order of rotational symmetry of 
appropriate figures. 

5. Find the reflection image ofa geometric faite 
ina line. 

‘6. Decide whether a given geometric feolyy will 
tessellate a plane. 

7. Identify corresponding angles and aides ‘s 

congruent triangles. 

8. Make the following constructions using: 
reflections or ruler-and- -compass method: 
copy an. angle : construct perpendicular lines 
copy atriangle construct perpendicular — 
pee ‘bisector of a. segment — 

Tape construct a triangle given at 
least ie epainenis:. 








Objectives Locating Points 
Given the co-ordinates of points in the plane, 
the student can locate the points in the plane. Investigating the Ideas 
Given points in the plane, the student can 
give the co-ordinates of the points. 


PREPARATION How many of the situations below can you show on a co-ordinate grid? 
Materials: Compass and ruler, graph paper or 
co-ordinate grid paper (Duplicator Masters, 
pages 83, 85). 





You should plan to review graphing of points [a] A square with three of its 

in the co-ordinate plane, especially if this topic vertices at (1,5), (2,7), and (3,4). LO is 
was not covered in the previous learning units. 9 + 
Use a transparency of the first quadrant on the The segment with an endpoint 8 
overhead projector (or draw a grid on the chalk- at (7,5) and its midpoint at (8,7). Tals 
board). Identify the co-ordinates of various ent. 
points and mark points after stating the or- [c] A circle with its centre at (5,5) 5 ) 
dered pairs for the points. and passing through (7,3) ; 
INVESTIGATION 2 3} 
The Investigation provides 4 problems in lo- [0] A rectangle with wih vertex 2 
cating points in the plane. Part D will require at (0,0), a height of one unit, 1 

a little more thought than the other parts. Stu- and an area equal to the area 

dents should reason that, since the area of the of the square in part a. 0 





square in part A is 5 units, the rectangle in D 
which is one unit in height must have a length 
of 5S units if it is to have the same area as the 


square. Although the rectangle could be con- Discussing the Ideas 

structed along the horizontal axis or the verti- 

cal axis, most students will construct it along 1. What are the co-ordinates of the fourth vertex of the square 
the horizontal axis. for part A above? 

ON 2. Explain how you found the other endpoint of the segment for 


The Discussion questions focus on the results 
of the Investigation and provide an opportunity 
for students to compare the co-ordinates they 


part B. What are the co-ordinates of this endpoint? 


have found with those found by other students. 3. Can you give other co-ordinates of points on the circle for part C? 
In Exercise 3, although the length of the : } 

radius of the circle constructed in part C is an 4. a What is the area of the square in part A? 

irrational number (,/8), there are three other B What is the length of the rectangle for part D? 

points on the circle which have whole number c What are the co-ordinates of all the vertices of the 


co-ordinates: (7, 7), (3, 7), and (3, 3). 


rectang| ? 
Note that the co-ordinates of the vertices of eclangl2s Mia yOUsTe Ww iOS Dal ae 


the rectangle discussed in Exercise 4 will vary 5. A Give the co-ordinates of a square whose sides are each 
if some students constructed the rectangle with twice as long as the square for part A and which also 
its long side on the vertical axis. has one of its vertices at (1,5). 


B How does the area of this square compare with the area 
of the square for part A? 
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Using the Ideas 


Refer to quadrilateral ABCD on the grid below for Exercises 1 through 4. 


1. Give the co-ordinates of each 
vertex of quadrilateral ABCD. 


2. Give the co-ordinates of the 
midpoint (middle point) of each 
side of the quadrilateral. 


3. Find the co-ordinates of the 
midpoint of each diagonal. 


4. Estimate the co-ordinates of 
the point of intersection of 
the diagonals. 


STO Se = A OD I! eo eo 


Refer to triangle RST on the grid below for 


5. Give the co-ordinates of the 
vertices R, S, and T. 


6 Give the co-ordinates of the 
midpoint of each side of the 
triangle 


7. A median of a triangle is the 
segment from a vertex to the 
midpoint of the opposite side 
of the triangle. 

Draw ARST on graph paper. 
Then draw the three medians 
of the triangle. 


8. The three medians of a triangle 
intersect at one point called 
the centroid of the triangle. 
Estimate the co-ordinates 

of the centroid of ARST. 


RS} oOo + om ©) ~~ OO), COW sc 





Exercises 5 through 8. 


median 


if 


<< midpoint of RS 





UTILIZATION 

The exercises provide practice in giving co-ordi- 
nates of points in the plane and in estimating 
co-ordinates which are not whole numbers. The 
students will need grid paper for these exercises. 

Allow the students to use their own methods 
in finding the co-ordinates of midpoints. Some 
may measure the segments and then mark the 
midpoints. To find the midpoint of diagonal 
AC, some students may be able to reason that, 
since the diagonal ‘‘goes over 8 and up 2,” the 
midpoint is found by starting at point A and 
going “over 4 and up 1.” 

In Exercise 4, the exact point of intersection 
is (54, 5%), but of course any reasonably close 
estimate should be accepted. Similarly, answers 
will vary for the centroid of ARST in Exercise 
8. The actual co-ordinates of the centroid are 
(53,43). 


EXTENSION 

Remedial: Guide students in setting up a co- 
ordinate system on the geoboard. Then give 
co-ordinates of pairs of points such as (1,0) 
and (3,4) and have the students connect the 
points with a rubber band. 





Enrichment: Ask students to try to create a 
list of co-ordinates of points such that when 
they are connected in order by segments they 
will form a picture. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-8. 
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Objective 
Given a geometric figure in the co-ordinate 
plane, the student can show the slide image 


of the figure after a given translation. 


PREPARATION 

Materials: Co-ordinate grid paper or graph 

paper (Duplicator Masters, pages 83, 85). 
Review the work of the previous lesson on 

co-ordinates of points. 


INVESTIGATION 

The purpose of the Investigation is to introduce 

the student to the idea of a translation or slide. 
You might suggest that the students make a 

table such as the one below as an aid in listing 

the new co-ordinates of each point. 


Original 
point A B Gg D /e F 








New 
co-ordinates | (7, 1)| (9,2) |] (9,4) | (7,5) | (5,4) | (5, 2) 


DISCUSSION 

In discussing the results of the Investigation, 
you might demonstrate the slide by cutting out 
a hexagon of appropriate size and placing it on 
top of a grid shown on the overhead projector. 
First show it in the original position and then 
slide it to the position given by the co-ordinates 
obtained by adding 4 and subtracting 5 from 
the numbers in each pair. 

Emphasize that a translation is a rigid motion 
because the slide image is congruent to the 
original figure. This means that all distances 
between points in the slide image are the same 
as those between the corresponding points in 
the original figure and that all angle measures 
remain the same. A rigid motion is called a 
“distance preserving motion” or an isometry. 
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Translations 


investigating the Ideas 








Draw a hexagon, like the one 10 
shown, on a 10 by 10 co-ordinate 
grid. List the co-ordinates for the 
vertices of the hexagon. Make 
another list of co-ordinates in which 
you add 4 to the first number 

of each pair and subtract 5 from 

the second number of each pair. 











aN CO aa CO NI Con (O. 


Can you draw the polygon 
formed by joining the new 





number pairs with line 
segments? 


Discussing the Ideas 


ae 


Describe the effect of ‘‘adding 4 and subtracting 5” to the 
coordinates of the original hexagon. 


. The motion produced by ‘‘adding 4 and subtracting 5” to the co-ordinates 


of every point in the plane is called a slide or translation. 
Describe some other translations. 


. A motion is a rigid motion if it does not change the size and shape 


of a figure. Do you think that a translation is a rigid motion? 


. The figure that you drew in the Investigation 


is called a slide image of the original hexagon. 
It could be called a “right 4, down 5” 
translation. Draw some figures on your graph 
paper. Then show a ‘left 2, up 3” translation. 


A Is ADEF a slide image of AABC? 
How can you tell? 

B The translation that slides AABC 
to ADEF is “right |llll, up Ill.” 


c How would you describe the translation 
that slides ADEF to AABC? 
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Using the Ideas 


1. Copy each figure on a co-ordinate grid. Then 
show the slide image for the given translation. 


A “right 2, down 3” 
eS) 





Es 
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“left 3, up 3” 
Tie deibtedent 





















“right 4, down 2” 
aor ee 























2. In each part, ADEF is the slide image of AABC. 
Describe the translation for each part using 
the words “‘right’’, ‘left’, “up”, or “down”. 
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3. If a line is translated “right 2, up 1,’’ what is the 
relation between the original line and its slide image? 


UTILIZATION 
Provide co-ordinate grid paper or graph paper 
for the exercises. 

In Exercise 3, most students will respond 
that if a line is translated the slide image is 
parallel to the original line. However, in the 
case of a line such as ¢ below and a translation 
of “right 2, up 1,” the slide image falls again 
on line ¢t. Hence, the complete answer is that 
either the line and its slide image are parallel 
or they are identical. 





EXTENSION 
Additional practice is provided in the Work- 
book on page 95. 

Enrichment: Play a game of ‘*‘Translations” 
on a 10 by 10 grid. Use two cubes. Label the 
faces of an “over cube” with numerals 0 
through 5. Label a different colored cube, the 
“up cube,” with numerals 0 through 5. Each 
player starts at (0,0) and takes turns tossing 
the cubes. Using a counter, each player moves 
from (0,0) the amount given by the “over and 
up” cubes. The object of the game is to reach 
(10,10) before the other player. The rules 
might stipulate that a player who reaches either 
the top or the right edge of the grid, tosses only 
one cube until reaching (10, 10). 


Assignments 
Minimum |. Average 1, 2. Maximum 1-3. 
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Objective 
The student can show the slide image of a 
figure after at least two translations. 


PREPARATION 
Materials: Co-ordinate grids or graph paper. 
Show two triangles in the co-ordinate plane 
which are slide images of each other. Draw 
arrows from each vertex of one triangle to the 
corresponding vertex of the other triangle. 
Point out that any one of the arrows ts sufficient 
to show the “over and up” motion of the 
translation. 


INVESTIGATION 

Provide co-ordinate paper or graph paper for 
the Investigation. If possible, prepare a trans- 
parency or chalkboard drawing of the grid, in- 
cluding AABC in its original position. When 
the students have completed the Investigation, 
have selected students show the slide images 
for the translation given by arrows b, c, and d. 


DISCUSSION 

Be sure to emphasize that each arrow indicates 
a slide of a given amount in a given direction. 
Conversely, given a translation, it can be indi- 
cated by an appropriate arrow. 

Discussion Exercise 2 should bring out two 

ideas about translations: 

(1) The combination of 2 translations can be 
replaced by a single translation. 

(2) If two translations are performed in suc- 
cession, changing the order of the trans- 
lations does not change the position of 
the final slide image. 

You may want to show that the combination 

of arrows e and f has the same effect as the 
single translation given by arrow g below: 
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Combinations of Translations 
Investigating the Ideas 


The dotted triangle shows 
the slide image of 

A\ABC when translated 
Sights Upe2 


The arrow a is another 
way of indicating the 
translation “right 3, up 2.” 


Can you show how the 
triangle will be 


translated for arrows 
b, c, and d? 





Discussing the Ideas 
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1. How would you describe the translation for arrow b? 


arrow Cc? arrow d? 


2. Suppose that rectangle QRST was translated first according 
to arrow e and the image then translated by arrow f. 


a On your graph paper, 
show the location of 
the final image of 
rectangle QRST. 


B What single arrow would 
have translated QRST 
to its final position 
in only one move? 

c Suppose that QRST was 
first translated by 
arrow f and then by 
arrow e. Is the final 
translation image ina 
different position than 
the one you drew for 
part A? 


=e 
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Using the Ideas UTILIZATION 
Sheets of co-ordinate grid paper will facilitate 


students’ work on these exercises. Only one 
translation or combination of translations should 
be shown on each grid; otherwise, the figures 
may overlap and cause confusion. 

Parts E and F of Exercise 3 call for more than 
two successive translations. In Part F students 
may be surprised to find that the final image 
coincides with the original figure. If the four 
translation arrows are connected as shown be- 
low, it can be seen that the combination of the 
four translations is the “identity translation”’; 
that is, it translates, or maps, the figure onto 
itself. 


1. Show the slide image of 
square ABCD for each 
arrow. 


= 
o 


2. Show the slide image of 
square ABCD for each 
combination of translations. 


a followed by b 
a followed by c 
b followed by d 
c followed by d 
b followed by a 
c followed by a 
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3. Show the slide image of Solutions, Exercise 2 
triangle ABC for each 
combination of translations. 
A a followed by d 
B b followed byc 
c b followed by d 
p a followed by b 

* & a followed by b, 

followed by d 

fF a followed by b, 
followed by c, 
followed by d , 





— 
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EXTENSION 

Page 63 of the Duplicator Masters may be as- 
signed to provide additional practice with the 
concepts of this lesson. 
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Think Solution 
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Ten Eleven Twelve 


Assignments 
Minimum 1, 2A-C. Average 1, 2, 3A-D. 
Maximum 1-3. 





C-73 


Objective 

Given a geometric figure in a co-ordinate 
plane, the student can show the rotation image 
of the figure when the centre of rotation is 
given. 


PREPARATION 

Materials: Scissors, graph paper, co-ordinate 

grids (Duplicator Masters, pages 83 and 85). 
On the overhead projector or the chalkboard, 

show a drawing of a special clock face like this: 


oe) 
Clarify the meaning of the terms that will be 
used in the Investigation by asking: ‘“Where 
will the hand point after a $-turn clockwise? 


after a #-turn clockwise? after a full turn clock- 
wise?” and so on. 


INVESTIGATION 

Have the students prepare the materials as sug- 
gested in the Investigation. Suggest that the 
students record the new co-ordinates of points 
P, Q, and R to facilitate the subsequent 
discussion. 


DISCUSSION 

The turn of the square grid is made about the 
centre of the square, (5,5). While any point 
in the plane could be the centre of rotation, we 
have purposely chosen a central point in order 
to keep the work at a basic level. 

With a little experience, students can read 
off co-ordinates by turning their book 4, 4, or ? 
turn and mentally renumbering the points on 
the axes. 

Some of your more able students might be 
interested in the mathematical way of finding 
the new co-ordinate for a rotation about (5, 5): 
If a point has co-ordinates (a,b), then after a 
4-turn clockwise about (5,5), the new co-ordi- 
nates will be (b, 10 — a); for a }-turn, they will 
be (10 — a, 10 — b); and for a 3-turn, they will 
be (10 — b, a). 

Emphasize that rotations, like translations, 
are rigid motions. 
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Rotations 


Investigating the Ideas 


[a] Mark the sides of a 7 \ ere 
10 by 10 square grid 
in color. * I aio a 

Mark the points P, Q, ; ke A | 


and R as shown. 7 


[ec] Cut out the 10 by 10 6 
square grid. 5 

















Can you find the new 
co-ordinates of points 
P, Q, and R if the 

cut-out square is 0 “4 2 2) 4ichte Fae ca 








given ax turn ina 
clockwise direction 
and placed back inside 
the colored square? 


Discussing the Ideas 


1. When the square was given a 4-turn, all of the points on the grid, except 


one, moved to a new position. What are the co-ordinates of that point? 


2. The turn that you gave the square in the Investigation is 


called a rotation. The point whose co-ordinates did not 

change (the centre of the square) is called the centre of 

rotation. The rotation image of the point P, whose co-ordinates 

are (2, 3), is the point whose co-ordinates are (3, 8). 

a Give the rotation images of some other points for a j-turn rotation. 


B Can you find the co-ordinates of some rotation images without 
actually rotating the square? 


. Do you think that a rotation is an example of a rigid motion? 


. What are the new co-ordinates of points P, Q, and R 


for each of these rotations? 


A $-turn clockwise B 3-turn clockwise ec full turn 


. Suppose that the 10 by 10 
square is given a ;-turn 
clockwise with centre 

at point O. What are the 
co-ordinates of the rotation 
images of each of these 
points? 

as cA ET 

B Q dS F O 

. Give the rotation images of 
each of the points P, Q, R, 
S, and T if the square is 
given a 3-turn clockwise. 


. Repeat Exercise 2 fora 3 -turn 
clockwise of the square. 


. An 8 by 8 square with centre O 
at (4,4) is givena #-turn 
clockwise around O. Give the 
co-ordinates of the rotation 
images for the points with the 
co-ordinates shown. 


. Repeat Exercise 4 fora 3-turn 
clockwise. 


. Repeat Exercise 4 for a 3 -turn 
clockwise. 


. A What are the co-ordinates of 
the vertices of the reflection 
image of AABC in the line ¢? 

B What are the co-ordinates of 
the vertices of AABC after 
a3-turn clockwise about 
point O? 

c Is the half turn about O the 


same motion as a reflection 
in line 7? 


con 
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Using the Ideas 











UTILIZATION 
Students will need graph paper for the exercises. 

Suggest to the students that they cut out the 
10 by 10 square for Exercises 1, 2, and 3 and 
actually perform the rotations. An alternate 
approach might be to use a piece of tracing 
paper, trace the points, and then, holding the 
tracing paper fixed on (5,5), turn the paper to 
the prescribed positions and read off the co- 
ordinates as required. A similar method can 
be used in Exercises 4, 5, and 6 with the centre 
of rotation at (4, 4). 

Exercise 7 is designed to show that a $-turn 
is not the same rigid motion as a reflection 
in a line. 


EXTENSION 

Remedial: Establish a 5S by 5 co-ordinate system 
on a geoboard. Have the students read off the 
co-ordinates of some figure on the geoboard 
before and after various rotations around the 
centre nail (2, 2). 


Cardboard axes 





Assignments 
Minimum 1-3. Average 1-6. Maximum 1-7. 
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Objective 

Given a geometric figure and a centre of 
rotation, the student can determine the order 
of rotational symmetry of the figure. 


PREPARATION 
Materials: Geoboards, dot paper or graph pa- 
per (Duplicator Masters, pages 82, 83). 

This lesson is an extension of the previous 
lesson. Therefore, you may want to review the 
concept of rotations before beginning the 
Investigation. 


INVESTIGATION 

The Investigation will require only a few min- 
utes to complete. Its purpose is to enable the 
student to discover that some geometric figures 
have the property that, after a given rotation, 
the rotation images of all the points coincide 
with the points of the original figures. For ex- 
ample, the parallelogram coincides with itself 
every 3-turn; therefore we say the parallelo- 
gram has rotational symmetry of order 2. That 
is, in One complete rotation, the points of the 
parallelogram coincide 2 times. 


DISCUSSION 

Exercise | introduces the term rotational sym- 
metry, while Exercise 2 introduces the order 
of rotational symmetry. Note that an equi- 
lateral triangle has rotational symmetry about 
its centroid of order 3. A turn of 4 about the 
centroid maps the triangle onto itself. If possi- 
ble, demonstrate this by means of a trans- 
parency on the overhead projector. 
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Rotational Symmetry 


Investigating the Ideas 


Make a parallelogram 
like the one shown and 
in the same position 
on your geoboard or 
dot paper. 














What is the smallest rotation with centre O 
that you can make so that the parallelogram 
will appear in the same position on the geoboard? 





Discussing the Ideas 


1. The parallelogram is said to have rotational symmetry with 
respect to a rotation about point O because all the points 
of the parallelogram fall on the parallelogram again after 


a 5-turn. What are some other geometric figures that have 
rotational symmetry? 


2. A square is said to have 
rotational symmetry of order 4 
because the square will 
fit into its outline 4 
times in one complete 
turn about point O. 

What is the rotational 
symmetry order for the 
equilateral triangle 
about its centre O? 








3. What is the order of rotational symmetry for the parallelogram 
shown in the Investigation? 


4. Form some polygons on your geoboard or on dot paper. 
See if they have rotational symmetry of any order. 


Using the Ideas UTILIZATION 
If feasible, suggest that students form the fig- 


1. Each figure on the geoboards has rotational symmetry about ures in Exercise 1 on their geoboards in order 

centre O. Give the order of the symmetry. to check for rotational symmetry. It is also 
possible for the student to make tracings or 
rotate the pictures in the textbook to determine 
the type of symmetry. 

Students should be able to generalize from 
their experience with Exercise 2 that a regular 
polygon of n sides will have rotational sym- 
metry of order n. 


A ——— 


EXTENSION 
To provide more practice, suggest page 96 of 


’ § the Workbook and Duplicator Masters, page 63. 
2. Give the order of rotational symmetry for each regular polygon Enrichment: Have the students make de- 


| with centre at point O. signs on the geoboard or on dot paper that 
exhibit various orders of rotational symmetry. 


: 
A B c D 

Think Solution 

When 1 4 is written as a quotient of two whole 
numbers, it becomes 7%: we see that only one 

of these numbers is even, so we could multiply 
each by 2. This will give the quotient $$, which 

gives the answer. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-3. 





Oy a 






3. Suppose square ABCD is rotated about 


centre O. Complete the table for 
each clockwise rotation. 
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Objective Reflections in the Coordinate Plane 


The student can find reflection images of 


points in the co-ordinate planes. Investigating the Ideas 

PREPARATION 

Materials: Plastic mirrors, co-ordinate grid 

paper or graph paper (Duplicator Masters, Suppose the colored line 

pages 83, 85). represents a mirror placed 
Reflections in a line were introduced in upright to the grid. 


Module 1 of this unit. A brief review of re- 
flections before beginning the Investigation 


will benefit most students. Can you find the reflection 
image of each point A, B, C, 
INVESTIGATION i and D and then connect these 


Students should have plastic mirrors available points with line segments? 
for use in the Investigation even though some 
may be able to find the reflection images with- 
out using the mirror. Since reflections were 
discussed in an earlier module, you may point 
out that here we are considering reflections in 
the co-ordinate plane. 





Discussing the Ideas 


1. a How does the reflection image of figure ABCD compare 
with the original figure ABCD? 


DISCUSSION B Do you think that reflections are examples of rigid motions? 
Exercises 1, 2, and 3 bring out some important 
ideas about reflection. A reflection is another 2. Suppose that the reflection image of ABCD is labeled A’ B’C'D’. 
example of a rigid motion. It is a motion that Do you think there is a translation that would slide ABCD to 
is different from a translation or a rotation. A'B'C'D'? Explain your answer. 

If an overhead projector is available, the dis- 


cussion of Exercises | and 2 will be enhanced 3 
by a demonstration that neither a slide nor a 

rotation will give the same image as the re- 

flection of parallelogram ABCD. 


. David thought that a reflection in the 
colored line had the same effect as a 
3-turn about a point. In order to check 
this, he put a piece of tracing paper 
over his drawing, traced figure ABCD, 
then placed his pencil at point O and 
rotated his tracing a 5 turn. 





What do you think that David found 
out about the rotation compared to 
the reflection? 


4. Draw a figure on a co-ordinate grid 
paper that you think is a symmetric 
figure. Show one or more lines of 
symmetry for your figure. DMAwoMANSMelaewons 
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Draw square ABCD as shown. 
Then find its reflection 

image in the diagonal line. 
Give the co-ordinates of the 
reflection images for points 
A, B, C, and D. 


Draw triangle EFG as shown. 
Find its reflection image 

in the diagonal line. 

Give the co-ordinates of the 
reflection images for points 
Bor, and iG. 


Draw each shape on a 10 by 10 
co-ordinate grid. 

Which shapes have a line 

of symmetry? 

Draw the line(s) of symmetry 
for the symmetric figures. 


Draw AABC in the position 
shown on a 10 by 10 co-ordinate 
grid at the right. 

Find the reflection image of 
ABC in line a. 

Call it AA’B'C’. 

Find the reflection image of 
AA'B'C’' in line b. 

Call it AA”B"C". 

Are AABC and AA"B"C" 
reflection images of 

each other? 

Can you find a rigid motion 
so that AABC and AA"B"C" 
will be images of each other? 


eee 1G) “Oh Gd, eS) Gs: KO 1S, 
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Using the Ideas 














UTILIZATION 

Students should have their plastic mirrors avail- 
able as aids in locating the reflection images in 
Exercises | and 2. 

Exercise 4 illustrates an interesting property 
of a combination of reflections. The combina- 
tion of a reflection in line a followed by a re- 
flection in line b is equivalent to a half turn 
about the point of intersection of the two lines. 


EXTENSION 
Page 97 of the Workbook may be assigned to 
provide additional practice. 

Remedial: Ask students to show the reflection 
image of each figure in the vertical line. 


























Enrichment: Have the students use their 
mirrors and show pairs of figures that are re- 
flection images of each other. Students can ex- 
change papers and then, using the mirror, locate 
and draw the reflecting lines for the pairs of 
figures. 


Assignments 


Minimum 1-3. Average 1-3, 4A—-D. 
Maximum 1-4. 
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Objective 

Given a geometric figure in the co-ordinate 
plane, the student can find the image of the 
figure after a combination of rigid motions. 


PREPARATION 

Materials: Plastic mirrors, tracing paper, co- 
ordinate grid paper or graph paper (Duplicator 
Masters, pages 83, 85). 

Review briefly the three kinds of ngid mo- 
tions studied in this module: translations, rota- 
tions, and reflections. In this lesson, combina- 
tions of two rigid motions are considered. 


INVESTIGATION 

Students will need co-ordinate grid paper, graph 
paper, and their mirrors to carry out the In- 
vestigation. In carrying out the instructions 
for the Investigation, students should take care 
to use the image obtained by reflection in line 7 
as the figure to be reflected in line m. 

The effect of successive reflections in two 
intersecting lines is a rotation about the point 
of intersection of the two lines and through a 
turn twice as large as the directed angle (mea- 
sured clockwise) from the first line to the sec- 
ond. Since the measure of the directed angle 
from m to @ is 135°, the result of the two re- 
flections is a turn of 270° or a ¢-turn. By placing 
a piece of tracing paper over the original figure 
and marking the figure and point O, the student 
can check to see that the reflections do yield a 
¢-turn. 


DISCUSSION 
Discussion Exercise | shows that the order in 
which the reflections are considered makes a 
difference in the final image. Reversing the 
order, in this case, gives only a 4-turn (twice 
the measure of directed angle from 7 to m). 
In general the Discussion Exercises should 
convince the student that the order in which 
the various rigid motions are performed is im- 
portant because the position of the final image 
may be different for the same combination of 
motions if they are performed in different 
orders. 
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Combinations of Motions 


Investigating the Ideas 


Draw a region like the one 
shown on the co-ordinate grid. 


[a] Find the reflection image 
of the figure in line m. 


Reflect the image found 
for part ain line ¢@. 


Can you describe a single 
translation, reflection, 
or rotation that will give 


the same final image as 
the combination of 
reflections a and B? 





Discussing the Ideas 


1. Would the final reflection image be in the same final 
position if the first reflection were in line @ and 
the second reflection in line m? 


2. a What would be the 
co-ordinates of the 
image of point P 
after a clockwise 
rotation of 90° 
({-turn) about O 
and then a reflection 
in line s? 

B Find the co-ordinates 
of the image of points 
R and S after the motions 
given in part a. 


a 





3. Repeat the motions of Exercise 2, but perform them in reverse 
order. Do you get the same final image points? 


4 ) S55 Garis ea. OO 


Refer to the co-ordinate grid 
containing AABC for 
Exercises 1, 2, and 3. 


is 
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1. Show the final image of AABC 
after a translation by arrow a 
and a reflection in line 7. 


2. Show the final image of AABC 
after a clockwise rotation of 
180° (-turn ) about O and 
a reflection in line 7. 


3. Show the final image of AABC 
after a translation by arrow a 
and a clockwise rotation of 90°. 


4. Draw parallel lines rand s 
and the region as shown. 

a Find the reflection image 
of the region in line s 
followed by a reflection 
in line r. 

B Can you find and describe 
one rigit motion that has 
the same effect as the two 
reflections for part a. 


5. Draw a geometric figure on a 10 by 10 co-ordinate grid. 
Choose any two motions (translation, rotation, reflection). 
Then, show the final image of your geometric figure after 
the two motions. 


dnUUFU 


Gear A has 24 cogs (teeth) and turns 
clockwise at 20 revolutions per second. 





Gear B has 48 cogs and gear C has 12 cogs. 


How fast and in which direction do gears 
B and C turn? 





Using the Ideas 








UTILIZATION 
Exercises 1, 2, and 3 provide reinforcement of 
the ideas of combinations of motions. 

In discussing the exercises, it may prove 
interesting to compare Exercise 4 with the In- 
vestigation. Whereas a combination of reflec- 
tions in a pair of intersecting lines is equivalent 
to a rotation, a combination of reflections in 2 
parallel lines is equivalent to a translation. In 
this case, the translation is a “right 4, up 4” 
translation. 


EXTENSION 
Assign page 65 of the Duplicator Masters to 
provide more practice. 

Enrichment: Suggest that students try Exer- 
cise 4 again, varying the distance between the 
parallel lines. See if they can guess the amount 
of translation for a reflection in two parallel 
lines. The translation is twice the directed dis- 
tance between the parallel lines and along a line 
perpendicular to the parallel lines. 


Think Solution 

Since gear A rotates clockwise, gear B must 
turn counterclockwise. This makes gear C turn 
clockwise. Since gear A has 24 teeth and gear 
B has 48, gear B will make only | revolution 
for every 2 revolutions of A. Hence, gear B 
will turn at 10 revolutions per second. Gear C 
will make 4 revolutions for every one of gear B. 
Hence, B will turn at 40 revolutions per second. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-5. 
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Objective Tessellations 


Given a geometric region, the student can 
determine if the region will tessellate the plane. Investigating the Ideas 


PREPARATION 
Materials: Scissors, crayons or colored pencils, 
index cards, graph paper (Duplicator Masters, 


A tessellation is a repeated pattern of 
geometric figures which will completely 





pages 83, 88). “cover a plane” without any gaps or 
If possible display some pictures of linoleum overlapping. 
patterns or wallpaper designs which illustrate 
tessellations. A checkerboard is an example of a 
tessellation. You can think of 
INVESTIGATION continuing the pattern endlessly. 


Encourage students to use as many different 
shapes as possible to form tessellations. Every 
triangle can tessellate the plane because the 
sum of its angle measures is 180°. By placing 3 
triangles so that the three different angles meet 
at the same vertex a strip region can be formed. 
Repetition of the strip will tessellate the plane. 


pean 


Similarly, any quadrilateral will tessellate the 
plane because the sum of the angle measures 
of a quadrilateral is 360°. Each of the 4 angles 
must be placed so as to have a common vertex: 


Choose one of the regions below. Use graph paper 
Can you show if it could be used to show your 
to make a tessellation? tessellation. 


~~~ 
i 
} 
| 


| Se 
i 
{ { 





Discussing the Ideas 
VA 1. Do you think that every triangle can tessellate the plane? 


2. In order to see that triangle C above 


In general, polygons of more than 4 sides will tessellate the plane, think about 
will not tessellate the plane, although certain turning AXYZ until it is in the position 
special polygons of more than 4 sides will. of AXYW. 





How would you complete the tessellation? 
DISCUSSION 


Be dn ee ee gece 3. Some tessellations may be easier to construct if you would 
help students see that every triangle and quad- 


rilateral can be used to tessellate the plane. You use_a template or pattern to help you'draw the shapes: 
may want to discuss this fact, using the argu- Cut out geometric shapes like those shown below from a small 
ments given in the Investigation section. index card. Try each of these shapes to form a tessellation. 

If the student constructs a template of a 


A B c 
region, the work of drawing tessellations is 
simplified. Templates cut from sheets of ace- 
tate are easier to align on graph paper in order 
to draw the tessellation. 


4. Which shape in Exercise 3 do you think will not tessellate the plane? 
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. The tessellation shown at the right 
was made from a certain triangle. 
Graph paper was used to help make 
the tessellation. 

Show a different tessellation 

using the same shape and size 

of triangle 


Using the Ideas 





. Show that each of the shapes will tessellate the plane. 
Draw enough of the pattern to convince yourself that 


the pattern will form a tessellation. 








. The figure below shows a tessellation 


made up of squares and octagons. Design 


a tessellation using squares and triangles 









with this shape? 


Can you make a tessellation 


UTILIZATION 
The main purpose of the exercises is to provide 
practice in making some tessellations. Arrang- 
ing the regions in different ways and coloring 
the regions so that the pattern stands out will 
yield attractive tessellations. 

Except in Exercise 4, only tessellations using 
a single geometric shape are considered. You 
should encourage students to be creative in 
their design for Exercise 4. 


EXTENSION 

Enrichment: This would be an appropriate time 
to encourage students to undertake Research 
Project C on page C-99. Making tessellation 
designs is an activity in which all students 
should be able to participate. To heighten 
interest in the project, you might present it as 
a contest for which each student creates and 
colors a design to be displayed in the classroom. 
Then the entire class could vote on which de- 
signs are the most original and the most at- 
tractive. 


Think Solution 

Tessellations can be made of any quadrilateral, 
whether convex or concave. Note that the 
corners marked a, b, c, and d can be arranged 
to completely cover the region around a point. 


d 


ath 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 
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Objective Tessellations and Motions 


Given tessellation patterns, the student can 


identify certain types of symmetry in the Investigating the Ideas 





patterns. 
PREPARATION Make a copy of this tessellation. 
Materials: Plastic mirrors, tracing paper. on tracing paper. If you slide 
This lesson is an extension of the previous your copy from A to B, the 

lesson. You can distribute the materials for the tracing will again fit on 
Investigation and have students begin work on the tessellation. (Assume 
it at once. that the tessellation 

covers the complete 
INVESTIGATION plane.) 


The students should quickly discover at least 6 
translations that will make the tessellation pat- 


tern fit on itself again. If we imagine sliding : ; ; ; : 
CIA Aon nytonecolabaciahhinied 2 kG: How many slides in different directions along Do not turn 


E, F, or G shown below, the pattern will fit the lines can you find that will make the or flip the 
on itself, tracing fit the tessellation again? tracing! 











Discussing the Ideas 


1. The tessellation above has translational symmetry because 
certain slides (translations) of the points of the tessellation 
makes the tessellation pattern fit again on itself. 

Do you think that the tessellation has reflectional symmetry ? 





There are actually infinitely many such tessel- 2. a Can you find a translation of the tessellation that 

lations since the translation could be made by is not along one of the lines so that the pattern 

any multiple of the lengths of these six arrows falls again on itself? Describe the translation. 

ot anslation: B Can you find the shortest translation that is not along 
DISCUSSION a line that makes the tessellation fall again on itself? 

To check for reflectional symmetry, the stu- ’ , ) 

dent will need his plastic mirror. Students can 3. a Is point A a centre of rotation for a turn that will 

use their tracing of the tessellation to check for fit the tessellation back on itself? If it is, then 

rotational symmetry by placing a pencil point the pattern has rotational symmetry. 

on the tracing on the centre of rotation and turn- Bs What other centres of rotational symmetry can you find? 


ing the tracing until it fits the pattern again. 
4. What kind of symmetry (rotational, translational, reflectional) 

can you find in these tessellations? 
A B 
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Using the Ideas 


A small portion of a tessellation is shown for Exercises 1-6. 
Tell which kinds of symmetry (rotational, translational, or 
reflectional) each figure has. 


1. 2 


si] 

















7. Design and color some tessellations of your own. 
Find what kind(s) of symmetry your tessellations have. 





UTILIZATION 
The exercises provide practice in recognizing 
various types of symmetry. Use tracing paper 
and the plastic mirrors to check for symmetry. 
In general, give this material a light touch. 
Encourage students to design and color their 
own tessellations, as suggested in Exercise 7, 
if they have not already done so in connection 
with the Enrichment suggestion for the pre- 
ceding lesson. If students have already created 
a variety of designs, encourage them to identify 
the kind(s) of symmetry in the tessellations. 


EXTENSION 

Enrichment: Make a collection of wallpaper 
patterns, cloth designs, or linoleum patterns 
that illustrate designs with reflectional, rota- 
tional, or translational symmetry. 


Assignments 


Minimum 1-4. Average 1-4, 7. 
Maximum 1-7. 
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Objective 

The student can name corresponding parts of 
congruent figures that are images of each other 
by one of the rigid motions. 


PREPARATION 

Materials: Tracing paper, plastic mirror, graph 
paper or co-ordinate plane paper (Duplicator 
Masters, pages 83, 85). 

Since no new material is introduced in the 
Investigation, students can begin it without 
any introductory comments, after the necessary 
materials have been distributed. 


INVESTIGATION 

The purpose of the Investigation is to review 
the three rigid motions and observe that each 
motion produces an image that is the same size 
and shape as the original figure. 


DISCUSSION 
It is quite likely that many of your students will 
already be familiar with congruence of triangles 
from previous work in geometry. If so, you 
may proceed quickly through the discussion. 
Exercise 3 brings out the correspondence of 
specific parts that is indicated by the order of 
the symbols we use to denote congruent tri- 
angles. In discussing Exercise 4, it should be 
observed that congruent segments, which were 
studied earlier, are simply segments having the 
same length. Similarly, congruent angles are 
angles having the same degree measure. Also, 
in Exercise 4, emphasize again the implications 
of the notation AABC = ADEF: ZA = ZD, 
AB = LE, £C = ZF, AB = DE, BC = EF, 
and AC = DF. 
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Rigid Motions and Congruence 


Investigating the Ideas 





Draw AXYZ and line a through 
point O on a 10 by 10 grid. 





Can you find the images of AXYZ 


for each of the rigid motions below? 





1. The reflection image in line a. 








2. The slide image after a “right 3, 


i 











| ieee: LS SET | 

down 6” translation. ae | 

j f MMe. 

3. The rotational image after -—4 == | 
a 4-clockwise turn about centre O. 0 4 2.34.56 Meeeome 


Discussing the Ideas 


1. Are the three images that you found in the Investigation 
the same size and shape as AXYZ? 


2. Two geometric figures are congruent if one 
of the figures is the image of the other 
by one of the rigid motions, a reflection, 
a translation, or a rotation, or by any 
combination of rigid motions. 
A Which rigid motion makes A DEF 
an image of AABC? 


B What is the image of each vertex AABC is congruent to ADEF. 
of AABC? We write: AABC = ADEF 





3. When you write AABC = ADEF, you pair 
the corresponding points that are images 
of each other. (See diagram at right.) 
Which points are images of each other 
if ARTS = AQEK? 


AA BCS D EF 


4. If AABC = ADEF, then corresponding segments 
and corresponding angles are congruent. 
Thus, AB = DE and ZA = ZD. 
What other pairs of segments and angles are congruent? 





Using the Ideas UTILIZATION 
The exercises stress the idea that the image of 
Use the co-ordinate grid at the right a figure under one of the rigid motions is con- 
for Exercises 1, 2, and 3. gruent to the original figure. Furthermore, the 
exercises provide practice in recognizing con- 
gruent parts, that is, the corresponding sides 
and corresponding angles of congruent figures. 





1. a AABC = AYXZ because A YXZ 


AL EB <> EG <> Gand) <a e 
With this agreement, we can read the pairs of 
congruent angles and pairs of congruent sides. 


2. AHKM is the rotation image of 
AABC bya $-turn about point O. 


SO TeNGeele Wtiage o ft Exercise 6 introduces congruence for a quad- 
AABC bya translation of : rilateral. If quadrilateral ABCD has an image 
“right i. Up I sae. EFGH by some rigid motion, we can write 
B LA = Z|lll c AB = Il ui quad ABCD = quad EFGH and this means 
ZB= ZIM BC = Kl 6 that pairs of vertices are images of each other 
ZO ii AC =| 5 by the correspondences 
4 
Ss} 
2 














A Which pairs of segments 








1 EXTENSION 
are congruent? Additional practice is provided in the Work- 
B Which pairs of angles 2 book on page 87 and on page 66 of the Dupli- 
are congruent? y cator Masters. 

Remedial: Write some statements of con- 
3. APQR is the reflection image in line 7 of AABC. gruence between pairs of triangles, but do not 
; ; a represent them pictorially. Have the students 
A Which pairs of segments are congruent’ tell which pairs of angles and which pairs of 

B Which pairs of angles are congruent? sides are congruent. 
| Enrichment: It is often difficult for students to 
14. Describe the rigid motion that makes understand why visual inspection is not always 


sufficient for determining whether two geo- 
metric figures are congruent. Optical illusions, 
such as those below, might be displayed on the 
chalkboard to show students how inaccurate 
their visual perceptions can be. Ask your stu- 
dents to answer the questions accompanying 


A AJKL an image of ARST. 
B AEDF an image of ARST. 
c ALMN an image of ARST. 


15. Write a statement of congruence 














h g 
for ARST and each of the other the figures 
triangles. A C 
16. Draw a quadrilateral on a grid. 
| A Show a translation image. 
B Show a rotation image about B 
a point. Are the heavy lines straight, Which is longer, 
c Show a reflection image in or are they curved? AB or BC? 
eine. Assignments 
pb Write a statement of congruence Minimum 1-3. Average 1-5. Maximum 1-6. 
between the quadrilateral and 
its images. 
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Objective 
The student can use the pieces of the tan- 
gram puzzle to construct congruent regions. 


PREPARATION 
Materials: Scissors, tracing paper, poster board. 
If possible, prepare duplicated copies of the 
tangram puzzle of the same size pictured in the 
text. Distribute these copies and have students 
paste the shapes to poster board and cut out 
the pieces. Otherwise, have the students trace 
the pieces from the book and cut them out. 


INVESTIGATION 

The students should make a drawing of each 
arrangement they find that is congruent to one 
of the large triangles. There are essentially four 
possibilities, including the other large triangles, 
as shown below. 


DISCUSSION 

The Discussion Exercises suggest the construc- 
tion of several other pairs of congruent figures. 
Students should superimpose one figure on 
another to check for congruence. 

The trapezoids that the students may con- 
struct for Exercise 7 may vary in size. Three 
possibilities are shown below. No two are 
congruent. 


OGM TIRES LIE 
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7. Can you form an isoceles trapezoid 


The Tangram Puzzle 


Investigating the Ideas 









These seven regions are the 
pieces of an ancient puzzle 
called the Tangram Puzzle. 
Trace the pieces and cut 
them out. 


How many different ways can 
you find to make a triangle 
that is congruent to one of 
the large triangles? 


Ma 


Discussing the Ideas 
1. Are the two large triangles congruent? How can you decide? 
2. What other pair of pieces of the tangram puzzle are congruent? 
3. Which pieces will form a square congruent to the small square piece? 


4. Can you make a figure congruent to the parallelogram? 


Which pieces must you use? 


5. Form a triangle congruent to the middle-sized triangle. 


Which pieces must you use? 


6. A trapezoid has a pair of parallel sides. Use the tangram 


pieces to show two congruent trapezoids like the ones below. 








“congruent 
ao Sees 


from some of the tangram pieces? 





Isoceles trapezoid 


| as 
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Using the Ideas 


Make shapes congruent to each of these below using the 
tangram pieces that you cut out for the Investigation. 
Make a sketch to show your solution. 


A 








Use one of the small triangles and the square to form 
a shape. Use other pieces to form a shape congruent 
to the first shape. 









Make a square using the two large triangles. Then make 
a square congruent to it by using the remaining pieces. 


Aur 





How many different-sized squares 
can you form using two or more of 
the tangram pieces for each square? 











UTILIZATION 

Each of the regions in Exercise | can be con- 
structed in more than one way. In part A, for 
example, the rectangle can be formed by using 
the square and the two small triangles or by 
using the middle-sized triangle and the two 
small triangles. 


Solution, Exercise 3 


AN EK 


EXTENSION 
Enrichment: Ask students to use all 7 tangram 
pieces to make the figures described below. 

A. Rectangle 

B. Parallelogram 

C. Right triangle 

D. A design of your own choice 


Think Solution 


Xe 


Assignments 
Minimum |. Average 1-3. Maximum 1-3. 
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Objective Reflection Constructions 


The student can make the following con- 


structions by means of reflections: bisector of Investigating the Ideas 
an angle, a perpendicular bisector of a seg- 


ment, a perpendicular to a line through a given ” 
oint. : f 
a Ray AP is the bisector of 2 BAC 
PREPARATION because it divides Z BAC into Z 
Materials: Plastic mirrors. two congruent angles. 
4 : ; lier j wt A 
Since reflections have been studied ear ier in We say: AP bisects Z BAC 
the module, only a brief review of reflections 
may be needed before the Investigation. Draw some angles on your paper. x 
INVESTIGATION 


The students should quickly discover how to 
use their plastic mirror to locate the position 
of the bisector of the angle. 

If Z XYZ is any angle, the bisector of the 
angle is located by placing the edge of the 


Can you find a way to use a plastic mirror 


and reflections to bisect the angles? 








mirror on point Y, and rotating the mirror until Discussing the Ideas 
YX and YZ are reflection images of each other. 
The edge of the mirror is on the bisector of 1. Explain how you found where to draw 
the angle. the bisector of your angle? 
Pp 
2. If OP is the bisector of 2 DOH, 
DISCUSSION how can you use reflections to O 
Discussion Exercise 3 introduces the perpen- find the other ray, OH, of 2 DOH? D 
dicular bisector of a segment. Have the stu- 
dents practice this construction with several 
segments of different length and in various 
positions. When the mirror is placed on AB 3. Line ¢ is the perpendicular bisector (1 bis) 
so that A and B are reflection images of each of AB at point C because 7 1 AB and AC = BC. 
other, the mirror edge lies along the perpendicu- . 
lar bisector of the segment. Draw a segment. Then explain A C B 
The construction in Exercise 4 is also very how to use reflections to 
simple. For part A the mirror is placed on construct the “1 bis’ of the 
point R so that the line is reflected onto itself. segment. 
For part B, the mirror is placed on S§ so that V4 
the line is again reflected onto itself. The edge 
of the mirror, in each case, is the perpendicular 4. Explain how to use reflections 
to the line ee the cal tt to make these constructions: eS 
S| S45 A Construct a line through point R y 


| which is perpendicular to 7. R 


=a = 
=) Sen 
a | B Construct a line through point S 


which is perpendicular to 7. 
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Using the Ideas 


. Draw a segment. Use reflections to construct the 


perpendicular bisector of the segment. 


. Draw an angle. Find the bisector of the angle 


by using reflections. 


. Construct a line through point P 
which is perpendicular to line 7. 


. Construct a line through point Q 
which is perpendicular to line m. 


. Draw a triangle. Find the three 
bisectors of the angles using 
reflections. 


. Draw a triangle. Construct the 
perpendicular bisectors of the 
sides using reflections. 


. Draw a triangle. Construct the 
three altitudes of the triangle 
by using reflections. 

(An altitude of a triangle is 

a segment from one vertex 
perpendicular to the opposite 
side of the triangle.) 


. Draw a segment and label it AB. 
Then use reflections to construct 
an equilateral triangle with sides 
congruent to AB. (HINT: First 
construct the | bis of AB.) 


‘tinal 


In what year did Julius Jupiter die? 
(Half of the date is missing.) 






How old was Julius when he died? 


*Q 





m 


EXAMPLE: 


\ 


EXAMPLE: | 


EXAMPLE: 


UTILIZATION 

Because of distortions resulting from bending 
or misalignment of the plastic mirrors, the 
constructions suggested on this page may not 
be very accurate. However, the main purpose 
of the exercises is for the students to see how 
properties of reflection can be used to make 
constructions that may be difficult when ruler 
and compass are used. Stress the ideas involved 
rather than accuracy of construction. 


Solution, Exercise 8 

A. Construct the L bis of AB; call it ¢. 

B. Place the edge of the mirror on point A. 
Turn it until the reflection image of B falls 
on /. Call the image B'. AB! = AB. 

C. Since B' is on the | bis of AB, B'B = AB’. 


Therefore, AABB' is equilateral. 








EXTENSION 
To provide further practice, assign page 99 in 
the Workbook. 

Remedial: Guide students in constructing the 
altitudes and perpendicular bisectors of the 
sides of some triangles on the geoboard. Points 
of concurrency of the segments are shown by 
the intersecting rubber bands. 





Think Solution 

The idea of reflections should suggest the miss- 
ing lower half of the date. The date of death 
must be DCXXII or 622. Since the birthdate 
was DLXXI or 571, Julius died at the age of 51. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-8. 
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Objective 

The student can construct an angle con- 
gruent to a given angle and can bisect an angle 
using ruler-and-compass methods. 


PREPARATION 
Materials: Rulers and compasses. 

The rules governing the use of the compass 

and straightedge in construction are simple. 

1. The straightedge can be used to draw a 
line through two given points. No marks 
can be made on the straightedge. 

. The compass can be used to draw a circle 
through a given point and with a given 
radius or through another point. 


rN 


INVESTIGATION 

Illustrations | through 6 show the sequence of 
steps of the construction where ZB is the 
given angle. 


I 4 
One side of 
B' desired angle 





xy leet 
SENSE 
AY S 
B ic 
6 
A's 
\ 
\ 
B C’ 


Same radius 


DISCUSSION 

In discussing Exercise 2, ask the following 

questions as an oral activity: 

(1) Why is BD = BE? (They are both radii of 
a circle with center B.) 

(2) Why is BF = BF? (They are the same.) 

(3) Why is DF = EF? (They are both radii of 
circles with congruent radii. Therefore, 
since corresponding segments DF and EF 
are congruent, 2 DBF = ZEBF so that 
Z ABC has been bisected.) 
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Ruler-and-Compass Constructions of Angles 
investigating the Ideas 


Drawings of geometric figures 
using only a straightedge and 
compass, and of course, a pencil 
are called ruler-and-compass 
constructions. A straightedge 
can be thought of as a ruler 
without units marked on it. 


The numbered steps on the 

figure at the right shows 

how ZA’ B' C’ was constructed 
so that it is congruent to 

“ABC; that is. ZASB’ C = Z ABC. 





Can you draw an angle on your 
paper and then construct an 


angle congruent to it using 
a straightedge and compass? 





Discussing the Ideas 


1. Explain the six steps for constructing an angle 
congruent to a given angle. 


2. The illustration below shows three steps needed 

to bisect 2 ABC using a straightedge and compass. 
Draw an angle on your paper and then bisect it 
with your straightedge and compass. 














T respectively. 


Bisect each of the constructed 
angles RAR’, S’, and T’. 


. Draw an angle M. 


A 


B Bisect each of the two 
new angles formed. 


. Ray AB is one side of 2 BAC. 

Ray AR is the bisector of 2 BAC. 
Show a construction that will 

give the other side (AC) of 2 BAC. 


A 


Bisect it. 


Draw an angle about the size 
of ZPQR, and label it 2 STW. 


Construct an angle twice the 


“size” of 7 STW. 


Draw three angles about the same 
size as angles R, S, and T. 


Construct angles AR’, S’, and T' 
congruent to angles RA, S, and 


M 


Draw a large triangle on 


your paper. 


Construct the bisector of 


each angle of the triangle. 


If you make the constructions 
for part B carefully, you should 
find that the three bisectors 


intersect in one point called the incentre of the triangle. 


The incentre is the centre of a circle that just touches all 
three sides of the triangle. Draw that circle in your triangle. 


Draw 2 XYZ. 
Construct an angle 
13 times the ‘‘size”’ 
Ob AXYZ: 


Xx 


uta 


Arrange ten points in five rows 
with four points in each row. 


Using the ideas 





incentre 





UTILIZATION 

Students should be encouraged to work as ac- 
curately and neatly as possible in making the 
constructions, but mastering the methods of 
construction should be the main goal of this 
lesson. 


Solutions, Exercises 4 and 6 


4. 





EXTENSION 
The exercises on page 67 of the Duplicator 
Masters can be used to provide extra practice 
with the concepts presented in this lesson. 

Enrichment: Have the students draw a large 
triangle on their papers and then copy the 3 
angles so that successive pairs of angles are 
adjacent to each other. The resulting construc- 
tion should reinforce their understanding of 
the fact that the sum of the measures of the 
angles of a triangle is 180°. 

Encourage interested students to undertake 
Research Project A on page C-99. 


Think Solution 

The value of this problem is that it encourages 
students to expand their range of reference. 
Although it is customary to think of rows in 
terms of horizontal and vertical lines, this 
limited interpretation cannot be used to meet 
the requirements of this problem. 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 
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Objective 

The student can construct a triangle con- 
gruent to a given triangle by using ruler-anad- 
compass methods. 


PREPARATION 

Materials: Rulers and compasses. 
Ruler-and-compass construction of con- 

gruent triangles in this lesson is based on the 

geometric theorem that if two triangles have 

their corresponding sides congruent, then the 

triangles are congruent. 


INVESTIGATION 

Have the students begin by drawing AABC 
on their paper. Now instruct them to study 
the drawings and try to discover the steps in 
making the construction. You may need to 
help some students get started by suggesting 
that they draw a line and mark off A'C’ = AC 
on the line. The remaining steps then may be 
found by analyzing the drawings. 





DISCUSSION 

If feasible, have some students give chalk- 
board demonstrations and explanations of the 
various constructions in the Discussion Exer- 
cises. 

Exercise 2 suggests a method for construct- 
ing an equilateral triangle. In Exercise 3, you 
might draw two segments on the chalkboard 
and then have some students construct an isos- 
celes triangle having two sides congruent to 
one of the segments and the third side con- 
gruent to the other segment. 

Note in Exercise 4 that, since a triangle is a 
rigid figure, all triangles having sides congru- 
ent to the given segments will be congruent 
triangles. 
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Ruler-and-Compass Constructions of Triangles 
Investigating the Ideas 


In the construction shown below, AA’ B'C’' was drawn 
so that AA’ B'C' = AABC. Study and follow the 
steps to see how the construction of AA’ B'C’ was made. 














Can you draw a triangle and then construct a triangle 


congruent to it using a straightedge and compass? 





Discussing the Ideas 


Xx 
1. Draw a triangle like AXYZ. 
Explain how to construct a 
triangle congruent to A XYZ. Y 
~~ Rate. 
2. Study the construction shown. d~ 
What kind of triangle is APQR? Jf \ 





3. Show how to draw an 
isoceles triangle. 


4. Show and explain how 


Til ae 
to construct a triangle 
i $$ 
whose sides will be 
congruent to the three I 


given segments. 





Using the Ideas UTILIZATION 
Most students should be able to complete 


. Draw three different-shaped triangles like those shown below. Exercises | through 4. 
Then construct a triangle congruent to each of them using the For Exercise 5, students should observe 
ruler-and-compass construction method. that a triangle cannot be constructed from 3 


given segments if the length of the longest seg- 


/ 

C : ment is greater than the sum of the lengths of 

the other two segments. 

EXTENSION 

A B D EtG H Further practice with the concepts of this les- 
son is provided in the Workbook on page 100. 
. Construct an equilateral Enrichment: There are two other methods of 
triangle. Make each side constructing triangles congruent to a given 
four centimetres long. triangle. One is based upon the Side-Angle- 
Side (SAS) Congruence Theorem, and the 


other is based upon the Angle-Side-Angle 
(ASA) Congruence Theorem. 


A B c SAS Construction: 
B Copy AABC by copying 
ZA and sides AB and AC. 
A G 
ASA, Construction: 


R 
Copy ARST by copying 
side ST, ZS, and ZT. 


. Construct isoceles triangles congruent to those below. 







. Construct triangle whose sides are congruent to the 
three given segments. 


A B c : i 
aa a 1 <= aires lis que Now would be a good time to recommend 
ee Research Project B on page C-99 for students 
who would find it challenging to explore some 
further ruler-and-compass constructions. 
. Can you draw three segments that cannot be used Assignments 
as sides of a triangle? Minimum 1-4. Average 1-4. Maximum 1-6. 


. The designs below are based on equilateral triangles 
and circles. Make a copy of at least one of them. 
Invent some designs of your own. 
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Objective 
The student can construct perpendicular 
lines with compass and straightedge. 


PREPARATION 
Materials: Straightedge and compass. 

An earlier lesson explored construction of 
perpendicular lines by means of reflections. 
Students may find it interesting to compare 
that method with the one presented in this 
lesson. 


INVESTIGATION 

The purpose of the Investigation is to give 
students the opportunity to discover for them- 
selves a straightedge-and-compass method of 
constructing the perpendicular bisector of a 
segment. Since the construction of perpendicu- 
lar bisectors has been presented previously, 
most students should recognize the relation- 
ship between AB and /. 


DISCUSSION 

The numerals on the drawings suggest the order 
of the steps of the constructions in Exercises 2 
and 3. Some of your students may be able to 
understand a verbal argument that the con- 
structed lines must be perpendicular: 


Call the intersection of steps 3 and 4 point 
Q. Then AP = BP, PQ = PQ, and AQ = 
BQ. Therefore A\APQ = ABPQ. Hence the 
adjacent angles, 2 APO and Z BP@Q, are con- 
gruent. The lines are perpendicular because 
the adjacent angles formed are right angles. 





A similar argument can justify the construction 
for Exercise 3. 
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. Study the construction for 


Constructing Perpendicular Lines 


investigating the Ideas 


Study the construction 
at the right. 


Can you start with a 
segment, AB, and make 
a construction like 


this with your 
straightedge and 
compass? 





Discussing the Ideas 





1. The figure in the Investigation suggests a ruler-and-compass 


construction of a line that is perpendicular to a segment. 
The line also bisects the segment; thus, line ¢ is called 


the perpendicular bisector of AB. 


A Explain how you made your construction? 


B What kind of angles were formed? 
c What can be said about AM and MB? 


. Study the construction for 


drawing ‘‘a perpendicular to 
a line @ through a point P 
on the line.” 


Make a construction like 
this one. 


drawing ‘‘a perpendicular to 
a line @ through a point P 
which is not on the line.” 


Make a construction like 
this one. 


Circle with 
centre at 
point P 


- 3 <~, Circles with 
centres at 
“|S 9 «— points A and B 










Circle with centre 


at point P ; 
aN 

B 
I 


| 


Pp 








rae leva 2. Circles with 
a centres at 
- ~ 39 —— points A and B 


Using the ideas 


. Draw a segment. Then construct 

a perpendicular bisector of the segment. 
. Draw a line and call it m. SS - 
Mark a point Q on it and 

construct a line through Q 
that is perpendicular to line m. 


. Draw a line n and mark a point A 
not on n. Construct a line through 
A that is perpendicular to line n. 






. EXAMPLE: 
. Draw a large triangle. 


Construct the perpendicular 
bisectors of each side 
of the triangle. 


. A Draw atriangle like oN 
SPOR. 

B Construct a line 7 
through point P 
such that 7 1 QR. 
Let point S be the 
point where line 7 
intersects QR. 

PS is one of the p 
altitudes of APQR. 7 


c Construct the other C 
two altitudes of APQR. 


EXAMPLE: 


. Construct a right triangle 
with legs congruent to 
these segments. 


We} 


. The intersection of the perpendicular bisectors 

of the sides of a triangle (see Exercise 4) is the 

centre of a circle which will contain the vertices 

of the triangle. The centre of the circle is the 
circumcentre and the circle is said td circumscribe 

the triangle. Draw a triangle and find the circumcentre. 
Then construct the circle that circumscribes the triangle. 


uM centre 


Deeg ae” 


UTILIZATION 
The exercises provide practice in constructing 
perpendiculars to lines in various situations. 

If the construction in Exercise 5 is made 
carefully, the three altitudes will be concurrent; 
that is, they intersect in a common point called 
the orthocentre. If the triangle has an obtuse 
angle, the orthocentre will be in the exterior 
of the triangle. 











EXTENSION 

For more practice, page 97 of the Workbook 
and page 68 in the Duplicator Masters may be 
assigned. 

Enrichment: Give students directions for the 
following construction: 

Draw a large triangle on your paper. Care- 
fully construct the three medians to find the 
centroid of the triangle. Next construct the 
three altitudes and find the orthocentre. Then 
construct the three perpendicular bisectors of 
the sides and find the circumcentre. 

The three points of concurrency will always 
be collinear regardless of the shape of the 
triangle. In an equilateral triangle these points 
are identical. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-7. 
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Objective 
The student can demonstrate the ability to 
work with the concepts presented in this module. 


UTILIZATION 
Exercises | through 7 may be assigned for in- 
dividual or group review. Have some students 
demonstrate the constructions called for in 
Exercises 10, 11, and 12. A discussion of these 
exercises may strengthen some students’ under- 
standing of the ideas of this module. 

Further appropriate review exercises are 
provided on page 102 of the Workbook. 
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REVIEWING THE IDEAS 


For each Exercise 1, 2, 3, and 4, refer 6. Which region could be used to 
to the figure on the grid in its original tessellate a plane? 


position. [4] [e| [c] 


Ra Se: GR 


7. Complete the statement: 


If two geometric figures are images 
of each other by some kind. of rigid 
motion, then the two figures are ? 


Cc 


8. ARST is the 
reflection 
image of 
AABC. 





1. Give the co-ordinates of the vertices 


of AABC. Write a statement of congruence 


about the triangles. 


2. Give the co-ordinates of the images 


of A, B, and C after a translation of 9. Suppose AJKL = AGEF. 


“right 2, up 1." a What pairs of sides are congruent? 
B What pairs of angles are congruent? 
3. Give the co-ordinates of the images 10. Draw an angle, then find its bisector 
of A, B, and C after the square grid using 


A reflections. 
B ruler-and-compass construction. 


has been given a 4 clockwise rotation 
with center at point O. 


11. Construct a triangle whose sides are 


. Give the co-ordinates of the reflection 


images of A, B, and C of AABC in line m. 


. Which figure has rotational symmetry? 


12. 


congruent to these three segments. 
ee 
AW oke at. 
Seep eee 


Draw a segment. Then construct the 
perpendicular bisector of the segment 
using 

A reflections. 

B ruler-and-compass construction. 


Give the co-ordinates of the vertices 
of AJKL. 


Give the co-ordinates of the images of 
J, K, and L after a translation by 
arrow a. 


Give the co-ordinates of the image of 
point P after as turn with point O 
as the centre of rotation. 


Give the co-ordinates of the reflection 
image of point P in line m. 


RESEARCH PROJECTS 


A Any angle can be bisected with a ruler 
and compass but trisection (dividing 
into three congruent parts) of a 
general angle using only a ruler and 
compass has been proved to be 
impossible. Other devices have been 
invented that enable us to trisect 
an angle. Make some models of the 
devices and report your findings to 
your class. (See Mathematical Models 
by H. Martyn Cundy and A. P. Rowlett; 
London: Oxford University Press, 1954.) 


. What is the order of 
rotational symmetry 
for the rectangle 
with centre at 
point O? 


Any triangle can form a tessellation 
of the plane. 


. True or false: 


. If AXYZ = AMOP, then 
a iZ=<l|ll 6 xyY='illl 


Complete the statements for Exercises 8, 
9, and 10. 


8. If A and B are 
reflection images 
of each otherin A 
line 7, then 
line ¢ is the 
2 2 of AB. 


. If OP bisects 2 QOR, 
then OR is the ? 


image of OQ in OP. 


. Geometric constructions can be made 
using a ? and straightedge. 





B Make ruler-and-compass constructions 
of as many different-sided 
regular polygons as you can. (See 
Mathematical Recreations and Essays 
by E. T. Ball and W. W. Rouse; New 
York: The Macmillan Company, 1962.) 


C Make and color various designs (see 
C-95, Ex. 6) or tessellations based on 
geometric figures that have rotational, 
translational, or reflectional symmetry. 
Display them on the bulletin board. 


TEST YOURSELF 

Exercises | through 7 deal with motion geome- 
try and congruence. Exercises 8, 9, and 10 are 
related to constructions, though no actual con- 
structions are required in this self-evaluation 
test. 

After students have had ample time to check 
their work and review any sources of difficulty, 
you might want to administer the Module 
Achievement Test which is available from the 
publisher as part of the Test Package for this 
series. 


RESEARCH PROJECTS 

The reference cited for Research Project A 
contains information concerning two interesting 
“angle trisectors.”” One is a linkage which stu- 
dents can construct from strips of cardboard. 
Another is called the ‘““Tomahawk Trisector,”’ 
because of its shape. 

Students who undertake Project B will find 
that many sources provide instructions for con- 
structing regular pentagons. The reference 
given in the text presents lucid instructions for 
constructing a regular polygon of 17 sides. 

For students who are interested in Project 
C, you might point out that many examples of 
tiling and tessellation patterns as well as a dis- 
cussion of the symmetries evident in the pat- 
terns are to be found in Geometry in the Class- 
room: New Concepts and Methods, by H. A. 
Elliott, J. R. MacLean, and J. M. Jorden (Holt, 
Rinehart and Winston of Canada, Ltd.), Chap- 
ap I 
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MATHEMATICAL RECREATION 
The Treasure Hunt gives the student additional 
practice in using combinations of rigid motions 
on the geoboard. 

Another series of motions such as a student — 
might design are given below. 


HEMATICAL RECRE 


1. Start with the point in the upper left corner — 


of the geoboard. Try an imaginary 
2. Translate the point ‘right 4, down 2.” ‘ treasure hunt on 
3. Reflect the image of step 2 in the vertical — a 5 by 5 geoboard. 
line of symmetry of the geoboard. : Follow the steps 
4. Rotate the image of step 3 4-turn clock- — below in order to 
wise about the centre of the geoboard. 3 locate the treasure. 
5. Translate the image of step 4 “right 2, © 
down 4.” 
6. Reflect the image of step 5 in the diagonal — . Start at point P. 
of the geoboard that runs from the lower : 
left corner to the upper right corner. is . Rotate point P aj turn clockwise with 
Where is the final image? (Solution: The point point O as the centre of rotation. 


is in the upper left corner of the geoboard). 
. Translate the image of step 2 ‘‘down 1, left 1.” 


. Translate the image of step 3 ‘“‘up 3, left 1.” 


. Rotate the image of step 4 using a 4 turn 
clockwise with point O as the centre of rotation. 


. Translate the image of step 5 ‘right 2, up 3.” 


. Reflect the image of step 6 in the horizontal 
line of symmetry of the geoboard. 


. The image of step 7 is the location of the 
hidden treasure. Where is it? 


Make up your own treasure hunt on a geoboard. 
Give your puzzle to a classmate to solve. 
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UNIT C: GEOMETRY AND MEASUREMENT 


Module 4: Circles and Space Figures 


General Objectives 

To review the parts and properties of circles. 

To introduce central and inscribed angles in a circle. 

To introduce tangents to circles. 

To review and extend work with circumference and area of circles. 





To construct models of various polyhedrons and examine the relation be- 
tween the number of faces, edges, and vertices. 

To examine cross sections of space figures. 

To find volumes of prisms, pyramids, cylinders, and cones. 





Performance Objectives 





Pupil Text 





Reteach-Reinforce 


Related Activities 


WB 103 
WB 105 ASC AP-5 
DM 69 PD b-3 
WB 106 ASC AP-6 SWM 2 221 
DM 70 PD e-3 
WB 104 SP e-3 
SWM 3 318, 319 
SWM 3 304-307 
WB 107 ASC AP-13 
DM 71 
WB 107 ASC AP-14, 15 
DM 72 PD e-4 
SWM 3 138 
SWM 3 316, 317 
WB 18 





112 RED The student can identify basic parts of a circle, such as ra- C-102, 103 
ius, diameter, chord, and arc. 
113 RED Given the diameter of a circle, the student can find its C-108, 109 
circumference. (C-112, 113) 
114 RED Given the radius of a circle, the student can find its area. CaO 
115 YELLOW The student can identify central and inscribed angles of C-104, 105 
a circle, and can use the fact that an inscribed angles is half the mea- 
sure of a central angle which subtends the same arc of the circle. 
116 YELLOW The student can identify a tangent to a circle. C-106, 107 
117 YELLOW The student can recognize nets for various space C-116, 117, 118 
figures. 
118 YELLOW Given appropriate figures, the student can identify (Collies Mihy 
prisms, pyramids, cylinders, and cones. 
119 YELLOW The student can find the volume of prisms and C-120, 121 
pyramids. 
120 YELLOW ‘The student can find the volume of cylinders and cones. C-120, 121 
121 GREEN The student can recognize an ellipse. C-114, 115 
122 GREEN Givena sketch of a plane intersecting a space figure, the C122 2123 
student can identify the cross section. 
Reviewing the Ideas C-124 
MATHEMATICS Some of the early material on circles will be a 


A sizable portion of the material in the module 

is related to circles. The formal definition of a 

circle is as follows: 

_ Acircle is the set of all the points in a plane 
that are at a fixed distance from a given point 
in the plane. 


Z2101TA 


review, albeit a necessary review, for most stu- 
dents. However, the work with central and in- 
scribed angles in circles as well as tangents to 
circles will probably be new to most students. 

The concepts of circumference and area of 
circles in the module are approached empiri- 


cally rather than through rigorous proof. Thus, 
in exploring circumferences of circles, the stu- 
dent is led to discover that the ratio of the cir- 
cumference to the diameter is a constant, which 
we Call pi (77). 

In finding area of circles, the students work 
with an intuitive idea of limits when they con- 


struct a “crooked parallelogram” from the sec- 
tors of a circle and then compute the area of 
the parallelogram to find an approximation of 
the area of the circle. 

Volumes of prisms and pyramids are com- 
pared experimentally before the volume formu- 
las are introduced. Cylinders and cones are 
treated similarly. An exploration of various 
polyhedrons and cross sections of space figures 
rounds out the work of the module. 


TEACHING THE MODULE 


Materials 

Compass, protractor, plastic mirror, small 
cubes, string, centimetre rulers, circular cone 
or disks, centimetre graph paper, scissors, 
index cards, cellophane tape, paste, map pins 
or small nails, plywood squares, posterboard. 


Vocabulary 
arc inscribed angle 
centre inscribed 
central angle polygon 
chord interior 
circle major axis 
circumference minor axis 
circumscribed octahedron 
polygon pi (77) 
cone polyhedron 
cross section prism 
cube pyramid 
cylinder radius 
diameter semicircle 
dodecahedron sphere 
ellipse subtend 
exterior tangent 
focal points tetrahedron 


It is quite likely that many of your students 
will have had only limited experience with 
many of the concepts presented in this module. 
There is a sizable amount of new vocabulary 
introduced, and some attention should be given 
to helping the students understand and incor- 
porate the new words into their mathematical 
vocabulary. 

It is vital that students be given the oppor- 
tunity to construct, handle, and work with the 
various space figures introduced in the module. 
If you have classroom sets of wooden models, 
they can be put to good use in teaching the 
module. Encourage students to make models of 
the various space figures. 

The formulas for the circumference and area 
of circles as well as the volume formulas for 
pyramids, cones, prisms, and cylinders should 
be learned by students at this level. 


Lesson Schedule 

You should allow a minimum of 10 days for 
this module. However, a greater amount of 
time is advisable if you wish to give students an 
Opportunity to pursue some topics in greater 
depth. Also, if students make models of many 
of the solids, more time may be needed. The 
increase in interest as a result of active student 
involvement is well worth the extra time. 


Evaluation 

The Module Achievement Tests that are part 
of the evaluation program for this series can be 
very helpful in assessing students’ understand- 
ing of the ideas presented in the module. If you 
prefer to design your own evaluation instru- 
ment, you will want to be sure that you cover 
most of the major objectives stated at the be- 













ginning of the module and exclude items for | 
which no objectives have been stated. 
Use the students’ participation in the Investi- 
gation and Discussion phases of the daily les- | 
sons as well as their work on the exercises as 
aids in making your evaluations. 


RESOURCES FOR ACTIVE LEARNING 


Activities | 
Circles; Cubes; Solid Models, Cuisenaire Co. 
Developmental Math Cards, K18, 20, Addison- } 
Wesley 
Experiments in Mathematics, Stage 1, pp. 24-| 
35; Stage 2, pp. 34-39; Stage 3, pp. 28-33, | 
36-41, 44-47, Houghton Mifflin | 
Mira Activities, Activities 101-126, Creative || 
Publications i) 
Relationshapes Activity Cards, Nos. 64, 84, } 
86, Addison-Wesley | 


Manipulative Devices 

Circle Master Compass (Creative Publications) | 

Geometric figures and solids (Addison-Wesley; 
Creative Publications; LaPine) | 

MIRA (Creative Publications; Cuisenaire Co.) } 

Polyhedron construction material (Creative 
Publications; Cuisenaire Co.; Sigma) 

Sage Kit (LaPine; Sigma) 

Space Spider (Geyer; Mind/ Matter) 

Thread Sculpture (LaPine; Selective Educa- 
tional Equipment) 


Games and Puzzles 
Polyhedron-Rummy (Scott, Foresman) 
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IT C: ‘Geometry and Measurement 


IDULE 4: Circles and Space Figures 


OBJECTIVES: 
After completing this module, you should be able to: 


Identify various parts of a circle such as radius, 
diameter, chord, and arc. 

Identify central angles and inscribed angles in 
a circle, and to know that the measure of an 
inscribed angle is one-half the measure of a 
central angle subtending the same arc of a 
circle. 


. Recognize when a line is tangent to a circle. 
. Find the circumference of a circle. 

. Find the area of a circular region. 

. Recognize an ellipse. 

. Identify prisms, pyramids, cylinders, cones, 


and spheres. 


. Make nets and models of various space figures. 
. Find the volume of prisms, pyramids, cylinders, 
_and cones. 


Sketch a cross section of a space figure given 
a picture of a plane intersecting a space figure. 


Objective 
The student can construct and name various 
parts of circles. 


PREPARATION 
Materials: Rulers and compasses. 

This first lesson of the module is exploratory 
and is meant to review the basic ideas of circles 
and parts of circles. Therefore you can have the 
students begin immediately with the Inves- 
tigation. 


INVESTIGATION 

The Investigation gives students the experience 
of drawing a circle and a radius, diameter, and 
chord of a circle. The purpose of the Investiga- 
tion is to provide a model to aid in the discus- 
sion of the various parts of the circle. 


DISCUSSION 

Students’ definitions ofa circle will vary greatly. 
Some will be extremely intuitive, such as “a 
closed round figure.’’ Others will be more for- 
mal. Formally, a circle is the set of all points 
in a plane that are at a fixed distance from one 
point in the plane. 

Observe that if we do not specify that the 
points are coplanar we have the definition of a 
sphere. Exercises 2, 3, and 4 introduce the 
terms radius, diameter, and chord and relate 
these terms to the drawing made for the 
Investigation. 

The interior of a circle (Exercise 5) is the 
set of all points in the plane whose distance 
from the centre of the circle is less than the 
length of the radius. Points whose distance from 
the centre is greater than the length of the 
radius are in the exterior of the circle. 

Treat the lesson with a light touch, emphasiz- 
ing the discovery aspects of the exercises 
rather than the mathematical terms that are 
introduced. 
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Circles 


Investigating the Ideas 





), 


Can you make the construction is) 


following the directions below? 


1 


. Use your compass to draw a circle. 
. Label the centre of the circle O. 


. Choose a point P on the circle. Draw and label segment OP. 


Ss TOES 


Draw a segment that contains point O and whose endpoints 
are on the circle. Label this segment XY. 


5. Choose two points on the circle. Connect these points 
with a segment. Label this segment AB. 


Discussing the Ideas 


1. 


. Asegment like AB (step 5) is a chord of a circle. 


. Suppose that a circle has a radius of 4 centimetres. 


Give your own definition of a circle. Check your definition 
with the definition given in the glossary. 


. The segment OP that you drew in step 3 above was a radius of 


the circle. (The plural of radius is radii.) 
A How many radii does a circle have? 
B Are they all the same length? 


. Segments like XY (step 4) are called diameters of a circle. 


How does the length of a diameter compare to the length of 
a radius of a circle? 


ls a diameter also a chord of a circle? Explain. 






A lf a point is in the interior of the circle, 
what can you say about its distance 
from the centre of the circle? 

B If a point is 6.1 centimetres from the centre 
of the circle, is it in the interior or the 
exterior of the circle? 


interior 
of @the 
circle 


e 


Using the Ideas UTILIZATION 
Students will need compass and centimetre 





1. a Use a compass to draw a circle that has a radius of 3 centimetres. rulers for the exercises. 
B How long is the diameter of the circle? _ Inscribed pand circumscribed) polygons. are 
c Draw achord of the circle that is 4.5 centimetres long. i esHees 2a Excneense-lerutl wee sesin pet 
want to discuss these terms before assigning 
bp Mark a point X that is 2.5 centimetres from the centre the exercises. Afterwards, have some students 
of the circle. Is X in the interior of the circle? demonstrate their constructions at the chalk- 
2. Draw a circle and two diameters that are not perpendicular. aa 
Label their endpoints E, F, G, and H. Connect the endpoints. Solution, Exercise 5 
What kind of figure is EFGH? Construct two perpendicular diameters. Then 
construct perpendicular segments at the ex- 
3. What kind of figure would you have had in Exercise 2 if the tremities of the two diameters. 
diameters had been perpendicular? Is it a regular polygon? 
es 
4. A polygon is inscribed in a circle if 
each of its vertices is on the circle. ie \ 
The figure suggests a way of inscribing 
a regular hexagon in a circle. \ yy, 
Experiment with your ruler and compass 
to see if you can construct a regular EXTENSION in 
inscribed hexagon. See page 103 of the Workbook for additional 


practice exercises. 

Enrichment: A method constructing a circle 
through three noncollinear points will be in- 
teresting to some students. If 4, B, and C are 
three noncollinear points, construct the 1 bi- 
Construct a square which circumscribes a circle. sector of two segments, say AC and BC: Gall 
the point of intersection O. Then O is the centre 
of a circle that contains points A, B, and C. 


5. A polygon is circumscribed about a 
circle if each of its sides touches 
the circle in just one point. 


6. By experimenting with your ruler and compass, you can invent 
many interesting designs. The figures below illustrate a few of them. 
Try to copy one of these and then invent some of your own. 





Assignments 
Minimum 1-3. Average 1-3, 6. 
Maximum 1-6. 
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Objective 
The student can identify central and in- 
scribed angles in a circle. 


PREPARATION 

Materials: Rulers, compasses, and protractors. 
Display a figure like the one shown. Have 

the students identify the chords, radii, and 

diameter shown. Also have them name all the 

angles in the figure. 


A B 


INVESTIGATION 
Have the students follow the flow chart in- 
structions and measure 21 and Z2 of their 
drawing. Have each student make at least 2 
different drawings with the three points spaced 
differently on the circles. In each drawing the 
student should find that mZ2 is twice mZ1. 
You might suggest that some students choose 
as points A and C the endpoints of a diameter. 
Then mZ2=mZAOC = 180° and mZ 1 =90°. 


DISCUSSION 

There is a considerable amount of new ter- 
minology introduced in the Discussion ques- 
tions. Proceed carefully and provide additional 
examples of central angles, inscribed angles, 
and arcs. 

In discussing vocabulary, the intuitive as- 
pects of the words should be explored whenever 
reasonable. For example, the word “‘subtends”’ 
might bring to mind various ideas such as those 
suggested by “‘encloses” or “includes.” These 
terms are very descriptive of the relationships 
shared by an angle and the arc that subtends it. 

Understanding the relationships stated in 
Exercise 5 is a secondary goal of the lesson. 
Primary emphasis should be upon naming 
angles and arcs in circles. 
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Arcs and Angles of Circles 


Investigating the Ideas 


Connect the Label and 
points and measure 
the centre angles 
as shown 1 and 2 


Draw a circle Mark three 
with a 10-cm points on 
diameter the circle 


m 2 1 =I 
m 2 2=Ilil 





Can you find a relationship between 
the measures of the two angles? 


Discussing the Ideas Central angle 


1. Study the definitions at the right. 
A Which angles in the Investigation 
are central angles? 
: ; ‘ : An angle with its vertex 
B Which angles in the Investigation at the centre of the 
are inscribed angles? circle 


© 


: : we . Arc XY (XY Y 
2. The portion of the circle shown in color is an are. ) 
How would you define an arc of a circle? A 
X 


3. Central angle 2 AOB, chord AB, and arc AB 
are shown in the figure at the right. 
Each of these figures is said to subtend B 
the other. For example: AB subtends 2AOBor __ 
ZAOB is subtended by AB. 
A What kind of angle is 2 BAC with respect to the circle? 
B Which arc subtends 2 BAC? 
c Which chord subtends 2 BAC? 


4. An arc that is exactly half of a circle is called a semicircle. 
What special chord of a circle does a semicircle subtend ? 


5. The Investigation suggests the following statement: 
If a central angle and an inscribed angle in a circle 
subtend the same arc, then the measure of the central 
angle is ? the measure of the inscribed angle. 


Try this experiment again using 
three other points on the circle. 





Inscribed angle 


An angle that contains 
three points of the circle 
and has its vertex on the circle 


B ‘ 
@. 











o 0 


zonrnmooses p 


Using the Ideas 


Point O is the centre of the circle. 
Name four central angles of circle. 
Name two inscribed angles. 

Name two angles that subtend BC. 
What angle subtends CD? 


Name the central angle subtended by AE. 
Name the central angle subtended by BC. 
Name the inscribed angle subtended by BC. 
Name the central angle subtended by CDE. 
Name the central angle subtended by CE. 
Name the arc subtended by 2 BOA. 

Name the arc subtended by 2 DEB. 


Name an inscribed angle that does not have 
one side as a diameter. 





. Draw a circle and its diameter. 


A 


Inscribe an angle that subtends the diameter. 
What is the measure of the angle? 

Inscribe another angle subtending the same 
diameter. What is the measure of this angle? 
If an inscribed angle subtends a diameter, 
what kind of an angle is it? 


. For each circle, give the degree measure for x. 


A 





ys 


\K 





Can you unscramble each of these ‘“‘words”’ to form a mathematical term 


that is in this lesson? 


car glean recent dreamite dorch cleric undebts biscinder 














UTILIZATION 

Note that in naming the arc in Exercise 2D, a 
middle letter is given. This is necessary only 
when the possibility of ambiguity exists, and 
in such a case the middle letter indicates which 
of two possible arcs is meant. 

The answers to Exercise 4 can be found 
without measuring. Each central angle is twice 
as large as the inscribed angle that subtends the 
same arc. 


EXTENSION 
To provide more practice with these concepts, 
page 104 in the Workbook may be assigned. 

Remedial: Ask students to do the following: 
Draw a figure with two inscribed angles and 
one central angle all subtending the same arc. 
Then cut your paper along the dotted line. Cut 
out ZL and ZM. How do they compare? 
CAlp= V2 Vin 
Fit ZL and ZM into ZAOB. How do they 
fit? (mZL+m2Z2M =mZAOB) 

l 


r\ 
WPS: 


£ 4 


A 
3 | 
A ; 
Think Solution 
This Think problem can be tried by all students. 
The problem focuses attention on some of the 
terms introduced in the lesson and may aid stu- 


dents in learning the correct spelling of the 
words. 





Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 
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Objective 

The student can identify lines that are tan- 
gents to circles and construct lines tangent 
to circles. 


PREPARATION 
Materials: Rulers, compasses, and _ plastic 
mirrors. 

Draw a circle on the chalkboard. Have stu- 
dents draw several lines that intersect the 
circle in two points (secant lines). Ask if some- 
One can draw a line that will touch the circle 
in just one point. While this is difficult to do 
physically, we can readily think about such 
lines in geometry. 


INVESTIGATION 

The purpose of the Investigation is to set the 
stage for a discussion of lines tangent to circles. 
Some students may think there are only two 
common tangents to the circles instead of 4. 


DISCUSSION 

The two most important ideas in the Discussion 
Exercises are the definition of a tangent to a 
circle and the observation that a tangent is 
perpendicular to the radius at the point of 
tangency. The latter idea can be utilized to 
construct tangents to circles through a given 
point. 

For Exercise 3, students should place the 
plastic mirror along OP and note whether either 
line a or b is reflected onto itself. Since line a is 
the one that is reflected onto itself, OP 1 a and 
a is tangent to the circle at point P. 

In Exercise 4, any circle which has its center 
on the line perpendicular to line r at point Q 
will be tangent to line r. The perpendicular can 
be constructed either by means of the reflec- 
tion or by the ruler-and-compass method. 
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Tangents to Circles 


Investigating the Ideas 


Draw two circles like these 
about 3 centimetres apart 
and a line @ that touches 
both circles at one point 
on each circle 





How many other lines like line “ can you draw so that each 


line touches both circles at one point on each circle? 





Discussing the Ideas 


1. A line is tangent to a circle if it intersects 

the circle in just one point. In the figure, 

the line is tangent to the circle at point A. 

Point A is called the point of tangency. 

A How many lines are tangent to a circle 
at a point on the circle? 

B What relationship do you think there is 
between a tangent to a circle and the 
radius of the circle at the point of tangency? 


queoues ms 


2. How many tangents to both circles did you find 
in the Investigation? 


3. Lines a and b both intersect at point P 
on the circle. How can you use reflections 
and a plastic mirror to decide which line, 
if either, is a tangent to the circle? 





4. a How would you construct a circle 
tangent to a given line r ata 
given point Q on the line? SS ey 
B Is there more than one circle 
tangent to the line at point Q? 


1. Line m is tangent to the circle with centre A. 
a How are the two lines m and AB related? 
B A line passing through the point of 
tangency and the centre of the circle 


is ? to the tangent line. . 





2. Which of the lines are tangent 
to the circle? All points of 
intersection are shown. 


3. Draw a line k. 


Mark a point B on k. ae 


Construct the perpendicular | 
to k at point B. 


Now draw three circles tangent | | ri 
to k at point B. B 


4. Draw a circle. 4 
Mark a point D on the circle. Z 
Label the centre C. 

Draw a line through C and D. / 
Construct the perpendicular x 
to CD at point D. 


Is the line perpendicular to CD 
tangent to the circle at point D? 


5. Draw two parallel lines. 
Construct a circle that ) 


is tangent to both lines. Eo a PY = 


6. Draw an acute angle. 
Construct a circle that 
is tangent to both sides 
of the angle. 


7. Draw a triangle. 
Bisect each angle. 
Then complete the 

construction for 
the circle inscribed 
in this triangle. 


Using the Ideas 


“BD 





UTILIZATION 

The exercises provide experiences in con- 
structing lines tangent to circles. Ruler and 
compass constructions can be used, but en- 
courage students to use their plastic mirrors, if 
they wish, to help construct perpendicular 
lines. 


Solutions, Exercises 5 and 6 
5 





6. The centre of the circle will be on the bisec- 
tor of the angle. 


EXTENSION 

Enrichment: Supply the students with sheets 
of waxed paper or thin tracing paper. Have 
them draw a circle about 12 cm in diameter. 
They should then carefully crease the paper so 
that a point of the circle falls directly on the 
centre of the circle, and repeat the folds many 
times. The result will be an “envelope” of 
tangents to a circle whose centre Is the same as 
the original circle but whose radius is + the 
original circle. If the folds are made carefully, 
an interesting design will result. 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-7. 
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Objective 

The student can find the circumference of 
a circle by using the formula for the circum- 
ference of a circle. 


PREPARATION 
Materials: Circular cans or disks of various 
sizes, string, centimetre rulers. 

The preparation period should be devoted to 
seeing that sufficient material is available so 
that small groups of students can work together 
on the Investigation. 


INVESTIGATION 

Suggest to the students that they measure the 
circumference of the circles to the nearest 
tenth of a centimetre. If careful measurements 
are made, the ratio of the circumference to the 
diameter for each circle will not vary greatly. 
Students should find the circumference of at 
least three different circles in order to compare 
the ratios. 


DISCUSSION 

The most important idea to bring out is that the 
ratio S is the same for every circle. This ratio 
is symbolized by the Greek letter a (pi). From 
the relation S = 7, we get the formula for the 
circumference of a circle: C= 7 - d. In com- 
puting circumferences of circles, we must use 
approximations for 7. In most practical ap- 
plications 34 or 3.14 is a sufficiently close 
approximation. 
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Circumference of Circles 


Investigating the Ideas 


The distance around a circle is called the circumference of the circle. 


Choose several different-sized 
circular objects. Then find a 

way to measure the circumference 
of each of them. The figures at 
the right suggest some ways to 
accomplish this. 





Can you find the ratio of the 
circumference to the diameter 


of each circle to the nearest 
hundredth ? 





Discussing the Ideas 


1. Diane made this table to show her results for the Investigation. 


a Are her results similar to yours? 


B If you find the average of 
the ratios C + d, what is 
this number to the nearest 
hundredth ? 


different for each object measured. However, mathematicians 
have proved that the ratio g is the same for all circles. 

This number, the ratio of the circumference to the diameter, 
is named by the Greek letter 7 (pronounced ‘‘pie’’). 

The decimal for z is endless and nonrepeating. 


[a] 








Find the length of 
a piece of string 
needed to go around 


this circular object. = JF 


Roll a circular disk 
along a line for one 
full turn. Measure 
the distance along 
the line. 











15 
PB | 356em [lo7em | 3. 


| 


2. Since the actual measurement of physical objects is only an 
approximation, the ratio § that you found was slightly 





The first fifteen places are shown here: 7 = 3.141592653589793. ... 
A Find a decimal for “2 = 35 to the nearest hundredth. 


B Is 33 a good approximation of 7? 


3. If you know the diameter of a circle, what would you do 
to compute the circumference of the circle? 


4. If you knew the circumference of a circle, how would you 


find the diameter of the circle? 


Using the Ideas 


1. The flow chart can help you better understand the formula C=7-d 


for finding the circumference of a circle. 


Diameter of a circle Multiply by z Circumference of a circle 


Use the fact 7 ~ 3.14 to find the approximate circumference of 
circles with the following diameters: 


A 30cm B 5cm c 1.9m p 16mm E 10.8cm 


. Use the fact z =~ 33 to find the approximate circumference of 


each circle whose diameter is given below. 
w14°-8 8 35 cc (103° 13 Ok 2dpioer 44 


. This flow chart is the inverse of the one shown in Exercise 1. 


Circumference of a circle. 


: Divide by 7 Diameter of a circle 





Use the inverse flow chart and the fact 7 ~ 3.14 to find the 
diameter (to the nearest tenth) of circles with the following 
circumferences: 


A 15.7cm B 38mm c 8.4m pb 1.27/m E 0.19m 


. Bill measured the distance around his head and found that 
it was 56 centimetres. If his head were perfectly round, 
what would be the diameter of his head? 


. A bicycle wheel has a diameter of about 66 centimetres. 

A About how many metres will it travel in one revolution? 
B About how many metres will it travel in ten revolutions? 
c About how many metres will it travel in 120 revolutions? 
pb About how many revolutions will it make travelling one kilometre? 


€, 





. The radius of the circle is 10 millimetres. 


A Use your centimetre ruler to find the 
perimeter of the small square. 


B What is the perimeter of the large square? 


What is the average of the perimeters of 
the two squares? 


What is the circumference of the circle? 


E What is the difference between your answers 
for partse and pb? 


More practice, page S-27, Set 46 


UTILIZATION 

The exercises provide practice in using the 
formula C = 7rd and in finding diameters of 
circles of given circumference. 

Exercise 6 suggests another approach to 
finding the circumference of circles. The cir- 
cumference of a circle could be defined as the 
limit of the perimeters of inscribed polygons 
with an increasingly great number of sides. 
This idea can be approached at this level by 
having the students observe the fact that the 
circumference of a circle is somewhere be- 
tween the perimeter of an inscribed polygon 
and the perimeter of a circumscribed polygon. 
In this case the polygons are squares. 


EXTENSION 
Additional practice is provided by Supplemen- 
tary Exercise Set 46, page S-27; page 105 of 
the Workbook; page 69 in the Duplicator Mas- 
ters; and Arithmetic Skill Card AP-S. 
Enrichment: Display a variety of drinking 
glasses, goblets, etc. Have the students guess 
whether the height of each glass is greater or 
smaller than the circumference of its rim. 


JS 


Students will be surprised by the results of 
actual measurement. The circumference is 
usually quite a bit more than the height unless 
the glass is exceptionally tall and narrow. Note 
that the height must be more than 7 times the 
diameter of the rim of the glass in order to 
exceed the circumference. 


Assignments 
Minimum 1, 2. Average 1-4. Maximum 1-6. 
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Objective Areas of Circular Regions 


The student can find the area of a circular 


region by using the area formula, A = 7° r?. investigating the Ideas 











PREPARATION F ‘ F 
Materials: Centimetre graph paper (Duplicator Draw a circle with a radius of 
Masters, page 83), compass, scissors, protrac- five centimetres on graph paper. 
tor, transparent tape or paste. Then try each of these two methods 

Review the concept of area and ask students for finding the area of the 
to estimate the area of a few odd-shaped regions circular region. 
on a grid before beginning the Investigation. 1 Estimate the number of squares 

that the circular region covers. 

INVESTIGATION } : F 
The purpose of the Investigation is to provide 2 Cut the circular regron mig z =a 
two methods of approximating the area of a sectors with angles of 15°. ih A 
circle. Student estimates of the area of the circle Tape or paste the sectors 
will vary. One way to arrive at a good estimate down as shown to form a A “crooked” parallelogram 
is to observe that the circle covers all of the “crooked” parallelogram. 
10 by 10 grid except for about 54 squares in Measure the base and height, height 
each of the four corners. Therefore about 22 and compute the area of the 
squares out of the 100 squares are uncovered, parallelogram. <— base >| 





so the area should be about 78 cm?. 

Encourage the students to work as carefully . / h : 
as possible in cutting the sectors to form the Which method do you think gives the best approximation 
“parallelogram.” Suggest that they paste or of the area of a circular region? 
tape the sectors on graph paper or between 
parallel lines 5 cm apart as an aid in estimating 
the area. The resulting “‘parallelogram” should 
have a height of 5 cm and a length of about 16 

















Discussing the Ideas 


cm, and therefore an area of about 80 cm’. 1. a Is the height of the ‘“‘crooked”’ parallelogram the same as 
the radius of the circle? 
DISCUSSION B Explain why the base of the “crooked” parallelogram is 5 - C, 


A rigorous proof of the formula for finding the 
area of a circle involves a knowledge of limits 


and, hence, is not appropriate at this level; the 2. Think about cutting a circular region into a very large number 


essential ideas for finding the area of a circular of sectors, then explain this statement: 
region is simply suggested by the text. 


where C is the circumference of the circle. 


The important thing to observe with respect The area A of a circle with radius r and circumference C 
to this ‘‘“crooked” parallelogram is the fact that is given by the formula A a -Cor. 
the height of the parallelogram is approximately 
equal to the radius of the circle, and the base 3. Since C=7-d=2:-7-,r, then 4 -C=7- Fr. 


of the parallelogram is approximately equal to 
one half the circumference. Hence, the area of 
the parallelogram is one half the circumference Explain how to use this formula to find the area of a circular 


times the radius. This gives the familiar area region whose radius is 2 centimetres. 
formula for a circle: A = ar’. 


Therefore, A = Y(t) = OF 


4. Check your estimates of the area of the circular region in the 
Investigation using the area formula A= 7 - r?. 
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iv 


* 5. 


* 6. 


Using the Ideas 


Use the flow chart to help you find the area of circular 
regions with the following radii (r) or diameters (d). 





Use 7 = 3.14. 
Radius’ of Multiply the Multiply Area of a 
a circular ihe by itsnlt by 7 circular 
region y 4 region 
r EAT eo fe Asi 9? 
A r=3cm c d=2m E d=10cm G r= 24.1 mm 
B r=9m p r=60 mm F r=2.3m H d=39 cm 
A circular region whose diameter is 
40 centimetres is cut out of a square 
piece of tin 40 centimetres on a side. 40 cm 


What is the area of the piece of tin 
which is left over? (Use 7 ~ 37.) 


. A circular flower bed is surrounded by a walk two metres wide. 


The diameter of the flower bed is 20 metres. What is the 
surface area of the walk? 


. A cheese pizza with a diameter of 24 centimetres costs $1.55. 


A About how much per square centimetre does the pizza cost? 


B At this rate, about how much would a 30-centimetre round 
pizza cost? 


The figure shows six circular disks, 
each of which has a diameter of one 
centimetre, placed on a rectangular 
region that is 3 by 2 centimetres. 
What percent of the rectangular 
region is covered by the six 

circular disks? 


If the rectangular region of Exercise 5 

is covered by circular disks one milli- 
metre in diameter and placed in a similar 
pattern, what percent is covered? 


Which is larger, 
the perimeter of 
the square or the 
circumference of 
the circle? 





More practice, page S-27, Set 47 


UTILIZATION 

The flow chart in Exercise | should help stu- 
dents to apply the area formula. Exercises 2, 
3, and 4 call for application of the area formula 
to the solution of word problems. 


Answers, Exercises 5 and 6 
SEAT CA OMCICleSsmouasalae< (0k) a= 
18.84 x (0.25) = 4.71 
Area of rectangle: 2 x 3 = 6 
4.7] 
6.00 78.5% 
The circles cover 78.5% of the rectangle. 
6. Each circle takes up the same amount of 
area relative to the square circumscribed 
about it. There are 20 x 30 = 600 circles 
with diameter 0.1 cm, or | mm. Area of all 
circles: 
600 - 7- r? 
= 600 - 3.14 - (0.05)? 
= 600 - 3.14 - (0.0025) 


= 4.7100 cm? 

Aveavol rectangles 2)~ 5 6 emis 
4.71 
—— = 78.5 
6.00 ee 


The circles still cover 78.5% of the rectangle. 


EXTENSION 

For more practice, suggest Supplementary Ex- 
ercise Set 47, page S-27; page 106 in the Work- 
book; page 70 in the Duplicator Masters; and 
Arithmetic Skill Card AP-6. 


Think Solution 

If the area of the square is | cm’, then letting 
s be the length of one side of the square, we 
have s*=1 cm?, and s=1 cm. Thus, the 
perimeter of the square is 4- 5 = 4 cm. 

If the area of the circle is | cm?, then wr? = 1, 
fe == = 0.318, and r ~ 0.56 cm. Thus the cir- 
cumference of the circle is 

2ar ~2- (3.14) - (0.56) 
= 3.5 
Since 4 > 3.5, the perimeter of the square is 
greater than the circumference of the circle. 


Assignments 
Minimum 1, 2. Average 1-4. Maximum 1-6. 
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Objective 

The student can use the circumference 
and area formulas for circles to solve word 
problems. 


PREPARATION 

Review the formulas for circumferences and 

area of circles. The circumference formula 

should be presented both as 
C=a-:dandC=2°-7-r. 

The area formula is A = 7: r?, which could 


2 


also be expressed as A = es Since n= 


4 oe 
2 2 
r= (5) =", so the two formulas are 
equivalent. 
UTILIZATION 


Assign the problems according to the abilities 
of your class. Problems 1 through 4 can be 
assigned to all students. 

The drawing for Exercises 5 and 6 shows a 
400-metre track. Distances around a track are 
ordinarily measured around the inside edge. In 
short races around a curved portion of a track in 
which each runner must stay in an assigned 
lane, the starting positions are staggered so that 
at the end all will have run the same distance. 


EXTENSION 

Pose this problem for some of your more able 
students: The circumference of the Earth 
around the equator is about 40 000 kilometres. 
Suppose that a steel ring is wrapped tightly 
around the Earth at the equator. Then a second 
steel ring is constructed so that it is | metre 
above the surface of the earth all the way 
around the equator. How much longer must this 
second ring be? (Answer: 2: 7 metres, or about 
6.28 metres longer) 

| metre 





Assignments 
Minimum 1-4. Average 1-7. Maximum 1-10. 
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Circle Problems 


10. 


. What is the circumference of 


. What is the circumference of 


Refer to the figure at the right 
for Exercises 1 through 4. 


the small circle? 





the large circle? 


. What is the area of the inner circular region? 


. What is the area of the shaded part? 


The figure at the right 
represents an oval race 
track. The running track 
is 6 metres wide. 





. How far is it around the inside of the track? 


(Round your answer to the nearest metre.) 


. How much farther is it around the outside edge of the track 


than the inside? 


. During the 1968 Olympics in Mexico City, Lee Evans set a 


world record by running the distance of the track in 43.8 
seconds. About how many metres per second (to the nearest 
tenth) did he run? 


. On July 30,1970, Marilyn Neufville of Canada ran the distance 


of the track in 51.0 seconds to set a world record for women. 
What was her speed in metres per second (to the nearest tenth) ? 


. What is the total area covered by the track and the infield? 


How much greater is the area of the infield than the area of 
the running track? 


THE SHOEMAKER'S KNIFE 


The shaded region of the 
figure is called a 
““shoemaker’s knife.” 


. Make a full size 
drawing of the 
shoemaker’s knife 
on your paper. 


. What is the distance around the large semicircle from A to E? 


. What is the distance from A to E going around the two smaller 
semicircles? 


. What is the area of the large semicircular region? 
. Find the area of the small semicircular region. 
. Find the area of the middle-sized semicircular region. 


. What is the area of the shoemaker’s knife? 


. Draw FC 1 AE. Draw AF and FE. Label the point where AF 
intersects the small semicircle as G and the point where 
FE intersects the middle-sized circle as H. Draw the 
quadrilateral GFHC. What kind of quadrilateral does it 
seem to be? 


. Using different-sized semicircles but keeping the length 
AE the same as before, draw other shoemaker’s knives. 


A Repeat Exercise 8. Do you get the same answer? 


B lf the two smaller semicircles are the same size, 
what is your answer? 





Objective 
The student can solve word problems related 
to the geometric shape called the ‘“‘shoemaker’s 


knife.” 


PREPARATION 
Materials: Rulers and compasses. 

Review methods of computing area and cir- 
cumference of circles. You might also review 
the term semicircle. A semicircle is one of the 
two arcs of a circle determined by the end 
points of a diameter. When we speak of the 
‘“‘area of a semicircle,’ we mean the area of the 
region bounded by the semicircle arc and the 
diameter it subtends. 


UTILIZATION 

Exercises 1, 2, and 3 will enable the student 
to discover that the length AFE = length AC + 
length CE. This possibly surprising relation- 
ship holds true regardless of the size of the two 
smaller semicircles as long as the sum of their 
diameters is equal to the larger diameter. 

In Exercise 8, quadrilateral GFHC will al- 
ways be a rectangle because 2 AFE is an angle 
inscribed in a semicircle and therefore a right 
angle. Similarly, 2 AGC and ZCHE are also 
right angles, for they are inscribed in the smaller 
semicircles. 2 GCH must also be right because 
the sum of the measures of the angles of a 
quadrilateral is 360°. All the angles of GFHC 
are right angles; therefore it is a rectangle. If 
the two smaller semicircles are the same size, 
the rectangle will be a square. 


Assignments 
Minimum 1-6. Average 1-8. Maximum 1-9. 


C-113 


Objective 
The student can identify an ellipse and some 
of the properties of an ellipse. 


PREPARATION 
Materials: String, map pins or nails, small 
squares of plywood. 

Since the Investigation will probably take 
several minutes, you should provide materials 
and have the students begin work on it at once. 


INVESTIGATION 

Considerable time might be saved if small 
pieces of plywood with two small-headed nails 
already in place could be prepared in advance 
of this lesson. The students could then mount 
their sheets of paper simply by punching holes 
through the paper so that it lies flat on the 
board. Several students can work together and 
take turns mounting their sheets on the same 
piece of plywood to draw the ellipses. 


DISCUSSION 
An ellipse is sometimes defined as the set of all 
points in a plane, the sum of whose distances 
from two fixed points is a constant. The two 
fixed points are the focal points. The string con- 
struction provides a method for satisfying this 
definition. That is if P is any point on the ellipse 
and F, and F, are the focal points, then distance 
F,P + distance F, P = a constant. The constant 
is the length of the major axis of the ellipse. 
The reflecting property of the ellipse men- 
tioned in Exercise 4 can be used to explain 
“whispering galleries.” Another way to illus- 
trate this reflecting property is to think of an 
elliptical billiard table. Then if a ball is placed at 
one of the focal points and is hit, when it hits 
the boundary, it will rebound so that it will go 
through the other focal point. 
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Ellipses 
investigating the Ideas 


A method is shown at the right pencil 
for drawing an interesting 
geometric figure. It is drawn 

by keeping the loop stretched 
tightly against the two nails 
and drawing completely around 
the nails. 


Can you make the drawing by 
studying and following the 





the illustration at the right? 





Discussing the Ideas 


1. The figure that you drew for the Investigation is called 
an ellipse. What are some objects that are elliptical 
in shape? 


2. The two points marked by the nails (pins, tacks) 
are called focal points of the ellipse. 
A What happens when you draw another ellipse using the 
same loop of string in the Investigation but move 
the two focal points closer together? 


B What happens if you move the focal points farther apart? 


3. Does an ellipse have any lines of symmetry? 
If so, describe them. 


4. An ellipse has an interesting 
reflecting property. Suppose 
an elliptical region were 
bounded by a curved mirror. 
Then any ray of light from 
one focal point would be 
reflected through the other 
focal point. Show several 
of these rays on the ellipse 
that you drew for the 
Investigation. 





flashlight 


Refer to the ellipse shown 
for Exercise 1 through 8 

E and F are the focal points 
of the ellipse. 


i. 


. Find the length of the 


. Find the length of the 


Find the length of the 
polygonal path from 
E10 F 10 F. 


polygonal path from 
Pio) 10 F. 


polygonal path from 
Ea0 5.10 F. 


. The major axis of the ellipse is AB. What is the length of AB? 


. How does the length of the major axis AB compare with the 
length of a polygonal path from one focal point to a point 


on the ellipse to the other focal point? 


. The minor axis of the ellipse is RS. What is the length of RS? 


. A Estimate the area of the ellipse. (Each small square 


is 25 mm2.) 


B Compute the area using the following formula: 


Area = (length OB) - (length OS) - z 


Compare this answer with your estimate. 


. The eccentricity of an ellipse 


is defined to be the ratio: 


length of OF 
length of OB 


What is the eccentricity of 
the ellipse above? 





Using the Ideas 


H } 
Fe 0: a Sane Se 





UTILIZATION 

Students should measure the paths in Exercises 
| through 4 to the nearest millimetre in order to 
arrive at the correct conclusion for the question 
in Exercise 5. Every polygonal path from focal 
point E to the ellipse and back to focal point F 
has the same length, which is the same as the 
length of the major axis of the ellipse. 


EXTENSION 

Think Solution 

Students will probably try to place the sticks 
together to form four triangles in one plane. The 
solution, however, is to be found by considering 
the triangles in different planes so that each 
triangle shares each side with an adjoining 
triangle; that is, each match forms the edge of 
a regular tetrahedron. 


Assignments 
Minimum 1-5. Average 1-6. Maximum 1-8. 
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Objective 
The student can make models of some space 
figures, given a pattern for the figures. 


PREPARATION 

Materials: Thin posterboard, scissors, rulers 
and compasses, transparent tape, models of 
space figures (if available). 


INVESTIGATION 

The pattern given in this Investigation is for a 
regular octahedron. Since this polyhedron may 
be unfamiliar to most students, its assembly 
may offer them a mild challenge and its final 
shape may be somewhat surprising. The edges 
should be taped together with transparent tape. 
You might want to suggest that tabs be left on 
some edges to provide extra support. 


DISCUSSION 

Although considerable new terminology is in- 
troduced in the Discussion Exercises, the main 
purpose of the lesson is to help students de- 
velop spatial intuition by making and handling 
models of space figures. 

The students should not be expected to learn 
the names of all the special space figures that 
are introduced in this section. Only the names 
of the more common ones, such as sphere, 
cylinder, cone, and prism, should be memo- 
rized. A special effort should be made to see 
that students find their experience in this sec- 
tion pleasant and successful. 

Try to provide models of as many as possible 
of the figures illustrated in the Discussion Ex- 
ercises. A model of an oblique cylinder can be 
made by cutting the ends of a mailing tube at 
an angle which is not perpendicular to the axis 
of the tube. The cross sections formed will be 
ellipses. 
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Some Patterns for Space Figures 
Investigating the Ideas 


Here is the net or pattern for a space 
figure called an octahedron. 





Can you make a copy of the net, 
cut it out, and foid it to form 


triangles 


a model of an octahedron? 





Discussing the Ideas 


1. A polyhedron is the surface of a solid whose faces are 
polygonal regions. The word polyhedron means ‘‘many faces.”’ 
Why do you think that the polyhedron in the Investigation 
is called an octahedron? 


2. How many faces, edges, and vertices does an octahedron have? 


Parallel edges 





3. The illustration at the right shows 
an oblique prism and a right prism. 
A In what way does an oblique 
prism differ from a right prism? 


B What are some ways in which Onliaue fa th pe maecets 
a prism differs from an octahedron? 
c Explain why the oblique prism could be called a 
pentagonal prism. 
4. The pyramid shown is a pentagonal pyramid J\\ 
because the base is a pentagon. Describe 
or draw the following: Pyramid 


c a hexagonal pyramid 
D an octagonal pyramid 


A asquare pyramid 
B a triangular pyramid 


5. Some other space figures 
have some surfaces which 


are not flat like polyhedrons. Owe 
Can you give some 
examples of physical Nea 


objects like the four Sphere Oblique cylinder 
figures at the right? 





> 
Altitude’ 


Right cylinder 






3-cm equilateral 





m 


Right circular cone 


Using the Ideas 


Make a net of each space figure below on light posterboard 

or tagboard. Fold along the dotted lines and tape the edges 
together. Congruent segments are marked by the same number 
of slashes. 












ip igh 2. 
triangular prism 
42 cm 
3. 4. 
hexagonal pyramid 
circular 
cylinder 
D. 6. 
5 cm 
square 
ramid 
Py pentahedron 


7. Show how three of the square pyramids (Exercise 5) 
can be placed together to form a cube. 


8. Place two of the pentahedrons (Exercise 6) together 
to form a regular tetrahedron (triangular pyramid). 


UTILIZATION 

You may prefer to assign these exercises selec- 
tively, having each student make only one or 
two of the models. 

The space figures constructed for Exercises 
5 and 6 can form the basis of interesting puz- 
zles, as suggested in Exercises 7 and 8. The 
puzzle suggested in Exercise 7 could be en- 
hanced by construction of an open-top cube 
whose edges are slightly longer than 5 cm. Then 
the three pyramids could be arranged so that 
they fit snugly inside the cube. 

The puzzle suggested in Exercise 8 is decep- 
tive in that the two pieces must first be posi- 
tioned in such a way that the square faces meet; 
then the pieces can be rotated until a regular 
tetrahedron is formed. 


EXTENSION 

Enrichment: Provide some pictures of patterns 
of space figures like those below. Ask students 
whether they can correctly name the figures 
that would result if the edges of the figures were 


Assignments dam 


Minimum 1-4. Average 1-6. Maximum 1-8. 


FO! 
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Objective é R ] 2 ] h di 
The student can make patterns and models Patterns or equ ar | /f & rons 


of the five regular polyhedrons. 


PREPARATION 
Materials: Light posterboard, ruler, compass, 
transparent tape, protractor. 

This lesson can be considered as an exten- 
sion of the previous lesson. 








UTILIZATION 

If templates are made for an equilateral tri- Tetrahe The five regular polyhedrons are shown above. 
angle and a pentagon, the nets for the space acai The faces of each polyhedron are congruent 
figures can be made much more quickly and regular polygonal regions. These polyhedrons 
So ee re ona ahaa ee ay are sometimes called the Platonic solids named 
eutatneypaligonalyiegiom Skomsaggindexteart after the Greek philosopher Plato. The ancient 


Egyptians were probably familiar with all of the 
regular polyhedrons except the dodecahedron. 


A net for each of the regular polyhedrons is 
given on this page. Make a larger net for each 





(Each angle 108°) polyhedron using light weight posterboard. 
EXTENSION Cut out the net, fold along the dotted lines, 
Discuss with the class why there are only 5 and tape the edges together to make a model 
regular polyhedrons. The sum of the measures of each of them. 


of the angles at each vertex must be less than 
360° and must consist of at least 3 angles. Con- 
sidering faces which are equilateral triangles, 
whose angles are 60° each, we can have poly- 
hedrons with 3 equilateral triangles at each 
vertex (3 X 60 = 180°, the tetrahedron), 4 equi- 
lateral triangles (4 X 60° = 240°, the octahe- 
dron), and 5 equilateral triangles ( 5 X 60° = 
300°, the icosahedron). The cube is the only 
regular solid composed of squares, since each 
angle of a square is 90° and 3 x 90° = 270°, but 
4 x 90° = 360° so no polyhedron exists with 4 
squares at each vertex. The dodecahedron has 
3 regular pentagons meeting at each vertex 
(3 x 108° = 324°). No regular polygon with a 
greater number of sides can be used because the 
sum of their angles will equal or exceed 360°. 





Octahedron 


Tetrahedron 


Assignments 

Minimum Any | model. 
Average Any 2 models. 
Maximum Any 3 models. 
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Icosahedron 


FACES, EDGES, AND VERTICES 


"ey ” "& an \ 


There is an interesting relationship 
between the number of faces, edges, 

and vertices of polyhedrons such as 

the ones pictured. You can discover 

this relationship called Euler's Theorem 
(named after Leonhard Euler, 1707-1783) 
by copying and completing the table. 
























































fs) 2) |) je) 8) ee) ee) &) 





[13] In general, for polyhedrons such 
as these, (V+F)—E=?. 








[s] 














[5] 


* 








Objective 
The student can count the faces, edges, and 
vertices of a polyhedron and show that 
(Valk) mbH 2) 


PREPARATION 

Materials: Polyhedron models of various kinds. 
Use the regular polyhedrons constructed on 

the previous page to initiate a discussion and 

identification of vertices, faces, and edges. 


UTILIZATION 

Assign the exercises as independent work. If 
possible, provide models of some of the figures 
for students who have difficulty. 

The Euler formula is not especially important 
at this level, but students may find it interesting 
and it may be useful as background for later 
experiences with geometry. 


EXTENSION 

Enrichment: Challenge students to show that a 
tetrahedron can be constructed from any tri- 
angular region whose angles are all acute. This 
can be done relatively easily by finding the mid- 
points of the sides and folding along segments 
joining the midpoints. 


ZEA 


If one angle of the region is obtuse, a tetra- 
hedron can still be formed but the construction 
is much more complex. Find the midpoints of 
the sides and points F and D as shown. Then 
fold on the dotted lines. Regions 2 and 5 come 
together to form one face and regions | and 6 
come together to form a second face. Regions 
3 and 4 provide the remaining two fates. 





Assignments 
Minimum 1-4. Average 1-8, 13. 
Maximum 1-13. 
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Objective 

The student can compute volumes of prisms, 
cylinders, pyramids, and cones by using the 
appropriate volume formula. 


PREPARATION 

Materials: Posterboard; scissors; compasses; 
protractors; centimetre rulers; models of cube, 
cylinder, square pyramid, and cone. 

If possible, display models of the figures 
shown in the Investigation. Point out that this 
lesson will help the student to see how the vol- 
umes of these figures are related and how to 
compute the volumes. 


INVESTIGATION 

Most students will be able to reason that the 
volume of the cube is greater than the volume of 
the cylinder because the cylinder will “fit in- 
side” the cube with space at each corner left 
over. Similarly, the cone will “fit inside” the 
Square pyramid. 

Unless students have had previous experi- 
ence with the Investigation question they are 
likely to guess that the cube has about twice the 
volume of the pyramid instead of three times 
the volume. Similarly, they may be surprised to 
learn that the cylinder has a volume three times 
that of the cone. 


DISCUSSION 

The Discussion period should be devoted to 
construction of the four solids. This work can 
be divided so that not every student needs to 
make all four models. 

In ariy case, it is important to conduct a 
demonstration that compares the volume of the 
square pyramid with that of the cube, and the 
volume of the cylinder with that of the cone. 
The comparisons can be made by using sand, 
rice, or beans to fill each container. Commer- 
cially made containers of appropriate dimen- 
sions could also be used to compare the 
volumes. 
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Comparing Volumes of Space Figures 


investigating the Ideas 


10 cm 


[1] Which has the 
greater volume, 
the cube or 
the cylinder? 


[2] Is the volume 
of the pyramid 
more or less 
than the volume splarcitueaat ie 
of a cone Square pyramid 








Can you guess how the volumes of the Find a way 
cube and the pyramid compare? to check 
Can you guess how the volumes of the your 
cylinder and the cone compare? guesses. 





Discussing the Ideas 


1. 


. Fill the pyramid with rice, beans, or sand. 


. Make a model of the cylinder 


. Make a model of the cone that 


Make a cardboard model of the cube pictured above. 
Leave one face (the top) open. 


. Make a model of the pyramid without its base. 


It has the same height as the cube. ‘Deer 
You will need four isoceles triangles 
with the dimensions shown at the right. 





10 cm 






How many pyramidfuls does it take to fill the cube? 


omitting one of its bases. 10 cm 


m  — 31.5 cm————> 


has the same height as the 
cylinder. Omit the base. 


Use a pattern like this one. 
11.2 cm 


. How many conefuls of rice, beans, or sand 


does it take to fill the cylinder? 


Using the Ideas 


1. Find the volume of each prism. The flow chart will help you. 





2. The volume of a pyramid is one-third the volume of a prism 


having the same base and height. Use the formula V =3 -B-h 
to find the volume of each pyramid. 





B = 40.48 cm? 


V=7:-r?-h 

A Gar—0.8 Cah iso-crcm 
Dens simvh = 38m 
—E r=4.2 cm, h=4.2 cm 
F r= 305 mm, h= 460 mm 





4. The volume of a cone is one-third the volume 
of a cylinder having the same base and height. 
Use the formula V=4 - a+r? -h to find the volume. 
Ar=5cm,h=10cm ec r=2.5cm,h=4cm —Er=2m,h=3.9m 
— B r=1cm,h=1cm Dp r=0.4cm,h=2.1cm F r=18mmMm, h= 42 mm 





; More practice, page S-28, Sets 48 and 49 


UTILIZATION 

The Exercises employ flow charts to present 
the formulas for the volumes of space figures. 
It is not essential that students memorize the 
formulas at this time. 

Point out that the volumes of prisms and 
cylinders are computed by the same basic for- 
mula: area of base - height. In the case of the 
circular cylinders the area of the base is zr?, 
hence base - height = ar?h. 


EXTENSION 
See Supplementary Exercise Sets 48 and 49, 
page S-28; Workbook page 107; pages 71 and 
72 of the Duplicator Masters; and Arithmetic 
Skill Cards AP-12 through AP-15 for additional 
practice with the concepts in this lesson. 
Enrichment: The volume of irregular objects 
can be determined by measuring the amount of 
water they displace. Place a fixed amount of 
water, say 600 ml, in a graduated container. 





Drop some irregular object such as a small 
rock in the water. Suppose the water level then 
rises to the 650 ml mark. The stone has dis- 
placed 50 ml of water, hence the volume of the 
stone must be-50 cm® since | ml of water has a 
volume of | cm”*. 


Assignments 

Minimum 1A; 2A; 3A, B; 4A, B. 
Average 1A, B; 2A, B; 3A-D; 4A-D. 
Maximum 1-4. 


Objective 

The student can identify a cross section of a 
space figure, given a picture of the space figure 
and the plane of intersection. 


PREPARATION 

Materials: Small cubes, index cards, scissors. 
You might wish to have students make 

models of the cube with 4-cm edges, although 

any small cubes could be utilized in the 

Investigation. 


INVESTIGATION 

The Investigation provides a concrete model of 
a plane intersecting a cube. The intersection of 
the plane and the cube is called a cross section 
of the cube. 

Many different “‘holes”’ will fit on the cube. 
Any acute triangular hole will fit. Some stu- 
dents may discover trapezoidal or rectangular 
“holes” as well as triangular ones. 


DISCUSSION 

Give students the opportunity to demonstrate 
the cross sections of a cube that they found for 
the Investigation as they discuss these exer- 
cises. The cross section illustrated in Exercise 2 
is a rectangle. If the card is tilted slightly, an 
isosceles trapezoid will be formed. 
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Cross Sections 


Investigating the Ideas 


You will need a small cube with 
4-centimetre edges and some 
index cards to carry out this 
investigation. 


Draw an equilateral triangle on 
the index card and cut out this 
region to form a triangular hole. 


Find a way to place the card on 
the cube so that the triangular 
hole ‘‘fits’’ on the cube, without 
bending the card. 


2 Can you find other differently-shaped holes that ‘‘fit’’ on the cube? a 


Discussing the Ideas 











1. When the index card with the triangular hole is placed 

on the cube so that it just “‘fits,’” you have made a model 

of a plane intersecting a cube. This particular intersection 

of the plane and the cube is an equilateral triangle. The 

intersection of a cube and a plane is called a cross section of the cube. 

A Show across section of the cube using a triangular 
hole which is not equilateral. 

B Do you think that there are some triangles which cannot 
be cross sections of the cube? Show this with one of 
your index cards. 





2. a What is the cross section of the 
cube illustrated in the drawing? 


B What other shaped cross sections 
of a cube can you find? Show them. 


3. Other space figures also have cross sections. What is the 
shape of the cross section in each figure below? 





Using the Ideas UTILIZATION 
Ask your students to sketch the cross section 


1. Make a sketch of the cross section formed by the for each figure presented in Exercises | and 2. 

intersection of the plane and each space figure. These exercises may stimulate interesting dis- 

A B cussions. For example, your students may dis- 
agree on what some of the cross sections would 
actually look like. You may want to find meth- 
ods of demonstrating some of these and sug- 
gest variations that would result from changing 
the angle of intersection. 





EXTENSION 

Collect a variety of familiar objects and have 
students try to visualize and then draw approxi- 
mate cross sections of the objects. Use objects 
such as a football, a piece of metal pipe, pencils, 
containers of all kinds. This kind of practice will 
aid the development of the students’ spatial 
visualization. 


Assignments 
Minimum 1A-F. Average 1A-I. 
Maximum 1], 2. 











B c 





Objective 

The student can demonstrate the ability 
to work with the concepts presented in this 
module. 


UTILIZATION 
The review exercises cover the major ideas and 
concepts developed in the chapter. If you have 
omitted some of the lessons of this module, be 
careful not to assign any review problems re- 
lated to material presented in such lessons. 
Plan to allow sufficient time for discussion 
and checking of the exercises after students 
have completed them. 
Page 124 of the Workbook may be assigned 
to provide further review of the ideas presented 
in this lesson. 
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REVIEWING THE IDEAS 


1. a Name the diameter. 
B AO isa ? of 


the circle. B 
ce Name a chord that 
is not a diameter. 


bp Name the arc subtended by 2 AOC. 

— Name the central angle subtended 
by AC. 

F Name the inscribed angle subtended 
by AC. 

G If m2 CBA = 25°, then mZCOB= ?. 


2. Line m is tangent to 
circle O at point A. m 
What can you say B 
about 2 OAB? fi 


3. If a diameter of a circle is 10.6 cm, 
how long is a radius? 


4. What is the decimal approximation 
for 7 to the nearest hundredth? 


5. What is the circumference of a circle 
having a diameter of 21 cm? 


(Use 7 ~ 3.) 


6. What is the area of a circular region 
having a radius of 3.5 cm? 
(Use 7 =~ 3.14.) 


7. If F and G are the 
focal points of an 
ellipse, how do the 
lengths of the 
polygonal paths 
FHG and FJG compare? 


8. This is a net fora 
[a] tetrahedron 
octahedron 
[c] icosahedron 
[>] dodecahedron 








9. Identify each figure using the words 


listed. 
A B circular 
cylinder 
cone 
¢ a - cube 
hexagonal 
prism 
square 
pyramid 
G H fi) tetrahedron 
Lx ii triangular 
prism 


10. Look at the polyhedron. 
A How many vertices? 
B How many faces? 
c How many edges? 
pb What is the 
(Yar IA) 12% 





11. The base of a prism has an area of 
42 cm? and a height of 9 cm. 


i 

| 

a What is the Laas 
volume of peat AlN, | 

B What is the volume of a pyramid : 


the prism? 
whose base area and height are 
the same as the prism? 





12. a What is the 
volume of = 7 ~ . 
the cylinder? 5 
B What is the 
volume of a : 
the cone? ge | 
13. The cross section formed by the 
intersection of the plane and 


the cube is a 

A square 

B rectangle 

c parallelogram 














3 
E 
ha 
. 
: 


1 5. Find the area of a circle whose 
___ radius is 1.6 m. (Use z =~ 3.14.) 


TEST YOURSELF 


- 4. Give the name for each part of the 


circle listed. 
a RS 
ST 


R 

B 

c OS ay 

pb AT Zs 


Using the figure in Exercise 1, 
if mZ ROT = 80°, what is m2 RST? 


t 
4. Find the circumference of a circle 


whose diameter is 6.2 cm. 
(Use 7 ~ 3.14.) 


. Line t intersects the 
circle only at point P. 
Line tis a ? of 

the circle. 


RESEARCH PROJECTS 


A Find the sizes and prices of pizzas. 
Compare the area of the pizzas and 
decide which size is the best buy 
for the money. 


B A cube can be used to tessellate space. 
That is, a stack of cubes can be 
arranged so that no gaps occur in the 
stack. What are some other polyhedra 
that could be used to tessellate space? 
(See Geometry in the Classroom: 

New Concepts and Methods by 

H. A. Elliot, James R. McLean, and 
Janet M. Jorden; Holt, Rinehart and 
Winston of Canada Limited, 1968.) 


6. 


10. 


This is a net fora 
[a] tetrahedron 
hexahedron 


[e] octahedron 


. Give the name of each figure. 





Re 


LA pyramid has a base area of 36 cm? 


and a height of 10 cm. What is the 
volume of the pyramid? 


. Acone has a volume of 120 cm? 


If a cylinder has the same base and 
height as the cone, what is the 
volume of the cylinder? 


What is the shape of 
the cross section 
shown by this figure? 


Find as many different sided polygons 
that can be cross sections of a cube. 
Make models to show these cross 
sections. You should be able to find 
triangles, squares, rectangles, 
trapezoids, a pentagon, and a hexagon. 


There are 13 semiregular polyhedra 
called the Archimedian solids. Find 
some patterns for these solids and 
make models of some of them. (See 
Polyhedra Models for the Classroom by 
Magnus J. Winniger; Washington, D.C.: 
National Council of Teachers of 
Mathematics, 1966.) 


TEST YOURSELF 

Assign the self-evaluation problems for inde- 
pendent student work. Call attention to the 
corresponding objective for each question (see 
annotated cross references). If time permits, 
discuss the problems that individual students 
had difficulty with and refer the students to the 
appropriate lessons of the module for a review 
of the pertinent ideas. 

You might want to follow up this self-test by 
administering a module achievement test of 
your own devising or the test for this module 
that is available from the publisher. 


RESEARCH PROJECTS 

Research Project A involves problems related 
to areas of circles and could easily be expanded 
to include experiences in comparison shopping 
by asking students to gather data from several 
pizza parlors to determine which offers the 
most for the money. 

Tessellating space (Project B) is also called 
“‘stacking.’’ Any regular prism can be used to 
tessellate space. Other tessellations can be 
made by using combinations of polyhedrons. 
For example, regular tetrahedrons and octa- 
hedrons can be used for stacking. The cited 
reference provides other examples. 

Students who undertake Project C will recall 
that in the lesson on cross sections they found 
cross sections that were triangles and cross 
sections that were quadrilaterals. Exercise 2C 
on page C-123 depicts how a hexagon can be a 
cross section of a cube. It is formed by con- 
necting points of the six faces as shown below. 


CUMULATIVE REVIEW 

Plan to spend at least one day with the students 
working on and discussing the Cumulative 
Review Exercises, especially if you plan to give 
a test covering the complete learning unit. 
(Achievement Tests for each unit are available 
from the publisher as part of evaluation pro- 
gram designed for this series.) 

Because this review set is relatively lengthy, 
you may wish to assign the exercises selec- 
tively. If so, it will be helpful to note that Exer- 
cises | through 12 pertain to Module 1; Exer- 
cises 13 through 19, to Module 2; Exercises 20 
through 26, to Module 3; and Exercises 27 
through 32, to Module 4. 
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CUMULATIVE REVIEW 


1. Name three segments using the points 
given. 





xX Vf Z 


2. Using the drawing in Exercise 1, 
Which ray does not contain point Z? 


[a] XY [we] xX [e] 2x 
3. Complete each sentence with the words 

intersecting, parallel, or skew. 

a AB and DE are 
2 lines: 

B AB and AC are 
? lines. 

c AC and DE are 
? lines. 


4. Which phrase best describes the 
picture? 
[a] a plane parallel 
to line m 


a plane containing 
line m 


[c] a line intersecting a plane 


5. Complete the sentence: 


All the points in a plane that are 
on one side of a line in the plane 


is calleda ?. 
E 
6. Name two pairs of F 
congruent segments » 
in the figure. 
G 
R 
7. Name three angles 
shown by the K Ss 
drawing. P 


8. Which point Q, R, or S 
is the reflection image 
of point P in the line? 








9. 


10. 


11. 


12. 


13. 


14. 


15. 


Use the words listed below 
to complete each sentence 
about the figure. 


Z DBE is a(n) ? angle. 

ZABC and 2FBE are ? angles. 
ZABE is a(n) ? angle. 

ZFBD is a(n) ? angle. 

ZCBD and 2 DBF are ? angles. 
AE is ? to FC 

Z ABC is a(n) ? angle. 





onnmoods Pp 


acute right perpendicular obtuse | 
straight vertical supplementary 


Tell whether each triangle is scalene, 
isoceles, or equilateral. 


A AABE g : 

eB ABCD 

ce ABDE Ao e"® 
ABC 


Name the types of D es F 
polygons using the G Mileet 


letters shown in the So og 


figure. Je Ke 
a ABED c BCEE E BCFIHE | 
B DEHG pb HEF! F HIK 

| 
Is this a 





convex polygon? ‘Sia 
If a segment is 38 cm long, then it 
is ? mm long or ? m long. 


Find the perimeter and area of each 
1 ai 


y_N 
Using the Pythagorean 
Theorem, find the 3 2 
length of BC. 
Au 6 G 





16. 


Le. 


18. 


19. 


Refer to the 
grid for 
Exercises 20 
through 23. 


20. 


21. 


22. 


23. 


A Find the volume 
of the figure. ems: 
B Find the surface 3 
area. 


A mZABDis ?. 
B mZ ? is 45°. 


A Find the Wer ets): aI) 
sum. Oy ey AS) 


B Find the 83°46' 37" 
difference 45°18' 49” 


What is mZA a 


© 
of AABC? a 
A C 


Give the co-ordinates of the vertices 
of AABC. 


Give the co-ordinates of the images of 
A, B, and C after a translation of 
“right 4, up 3.”’ 


Give the co-ordinates of the images of 
A, B, and C aftera 5 turn with point O 
as the centre of rotation. 


Give the reflection image of AABC 
in line n. 








24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Which region(s) could tessellate 
a plane? 


ha 


Hf ARST = AXYZ, 


name the pairs of 
angles and sides Y R 
that are congruent tS T 


to each other. Xx 
3 A 
lf OB is the bisector B 
of ZAOC, how do ZAOB (@ 
and 2BOC compare? o 
A 


A Name an inscribed > B 
angle in the 
figure. 


B Name a central angle. 


CultmesA0O8 — 40 -sathenim AACE — a= 


In the figure in Exercise 27, 
CD isa ? to the circle. 


How many faces, 
edges, and 
vertices does 
this figure have? 


A small table has a circular top with 
a diameter of 60 cm. 


A What is the circumference of the 
table top? 


B What is the area of the table top? 


Find the volume of each figure. 


2cm 


A D 
Za ey 
| pat at m I 
c 
es ‘Al 


14 cm? pa: 


Which space figure cannot have 
a Circular cross section? 


[a] sphere pyramid [e¢]cone 


MATHEMATICAL RECREATION 
This page is devoted to some unusual problems 
concerning nickels. If feasible, provide 5 or 6 
nickels for the students to use as they work on 
these problems. 

Capable problem-solvers will especially en- 
joy these problems, but other students may also 
find them challenging and interesting. 
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RECREATIONS 


SATICAL 


a 


} 


rx 














. Which name best describes the shape of a nickel? 


[a] circle [¢] circular region 
sphere [bp] solid cylinder 


. What is the diameter of a nickel to the nearest millimetre? 
. What is the thickness of a nickel to the nearest millimetre? 


. About how many nickels would be in a stack in order to be 


as tall as one standing on edge? 


. You can find the volume of a nickel 


by finding the product of the area 


of its base and its height. That is, a "Whats the area obthe pase2 


Volume = area of base - height gg what is the height? 
VME = id tes Sed c What is the volume? 


. What is the volume, to the nearest cubic centimetre, of a 


dollar’s worth of nickels? 


. Anickel is composed of 75% copper and 25% nickel. About 


how many cubic centimetres of copper are in a dollar’s 
worth of nickels (see Exercise 6)? 


8. a If the smallest possible square 


were drawn around four adjacent 
(touching) nickels, what would 
be the area of the square in 
square centimetres? 

About what part of the square 
would be covered by the nickels? 


AIAN 


: 
, 
y 
i 





UNIT D: INTEGERS, PROBABILITY, 
AND STATISTICS 


Module 1: Integers 


General Objectives 

To introduce the set of integers. 

To show how the basic principles can be used to develop the computational 
rules for integers. 


Performance Objectives 
123 RED 
124 RED 


Given an integer, the student can name its opposite. 


Given any two integers, the student can find the sum. 


125 RED Given any two integers, the student can find the difference. 


126 RED Given any two integers, the student can find the product. 


127 RED Given any two integers, the student can find the quotient. 


128 RED Given addition and multiplication equations, the student can 
solve them by using the basic principles. 


129 YELLOW Given two integers, the students can compare them by 
naming the larger. 


130 YELLOW ‘The student can give the co-ordinates of a point using 
integer pairs. 


131 YELLOW The student can identify the rule needed to graph a set 
of integer pairs. 


132 GREEN The student can demonstrate an understanding of func- 
tions involving pairs of integers. 


Reviewing the Ideas 


To introduce graphs of integers on the number line and graphs of ordered 
pairs of integers in the co-ordinate plane. 
To provide experience with functions with integer domains. 





Pupil Text Reteach-Reinforce Related Activities 
D-2, 3 PD d-! 
D-4 WB 109, 110 PD d-2, 3 SWM 3 70-73 
through 9 DM 73 DS c-1, 2 
(D-10, 11) WB 111, 112 PD d-4 
D-12, 13 DM 74 DS c-1, 2 
D-16, 17 WB 113, 114 DS c-3, 4 
DM 75 
D-18, 19 WB 114 DS c-3, 4 
DM 76 
D-4, 5 WB 109, 113 
D-14, 15 
D-20, 21 PD d-1 
D-22, 23 WB 115 SWM 3 152, 153 
DM 77 
D-22, 23 WB 115 
DM 77 
D-24, 25 DM 77 
D-26 WB 116 


MATHEMATICS 

In many instances in both applied and theoret- 
ical mathematics, the set of whole numbers and 
fractional numbers are inadequate. There are 
times when it is helpful to have numbers that 
answer not only the question ‘‘How many?” but 
also ‘‘In what direction?” Such numbers are 


desirable for describing the direction in which 


electric current flows, net change in stock 


prices, bookkeeping debits and credits, temper- 


-D-ITA 


ature fluctuations, locations in space with refer- 
ence to a central point, and so on. Moreover, 
theoretical and applied aspects of mathematics 
require a system in which addition, multiplica- 
tion, and subtraction are always possible. 

These considerations have led to the creation 
of the set of integers by means of the principle 
called the opposites principle. For each whole 
number a, there is a corresponding number ~a, 
which has the property “a + a= 0. 





The numbers indicated by ~a are called the 
negative integers. On the number line these are 
opposite the whole numbers, which are called 
the positive integers. The set containing the 
positive integers, the negative integers, and 
zero is Called the set of integers. 


Se 6 Oia eee ee 23 4 SO eS 
The negative integers The positive integers 
The Set of integers 


The following basic principles, which hold 
true for the addition and multiplication of whole 
numbers, are now assumed to hold true for the 
integers. For any integers a, b, and c: 


Commutative Principle 

(Add.) a+tb=b+a 

(Mult.) a: b=b-a 
Associative Principle 

(Add.) a+ (b+c¢)=(a+b)+c 

CVn aa (pc (Oe) ec 
Distributive Principle 

Gabe O)i— (ab) (ane) 
Zero Principle 

at+0=a;a:0=0 
One Principle 

a:-l=a 


The three examples below show how the basic 
principles for addition can be used to find sums 
of integers. 


A. 10+ ~4= (6+ 4)+ 4 
=6+ (4+ 4) Associative prin. 
=6+0 Opposites Prin. 
=6 Zero Principle 
IB. (Ha se 2) se = (HA se =) sp (4 ED) 
= (4524) #22) 
Commutative and 
Associative Principles 
=0+0 Opposites Principle 
=0 
Now, 6 is the only number that gives 0 
when added to 6. Since ~4+~2 gives 0 
when added to 6, we have 4+ 7 2= 6 
(C, “ar 3 == (AS ae 3) ap 3 
~§5+ (~3+3) Associative Prin. 
“3 s- 0) Opposites Prin. 
=) Zero Principle 
We define the subtraction of integers in much 
the same way that we defined the subtraction of 
whole numbers. Hence, in order to find a differ- 
ence, we think of finding a missing addend. 
Thus, for integers a and b, the difference a — b 
is the integer that added to b gives a. 


SAL A A A §S 
a) — 0 


| c il 


Like the sum of two integers, the product of 
two integers can be determined by relying on 
the basic principles. 

We define quotients by defining the division 
of integers as we defined the division of whole 
numbers. That is, to find a quotient, we think 
about finding a missing factor: 

For integers a and b, where b is a nonzero 

factor of a, 

a+ b=nif and only ifn: b=a. 


TEACHING THE MODULE 


Materials 
Graph paper, co-ordinate grid paper. 


Vocabulary 

axis integer pair 
co-ordinate axes negative integer 
co-ordinates opposite 


function opposites principle 
graph origin 
integer positive integer 


The computational rules for integers are 
developed through physical situations such as 
rise and fall of temperatures, paying bills and 
receiving cheques, and the number line ex- 
amples as well as through application of the 
basic principles. 

The material of this module can be exciting 
for most of your students, but do not expect 
them to master all of the factual material. The 
mastery of the essential facts can best be 
fostered in an atmosphere in which students 
become stimulated by active involvement in the 
discovery of new ideas in mathematics. 


Lesson Schedule 

It is likely that much of the material in the 
module will be new to most students, so you 
will probably need to cover it at a fairly moder- 
ate pace. Allow a minimum of 10-12 days for 
complete coverage. A longer amount of time 
may be needed by many students. However, 
you should be careful not to spend too much 
time on any one aspect of the module. 


Evaluation 
It is relatively simple to evaluate the students’ | 
ability to compute with integers. However, you 
should not overemphasize computation in this 
module. Your students will review the integers | 
again in Book 2 of School Mathematics, and | 
will no doubt receive further work with in- 
tegers in high school. Hence, complete mastery 
is not important at this stage. 

Attempt to maintain an air of exploration and 
discovery in working with a new set of numbers 
in this module. The attitudes toward this kind of 
material that you can develop in students now 
will be €xtremely important as the student be- 
gins a study of algebra in later school years. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Developmental Math Cards, _16, 17, Addison- 
Wesley 

Graph Gallery, Creative Publications 

Inquiry in Mathematics via the Geoboard, 
“Tic-Tac-Toe,” Card Set 24, Walker 

Let's Play Games in Mathematics, Vol. 7, 
‘Shake a Square,” pp. 72-73, National Text- 
book Company 

Madison Project: Discovery, ““The Point-set 
Game,” Chapter 7; Explorations, Part 1, 
Addison-Wesley 

Making and Using Graphs and Nomographs 
(Integers and graphs), pp. 39-70, Rand 
McNally 

Nuffield Project: Computation and Structure 4 
(Integers), pp. 22-49, Wiley 

Sourcebook for Substitutes, pp. 71-72, 80, 94- 
96, Addison-Wesley 


Manipulative Devices 
Integers Kit (General Learning Corp.) 
Spinner Kit (Houghton Mifflin) 


Games and Puzzles 

Battleship (retail market) 

Vectors (Selective Educational Equipment) 
Counter-Trek (Sigma) 
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: UNIT D: Integers, Probability, and Statistics 


MODULE 1: /ntegers 





OBJECTIVES: 








After completing this module, you should be able to: 


A 
2: 


State the opposite of any integer. 

Apply the basic principles for addition and 
multiplication of integers. 

Find the sum, difference, product, or quotient 
of any two integers. 


. Tell which of two integers is the larger. 
. Locate the position of a point in a plane given 


an ordered pair of integers as the coordinates 
of the point. 

Graph integer pairs for simple function rules 
such as f(n) = n+ 2. 


Objective 
Given an integer, the student can give the 
opposite of the integer. 


PREPARATION 

Since this lesson introduces a new topic, the 
Investigation can be undertaken without review 
or other preparation. 


INVESTIGATION 

The Investigation is designed to introduce the 
student to thinking about opposites. Ask stu- 
dents to write the word they think has a mean- 
ing that is opposite each listed word. When all 
students are finished, have them give the oppo- 
sites they have found and discuss their ideas. 
For some of the words, students may suggest 
more than one word that is opposite in meaning. 
Here are sample responses. 


1. down, up 8. win, lose 

2. forward, backward 9. east, west 
(reverse) 10. positive, negative 

3. below, above 11. decrease, increase 
(over) 12. empty, full 

4. north, south 13. faster, slower 

5. left, right 14. gain, loss (lose) 

6. under, over 15. plus, minus 
(above) (subtract) 


7. raise, lower 


DISCUSSION 

The Discussion leads students from the con- 
sideration of words that are opposites in mean- 
ing toward the idea of numbers that are 
opposites. 

The negative integers are introduced by dis- 
playing them on the number line and by match- 
ing them one to one with the set of nonzero 
whole numbers. Note that the nonnegative 
whole numbers are now called positive integers, 
and the newly introduced negative numbers are 
called negative integers. The full set of integers 
consists of the positive integers, the negative 
integers, and zero. The phrase, “‘is the opposite 
of,” is used to describe the relationship be- 
tween such pairs of numbers as | and ~1, 2 and 
~2, and so on. 
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What are Opposites? 


Investigating the ideas 


Study the list of words SOW! on the chalkboard. 


Can you write a word that has an ‘“‘opposite”’ 
meaning for each of the words above? 





Discussing the Ideas 


1. Think of two words that are opposite in meaning. Tell 


a classmate one of the words and then see if he can name 
its opposite. 


2. Just as some words are opposites, so are some numbers 


opposites of each other. We can think of the numbers 
for the points on opposite sides of zero on the number 
line as opposites of each other. 


76 el Ae or 4S 2). 85 64 5 ioe 


For the point opposite 1, we write 1 and call it negative 1 
We say that 1 is the opposite of ~1 or ~1 is the opposite of 1. 
Give the other missing numbers on the number tine. 


. Each nonzero whole number (positive integer) has an opposite. 


The opposite of a positive integer is a negative integer. 
Positive and negative integers, together with zero, form 
a set of numbers called the integers. 


Give the opposite of each integer. 
A 7 B 21 cH >2 bp 19 E 47 F O 











Using the Ideas 


. Give the opposite of each integer. 

A 9 dp 4 G 25 J 000 m ~5936 
B 7 —e 9 H 59 k ~—1079 n 100 
ens Foe 1 ~86 L 1687 943 o ~863 650 


. Think about the integers on the number line in order to 
give the integers described in each part. 


<—_e—__@__e__e__e__ ee e oe eo oe _9 > 


mee 5 oe 9-2 -1. 0 1 2 3 4 en Oe 
The opposite of 5 G The integer 3 units right of ~3 
The opposite of ~3. H The integer 3 units left of 3 
The integer 2 units left of zero 1 The integer 10 units right of ~5 


The integer 4 units right of zero 
The integer 3 units left of ~1 
The integer 3 units right of ~5 


The integer 6 units left of ~2 
The opposite of the opposite of 4 
The opposite of zero 


nmooas P 


rR 


. A lf 17° represents ‘‘17 degrees above zero,’ what integer 
represents ‘‘17 degrees below zero?” 

B If 8 represents a loss of 8 points in a game, what 
integer represents a win of 8 points? 

c lf -15 represents a discharge of 15 amperes of electrical 
Current, what integer represents a charge of 15 amperes? 

p If 6 denotes 6 seconds after blastoff for a space craft, 
what integer denotes 6 seconds before blastoff? 





. You may wonder why the positive numbers ‘‘go to the right’”’ and 

the negative numbers ‘‘go to the left.”’ It is simply a matter 

of choice. 

A Draw a horizontal picture of the number line. Choose a zero point. 
Choose the positive number direction to the left. Mark points 1 cm apart. 
Label the number line. 


B Draw a vertical picture of the Positive 4# Negative 
number line. Choose a zero point. ? ? 
Choose a positive number direction 0 
either up or down and mark points 
1 cm apart. Label the number line. Positive | Negative 

? ? 


UTILIZATION 

Assign the exercises as independent work. 
Exercises 1 and 2 could be discussed orally. 
Exercise 3 is important because it illustrates 
a practical application of negative integers. 


EXTENSION 

Now, while the idea of negative numbers has 
the special appeal of novelty, would be an 
opportune time to encourage some students to 
explore the history of negative numbers and 
present their findings to the class. (See Re- 
search Project B, page D-27.) 


Assignments 
Minimum 1-3. Average 1-3. Maximum 1-4. 


Objective 

The student can apply the opposites principle 
and the commutative, associative, and zero 
principles of addition to integers. 


PREPARATION 

Review the associative, commutative, and zero 
principles for whole numbers and fractional 
numbers. Then tell your students that in this 
lesson they are going to look at an important 
new principle for the addition of integers. Ask 
them to read the material at the beginning of 
the lesson before proceeding to the Discussion 
Exercises. 


DISCUSSION 

The Discussion Exercises are designed to focus 
attention on the basic principles for addition 
of integers, which are given in the table. The 
commutative, associative, and zero principles 
will be familiar to the student because they have 
been previously applied to the set of positive 
integers. Now these principles are accepted to 
hold for all integers—positive, negative, or 
zero. The “‘new” principle is the opposites 
principle. The importance of this principle in 
developing an understanding of addition of inte- 
gers cannot be overestimated. Exercises 2 and 
3 utilize the number line in helping to develop 
an understanding of this principle. Notice that 
use of the number line involves an agreement 
on the direction to jump for negative integers 
in addition. Since addition of positive integers 
has always been illustrated by jumping to the 
right on a horizontal number line, there should 
be little difficulty in getting students to accept 
the idea that jumps in the opposite direction, 
that is, to the left, should indigate addition of 
negative integers. 

You may want to give additional examples 
like those in Exercises 5 and 6 to strengthen 
understanding of the basic principles of addition 
of integers. 


Basic Principles for Addition of Integers 


Discussing the Ideas 


The table shows the basic Paimeiples that we gecept for addition of integers. 


Opposites principle _ 





The sum of each integer and 
its opposite is zero. 


When finding the sum of any 
two integers, you can change 
the order of the addends and 
the sum is the same 


For integers a and b, 


a+b=b+a 








1. Figure A reviews whole number 
addition on the number line. 
Explain each jump and 
give the sum. 


2. Figure B suggests a way to think 
about the sum ~1 + 1. Explain 
each jump and give the sum. 


3. Explain each jump in Figure C 
and give the sum. 











_ Since you can change. both the order and the grouping of the addends, you oe 


can rearrange addends in any way that is convenient. 





The sum of any integer and 
zero is that integer. 


a+0O=a 





When finding the sum of any 
three integers, you can change 
the grouping of the addends and 
the sum is the same. 


For integers a, b, and c, 


(a+b) +c=a+ (b+c) 














be 1+2=n 
Poin 2e ecalia MOL el 25 ty Spe A 
PBR ED eo—e—e—e> |1+1=n 
=O. ace) an eee Ae ees ee | 
ogee fe fey eer 24+22=Nn 
ee NO eg eat eey a! 


4. Which basic principles do Figures B and C illustrate? 


5. What is the sum in each part? Which basic principle must you use? 


A2+0 B 5+0 


6. Which basic principles do 
Examples A, B, and C 
illustrate? 


Ce Oe 7, 


dvd 0+8 


Exampces: [a] -4+ -3=-3+-4 


5+ -5=0 


[C](72 905). 5 ea 5e io) 





«7. 


Using the Ideas 


. Find the sums. 


[\ ~&)ar fs) c 
Boe 8 D 


XG a 288} E 
~967 + 967 F 


6) ar G 
5 9i-t0 H 


S18e- 0 
5/6 +50 


. Find the integer for a. Then find the integer for b. The opposites 


and zero principles will help you complete these exercises. 

A 1+1=a—-1+ 1=b dp 8+0=a ~0+ 8=b 

B /7+7=a—-7+ 7=b —E 72+0=a ~-0+ 72=b 
c -56+56=a —56+ 56=b F 963+0=a ~0+ 963=b 


. Find the missing integer. 


A |llll is the integer that adds to 8 to give the sum 0. 

B ||| is the integer that adds to ~17 to give the sum O. 
c lll is the integer that adds to 58 to give the sum O. 

pd ||| is the integer that adds to ~867 to give the sum 0. 
E ||| is the integer that adds to 1083 to give the sum 0. 


. Find the integer for a. Then find the integer for b. 


Rega (sees) a> (2.4.3) +3 —5 

B 6+ (4+-4)=a ~(6+4)+-4=b 

© -3+(-5+5)=a >(-3+-5)+5=b 
p -26+(-8+8)=a —(-26+-8)+8=b 


. Solve the equations. The variables represent integers. 


A 4+x= "4 D 
BD en—O0 E 
Cer Ol—aeO6 F 


t+ -i2=0 @ n+ (-5+-8) = (6+~-5) + -8 
9+-9=n+9 pee i Mell sa: = Qt teil =) Peg! 
-56+k=04+-56 18 (-724+4) + -45=-72+4 (4458) 


. Find the integer for a. Then find the integer for b. Remember 


that the commutative and associative principles together suggest 
that you can rearrange addends in any way you choose. 


A Since (4+ ~4) + (5+ 5) =a, then (4+ 5) + (“4+ 5) =b. 
B Since (6+ 6) + 8=a, then (6+ 8) + 6=b. 
c Since 17+ (9+ 9) =a, then ("9+ 17) +9=b. 


Solve the equations. 
A (6+ 7) + 6=n 
B3+(7+4)=n 


c (n+ 8)+ 4= 8 E (n+ ~2)+ -4=0 
D (Geen) 7Sn5 Foor 3+ 2) =n 


UTILIZATION 

The main purpose of the exercises is to focus 
attention upon the role of the basic principles 
in addition. Little in the way of computing sums 
is expected at this stage other than sums found 
by applying the zero principle or the opposites 
principle. The general problem of adding any 
two integers will be presented in the lesson that 
follows this one. 


EXTENSION 
Page 109 of the Workbook provides exercises 
that may be used to give further practice with 
the ideas presented in this lesson. 

Remedial: Ask students to draw a number 
line and explain how to use “jumps” on the 
number line to find each of these sums. 


Ae 3st C 
Bae 4+ a 


-6+6=n 
Dy 1042 10E =n 


Enrichment: Have students use commutativ- 
ity and associativity to show as many different 
ways as they can of arranging and grouping the 
integers 6, 4, and 2 to form a sum. What is the 
sum in each case? Solution: 12 ways. Each sum 
is 0. 


-6 + (442) (-6+4) +2 
“6 + (2+ 4) (-6+2) +4 
4 (OH 2) (4-26) 42 
4+ (2+ ~6) (4+2)+-6 
2+ (4+ ~6) (2+4) +76 
2+ ("6 +4) (2+-6) +4 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-7. 


Objective 

Given two integers, the student can find their 
sum by thinking of physical examples or by 
using the basic principles for addition of 
integers. 


PREPARATION 

Review the opposites principle and the zero 
principle for integers; these two principles play 
important roles in developing methods of find- 
ing sums of integers. 


INVESTIGATION 

Investigation equations A and B can be solved 
by the students on the basis of their experiences 
with money and temperatures. The number line 
is suggested as a way of finding the sum in C, 
while the associative, opposites, and zero prin- 
ciples are suggested for equation D. Not every 
student will be successful in solving the equa- 
tions, but the Investigation results should help 
you judge what points need to be emphasized 
in the Discussion. 


DISCUSSION 

All of the examples in the Investigation dealt 
with cases in which the two integers’ sum was 
a positive integer. Slower students may need 
to continue to rely on physical models for addi- 
tion, such as those in A and B in the Investiga- 
tion, while other students can use the number 
line or the more deductive method illustrated 
in equation D. The steps for this method are as 
follows: 


9+-S=(4+5)+~5 Addition fact 
(9=4+5) 
=4+(5+ 75) Associative principle 
=4+0 Opposites principle 
=4 Zero principle 


Exercise 6 introduces the addition of two 
negative integers by means of the number line. 
Students should be able quickly to generalize 
that the sum of any two negative integers is a 
negative integer. 


Investigating the Ideas 


You can find the sum of two integers by using 
physical examples and logical reasoning. 


“a ean ERE 
1 { 


\ 
“3 6 sta? 6% O— il 


"ee oe eae 
{ { 


{ 
64° +RC7 = i 





Negative Positive 
direction direction 


[e] OF 


Tea6. Sot a4 ate Aue a Oe deere 3 PA aS 66) a7, 








6 is teigind © i 


How many of the sums in A, B, C, and D can you find? 





Adding Integers 


Discussing the Ideas 


1. Explain how you found the sum for A. 
2. What is the sum for B? Explain your answer. 


3. Explain how to use the number line in order to find 
sum for C. 


4. Can you show and explain some other integer sums using 
the number line? 


5. How can the basic principles be used to find the sum 
for D? 


Positive 
direction 


Negative 
direction 
6. The number line suggests 
a way of finding the sum 
of two negative integers. 
What is the sum? 


aa 


0 
V Y 
3 HE 4 


= if 








Using the Ideas 


. Think about the cheques and bills in order to find the sums. 
u J v J { J J { { 


eee ee Oe — en Seo =o = on Co le/ = 10°>=—"n 


. Think about a thermometer in order to find the sums. 
J J y i J ‘ J J J 


Beee2O 4 s> = n B 





Pil2 +e es/) =" Nn ec 10+ 6= OA 


. Think about jumps on the number line starting at zero. 


J { 1 { 1 { { 


1 { 
esa oe = On B 





ao ot 63 = A Co8.8 tere Oo, in 


. Solve the equation to find the sum of the addends in the colored screen. 
Because of the basic principles, you can add any two addends first. 


a aes c Ea e ia 


1+3+ 3=n 3+2+ 2=n “9+9+6=n 


B 8+ 6 > a Fo 2B +12 


2+6+ 6=n “3+3+4=n 16+12+ 12=n 


. Find the sums. Use any method you choose. 


Ae eS Hoarlih ad o 7+ 8 VitdhcOsin o)itai 10 
B 10+ 7 Bie LO aeo Poel Q ie 7, w 85+ ~37 

ce less 6 POOH a9(R8ipt5) 97 RVIS2GR <75 

Rate 4 Kk 8+ 2 Rot 4- 6) 4 / y 71+ 49 

tT feeee Lee tal $y Seo te) Zoe 1000 47.7 12 

(ta AG Pm) Mo=/-+-5 TecO ri (2 4) 

Qa -2i---11 Nn :4+2 Uno. 52+n 3 


UTILIZATION 

The exercise set is designed to help students 
discover on their own the rules for addition of 
integers, but you will probably need to give 
some of them additional help. Insofar as possi- 
ble, however, avoid stating formal rules for 
computing with integers. It is more important 
for the students to understand the ideas in- 
volved in adding integers than it is for them to 
memorize specific and complicated rules for 
this process. Developing skill in adding inte- 
gers should be a continuing objective. 


EXTENSION 

Further practice exercises appropriate for this 
lesson are provided on page 110 of the Work- 
book. 

Enrichment: Label the faces of a small cube 
with positive integers 1, 2, 3, 4, 5, and 6. Label 
the faces of a second cube with negative inte- 
SCUS we le a2, 5s) Eo) ANG Lm Oo I wWOrOl mone 
students take turns tossing the cubes and re- 
cording their sums. The first player to get a 
cumulative score of 10 or more, or ~ 10 or less, 
is the winner. A pair of dice can be used for 
the game if one die is designated to show nega- 
tive integers. Preferably the dice should be dif- 
ferent in color. 


Assignments 
Minimum 1-3. Average 1-4, SA-N. 
Maximum 1-S. 


Objective 
Given two integers, the student can find 
their sum. 


PREPARATION 

Review the two cases of addition covered in 
the previous lesson: (1) adding a positive and 
a negative integer in which the sum is a positive 
integer; (2) adding two negative integers. 


DISCUSSION 
This lesson introduces the student to the case 
of addition of integers in which one integer is 
positive and one is negative and the sum is a 
negative integer. Again the student is presented 
with physical models to illustrate addition of 
integers. Receiving a cheque and paying a bill, 
rising and falling temperatures, and making 
jumps on the number line are considered before 
the rules for addition are justified by means of 
the basic principles. 

You may want to justify some of the steps 
in finding the sums in Exercise 5. For example 
in 5A the reasoning is as follows: 


Addition fact for 
integers previously 
established (~9 = 
=] ae TB) 


“94+2=(-74+-2) +2 


=~7+(-2+2) Associativity (Add.) 
="7+0 Opposites prin. 
="7 Zero prin. 


You should not expect students to be able to 
present a proof such as the one above. Allow 
students to use a variety of methods and de- 
velop their own shortcuts and rules to find 
sums. Work toward understanding rather than 
overemphasizing rules for adding integers. 


More About Adding Integers 


Discussing the ideas 


10. 


. Think about cheques and bills. 


. Think about a thermometer 





What is this sum? 


1 v { 


3.) + Ci hi 
. Explain how the number line Negative Positive 
can help you find this sum. eiseuloy direction 
eo ae 


~=e—_0__0 _@__@_@_@ _@ © © © €@ @ © ©. 
Ty 6 53 2463, 62078 0 1 3a Si Gey, 


6+ 3=(lll 


. Think about the number line to find these sums. 


“7+2 c 2+ 6 Dp 18+7 


{ 1 1 


“10 =~ Ill 


A 5+ 9 B 


to find this sum. 


6 + 


. Solve the equations in order to find the sum of the addends 


in the colored screen. Because of the basic principles, you 
can add any two addends first. 


. e (Suze c 
-64+-44+4=n 


1+ 242 5+ 5+ 1= 


. If two integers are both positive, is their sum positive or negative? 
. If two integers are both negative, is their sum positive or negative? 


. If one integer is positive and one is negative, how can you decide 


whether the sum is a positive integer, a negative integer, or zero? 


. If the sum of two integers is zero, what can you say about the integers? 


If one of the two integers is zero, what is the sum? 








Using the Ideas 
. Solve the equations. Think of cheques and bills. 


1 v { { { 


J \! " ly 
NB ats Sy BesGe at «2 — 8n C Mia) «een 


. Solve the equations. Think about jumps on the number line 


starting at zero. 
{ { 
Bag Che inielingaddn C S3G58 Go! Ene 


J u J 1 v y 
Arias the gafiat=Rng n 


. Solve the equations. Think about a thermometer. 


{ { 


{ { 1 { l l 
7 = Sel escmeean liste af) 


— 


[Nae Bee e/a — 


3 


. When you find the number for n in the cloud, you have found the 
sum of the two integers in the gray screen. Copy the equation, 
giving the correct sum. 


A oe 72—/Nn Cc -ig+e=—n E 72, °19=n G @e.732=—n 

B ~9+8=n pop -20+6=n F 6+78=n H ~42+38=n 
. Find the sums. Use any method you choose. 

Ap +3 @ Bar ts Kee oes p 1+6 Up) 5 2000 

B /+6 Guo Weer era aie QueoG} V4 3 

( ~C)a- 2 pts) a 7/ m 8+ (1 rR 6+ 4 w 8+ 7 

dp 8+4 ji War’ n 4+ 9 Shas. 0 xe Whar 8) 

Eso 10 Jo 442 11 o0 4+9 Te ist 9 y 14+7 


UTILIZATION 

Notice the gradual sophistication of the exer- 
cises on this page. Exercises 1, 2, and 3 rely 
upon physical interpretations of integers. Exer- 
cise 4 relies on basic mathematical principles. 
Exercise 5 allows the student to use any method 
he wishes. Observe that the last exercise also 
reviews previous cases of addition. 


EXTENSION 

To provide additional practice, make selective 
assignments from Supplementary Exercise Set 
50 on page S-29 and Duplicator Masters 
page 73. 

Enrichment: Students might be interested in 
learning how a nomograph can be constructed 
to show sums or differences of integers. A 
portion of such a nomograph is shown below. 
The A and B scales are identical. The unit for 
the C scale in the centre is + that for A and B. 
If a straightedge is placed across the addends 
on the A and B scales, the sum is found where 
the straightedge intersects the C scale. The 
dashed line represents the straightedge and 
shows that ~3 + | = ~2. 


A Addend Y, 
saralyrsgh-oi Diuiqes Wut wat 3 
Wa 
“ae 
C sum 7 


- =F 6-§-4-372- os 5 
(OMOr et] Gk rear) a2 NO Weta 





Assignments 
Minimum 1-3. Average 1-4, SA-J. 
Maximum 1-5. 


Objective 

Given an addition equation with a missing 
addend, the student can solve the equation by 
finding the missing addend. 


PREPARATION 

Conduct an oral review of addition of integers. 
You might include a few questions of this type: 
““S plus what number is 2?” “‘What must you 
add to “1 to get 3 as a sum?” “I am thinking of 
a number that adds to ~3 and gives ~7 as the 
sum. What is the number?” 


INVESTIGATION 

The Investigation should require only a short 
time to complete. You may give additional flow 
charts similar to the ones shown if needed. The 
purpose of the lesson is to familiarize students 
with missing addend problems so that, when 
subtraction of integers is introduced in the fol- 
lowing lesson, they can find differences by 
thinking about missing addends. 


DISCUSSION 
Exercise | illustrates how an equation can be 
written for a flow chart. This technique was 
used in Module 3 of Unit A with whole num- 
bers. Now it is applied to flow charts using 
integers. 

Exercise 4 introduces equations for word 
problems. Supply additional examples as 
needed. 


Finding Missing Addends 


investigating the Ideas 





What is the input number for each flow chart? 





Discussing the Ideas 


1. Each input number in the flow chart 
above is a missing addend 


in an addition equation. Addends Sum 
V y J 
ne -3= 5 





An equation for flow chart A is 


Write an equation for each of 
the other flow charts. 


2. A What is the number for n in the flow chart? 
as 


B Write an equation for the flow chart. 


3. A Write an equation for this flow chart. 
(THEHET 


B Solve the equation for n. 


4. a What equation is suggested by this word problem? 
When ~2 is added to a certain number, 
the sum is 8. What is the number? 


Solve the equation for part a. 





3. Solve the equations by finding the missing addends. 


,- A 


moo ses 


‘i eed eae 
n+ 3=~4 
n+7=0 
5+n=3 
n+2=1 


F 
G 
H 
i 

J 


n+6=3 
“2+n=5 
n+ ~4=2 
n+ -3=5 
n+4=~"1 


ozs °F 


1. Find the number for nin each flow chart. 


n+ -3=—5 
8+n= "2 
“Stn=7 
n+ 6=—10 
9+n=2 


4. Write and solve an equation for each part. 


A 





When ~9 is added to a certain number, the sum is 3. 


What is the number? 


During a certain winter day, the temperature rose 12° 
to reach a high of 8° above zero. What was the low 


temperature of the day? 
What number added to ~19 will give a sum of 7? 


ore practice, S-29, Set 51 


4035 65 Y 


Using the Ideas 








12=n+ 3 
8= 64+n 
“3=n+2 
"7="4+n 
“9=9+0N 





UTILIZATION 

Assign the exercises as needed for your stu- 
dents. Plan to allow time for discussion of the 
exercises. It is vital that students be able to 
solve addition problems by finding missing ad- 
dends before encountering subtraction of inte- 
gers. Extra time spent on this lesson will be 
helpful in the work with subtraction. 


EXTENSION 
Further practice exercises are provided by Sup- 
plementary Exercise Set 51 on page S-29 and 
Workbook page 111. 

Remedial: Ask students to find the sums. 


A. tas aed PeOsta4 KS eae 
Bape: a6 Gola | Lip GY 
(CIO ss) 1g IGS tae) MT Qiao Dita 2 
Die Ae 3 jee Tee 10) ctr | cae IN a a th ae 
ls) ae ae Se O:. $8314 4.4 


Enrichment: Students can construct flow 
charts like those in Exercise | and then ex- 
change them with other students to see if they 
can find the missing numbers. 


Think Solution 

1. Six trips: ACDB, ACGB, AFDB, AHEB, 
AHGB, AFEB 

2. No trips 

3. Six trips: ACDFEB, ACGHEB, AFEHGB, 
AFDCGB, AHEFDB, AHGCDB 

4. Twelve trips: AHEFACGB, AHEFACDB, 
AFEHACGB, AHGCAFDB, AHGCAFEB, 
ACDFAHGB, AFEHACDB, ACGHAFDB, 
ACGHAFEB, ACDFAHEB, AFDCAHGB, 
AFDCAHEB 


Assignments 
Minimum |, 2, 3A-J. Average 1-3, 4A. 
Maximum 1-4. 


Objective 

The student can find the difference of two 
integers by using the inverse relationship be- 
tween addition and subtraction. 


PREPARATION 

Write several integer addition equations with 
missing addends on the chalkboard. Ask the 
students to give the missing addends. 


INVESTIGATION 
The students should read and study the In- 
vestigation material carefully. Most students 
will be familiar with the inverse relationship of 
addition and subtraction from their work with 
whole and fractional numbers. The only new 
idea is that the same relationship exists for 
addition and subtraction of integers. 

Allow as many students as possible to show 
their subtraction equation on the chalkboard 
and explain their solution. 


DISCUSSION 

The inverse relationship between addition and 
subtraction was introduced in /nvestigating 
School Mathematics in Book 1 and was devel- 
oped very carefully through all the grades. This 
lesson demonstrates how this important idea 
can be used to simplify a concept that might 
otherwise be quite difficult. 

Students often have difficulty when faced 
with such problems as 5—~5=n. A student 
might well say, “Yes, I see that the missing 
addend must be 10, but I don’t understand 
why.” As an illustration, you might tell your 
students to imagine that they have $10. The 
postman delivers a bill for $5.00. The problem 
is essentially 10 + ~5, which is 5. The postman 
then finds that he has delivered the bill to the 
wrong house, and so he takes the bill away. 
Now the problem is 5 — ~5, since the postman’s 
taking the bill away indicates a subtraction. The 
original $10 is restored. Thus, 5—~5= 10. 
Some of your students may complain that this 
example is more complicated than the mathe- 
matics. Explain that this is why you will not 
encourage them to use such models. 


D-12 


Subtracting Integers 
Investigating the Ideas 


You can think of subtraction of integers as finding a 
missing addend. If you can find the missing addend in 
the addition equation below, then you have found the 
difference for the subtraction equation. Study the flow 
charts and equations. 


ADDITION FLOW CHART 





1 / y 
n 


Write five more subtraction equations and 
then solve them by finding missing addends. 


Can you find the number 
for n in either flow chart? 





Discussing the Ideas 


1. Explain how you found the differences in the subtraction 
equations that you wrote for the Investigation? 


2. Carol checked her first subtraction 
equation this way: 


s A A A A s 
4—~2=6 because 6+ -2=4 


Check the rest of her problems. 
Did Carol make any mistakes? 
Can you correct the mistakes? 








{— 





3. Explain how to find each difference. The equation in the 
clouds may help you. 


Em 


SapkA 
A 0-5S=A B2-—"2=A c -5-4=(A 


4. Find the differences. Explain your reasoning. 
A*%i5 Bikes c.53 dp 9 E 4 F 5 GQige ce 
6) 6 —4 = eA 











1. Find the differences. Think about missing addends. 


2. Solve the equations. 


nmooo Pp 


3. Find the differences. 


A 
B 
c 
D 
E 


*& 4. Solve the equations. 


A 
B 
c 
D 


s 


Ss iN oN 
2— 4=n 
3—"2=n 
-5—"2=n 
-4—"3=n 
alien 
44> 5="n 


lee 
Sif. 
po 2 
"Or 72 
ASEM, 


XG Se 
Xe SD 
3-—x= 5 


Sie X15 


F 
G 
H 
I 

J 


E 
F 
G 
H 


Ss A A 
-4—"2=n 
“7—~4=n 
ASh3=in 
wi hon 
oS /-=n 
M—-53.=n 
= 8 
2 —aa0 
Santa 
75) 43 
ere 


xa 89 VO 2 


O25 Ff KR 


It may help you to 


y=3- 10 
¥— 35, 10 
3+y= 10 
3—y= 10 


: More practice, page S-30, Set 52 


a an! 


Using the ideas 


E 1—"2=A 
s A ) 
F-7— 6=A 
Ss A A Ss A A 
rae REM) s pint tee 7) 
(3=62en T 4— 9=n 
8—"“7=n u 13-— “5=n 
“9—~4=n v -11-— ~4=n 
14—"6=n w 74— “3=n 
9—"“5=n x 16—"14=n 
soe 78. Pmes8i—12 
= 3 Q715. 43 
SPs) R 76.79 
56638 snnei=7. 
ne ard Teweeivns 


think about sums and addends. 


5—x=10 
C— 6 — 56 
(f= “ff = 7 
+—d=1 


mM 5—-c=5 
Ny+y= 8 
Or oe y= y 
p 10—-y=y 


UTILIZATION 

Assign the exercises as independent written 
work. The equations in Exercise 4 are more 
difficult and should be assigned only to more 
able students. 

Remind students that if the same letter ap- 
pears more than once in an equation as a vari- 
able, it must be replaced by the same number 
in each case. 


EXTENSION 
To provide additional appropriate practice, 
make selective assignments from Supplemen- 
tary Exercise Set 52 on page S-30, Workbook 
page 112 and Duplicator Masters page 74. 
Enrichment: The nomograph shown in the 
Extension section on page D-9 can also be used 
to find differences of integers. Their sum is 
located in the centre scale and the given addend 
located either on the A or B scale. If the 
straightedge is placed across these two points, 
the missing addend is found on the third scale. 
Using the nomograph as pictured on page D-9, 
we can write these differences. 


S A A S A 
NN r3 or ae Sal 


Note that the sum (S) is always located on the 
centre scale. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 


Objective 
The student can find products of integers by 
applying the basic principles for multiplication. 


PREPARATION 

As an introductory activity for this lesson, re- 
view with the students the basic principles for 
adding integers. Follow this by a review of the 
distributive principle for the set of whole 
numbers. 


DISCUSSION 

In presenting addition of integers, considerable 
emphasis was placed on first introducing the 
basic principles and then using them to develop 
the rules for adding any two integers. This 
background enables you now to show your stu- 
dents that the basic principles governing the 
multiplication of integers parallel those for 
addition. The distributive principle must be 
introduced when both addition and multipli- 
cation have been developed. 

Be sure to stress that in addition equations 
and in multiplication equations the addends and 
the factors can be rearranged in any way that 
is convenient because of the commutative and 
associative principles for addition and multipli- 
cation. However, when both addition and multi- 
plication are involved in the same equation, the 
addends and factors cannot be rearranged at 
will. Students must observe carefully how the 
distributive principle is applied. 


Basic Principles for Multiplication of Integers 
Discussing the Ideas 


The basic principles for multiplication of integers are 
suggested by the basic principles for multiplication of 
whole numbers. 


1. What is the product 
in each part? 
A 6°44 Dior 
Bp 2-1 enor 
c¢ 710-1 Fi =23° 1 


If you choose an integer and multiply by 1, 


the product is the integer that you choose. 
In general, for any integer a, 


a-:-l=a 



















When finding the product of three 
integers, you can change the 
grouping of the factors and the 
product is the same. 


When finding the product of 
two integers, you can change 

the order of the factors and the 
product is the same. 









In general, for integers a, b, 
and c, 


(a:b) -c=a: (b-c) 


In general, for integers 


a and b, 
a:b=b-:-a . 


Since you can change both the order and the grouping of the factors, 
you Can rearrange factors in any way that is convenient. 















A Using the integers ~3 and “4, give an example of the 
commutative principle for multiplication. 

B Using the integers 13, 7, and ~5, give an example of 
the associative principle for multiplication. 

c Is the product (6-4) - 9 the same as (4: 9) - 6? 
Why ? 


3. How would you complete this 
equation to illustrate the 
distributive principle? 

~2:98(3 + —4 ree. 2. 


For all integers a, b, and c, 


a- (b+ Cc) = (a: b) + (a-c) 








Using the ideas 


Find the integer for a. Then find the integer for b. 
cee iia 7=—b © 5;0=ta—-0-5=b 
B 12-1=a~>1-:"12=b bp 5:0=a~>0-°5=b 


Study the examples. 3+ 3=2:"3= "6 

PO 5 5 Ga 5 — €16 
Find the integer for a. Then find the integer for b. 
mw 3+ 3=—a->2:-3=b “58 + “58 =a—>2--58=b 
-4+-4=a~->2:--4=b 4+74+-4=a~—>3:-4=b 
“6+ 5=a~2:- 5=b Se oe os os a> 4-"5=) 
7+-7=a~—2: 7=b -8+ 8+ 8+ 8=a—4:- 8=b 





oo GB 
zo nn m 


Find the integer for a. Then find the integer for b. 
A 2-3=a-— 3:2=bD c 3-“7=a—>7-3=b 
Bis 2-5-a>-5-2=b bp 4--6=a—>-6-4=b 


i, Copy the equations and write the correct number for each |llll. 
Each equation can be completed by thinking about the equation 
above it and a basic principle or multiplication fact. 


A 2+-2=|ll 8 2+ -2=|ll| 4+ -4= Ill 
3 - (2+ ~2) =Illl oi (2+ ele 5: (4+ ~4) =i 
fay 4(3.c2ey= MM = (73 92) (3 - 2) Tl (5-4) + (5 - 4p = ll 
6 + Bie = lil -6 + ae = lil ~20 + Smee = Ill 
352 = Ill S352 = lll ESE = lil 





* 


t 


t 









j. Use the correct word (positive or negative) to complete each statement. 
A The product of a positive integer and a negative integer is a ? integer. 
B The product of a negative integer and a negative integer is a ? integer. 


daveau! 





UTILIZATION 

Exercise 2 is designed to help students think 
about some multiplication problems as repeated 
addition. Thus 3-~4 can be thought of as 
~4+7~4+~4. However, if both integers are 
negative a repeated addition interpretation is 
not applicable. 

Parts B and C of Exercise 4 will help the 
student see why the product of two negative 
integers is a positive integer. Although Exercise 
4 is more difficult than some of the other exer- 
cises, it is not starred because it presents vital 
material, to which most of your students should 
be exposed. 


EXTENSION 
Page 113 of the Workbook offers exercises that 
would be appropriate for an extra practice 
assignment. 

Ask students to give the missing number in 





each step. 
1. 3+~3=|flll (0) 
5+ (3 +73) =|lill (0) 
(5-3) + (5-73) =|flll (0) 
IS+5--3=|flll (0) 
(1 
ei 





S + ~3= lll (15) 
POR, Wee 
This is the number 


that adds to 15 to 





give 0. 
2 5 +~5 =llll (0) 
~3. + (5+75) =|llll (0) 
(-3- 5) + (-3- 5) =|flll (0) 
~15 +73 --5=|lll (0) 
~3.-~5 = fill (15) 
ee 3 =f 13) 
‘This is the number 


that adds to ~—15 

to give 0. 
Think Solution 
By adding | to one of the factors, the product 
is increased by 346. This increase must be one 
of the factors. By division, the other factor is 
found to be 37. 


Assignments 

Minimum 1-3, written; 4, 5, oral. 
Average 1-3, written; 4, 5 oral. 
Maximum 1-5. 


Objective 
Given two integers, the student can find their 
product. 


PREPARATION 

Since this lesson continues the work with multi- 
plication of integers, students may begin work 
on the Investigation immediately. 


INVESTIGATION 
You may either have the students try the In- 
vestigation on their own or use it as part of the 
Discussion stage. 

The purpose of the Investigation is to present 
a physical interpretation of multiplication of 
integers. This interpretation requires the fol- 
lowing agreements: The speed when walking 
to the right is denoted by a positive integer; 
to the left, by a negative integer. A distance to 
the right of zero is denoted by a positive integer; 
to the left, by a negative integer. Finally, the 
time that has passed (“hours ago’’) is denoted 
by a negative integer; future time (“hours from 
now ), by a positive integer. 


DISCUSSION 

The situation described in Exercise 1 can be 

interpreted so as to yield four different equa- 

tions. 

1. If you are now at 0 and travel 7 km/h to the 
right, then 2 hours from now you will be 
14 km to the right. This gives the equation 
pA 

. If you are now at 0 after having travelled 
7 km/h to the right, then 2 hours ago you 
were 14 km to the left of where you are 
now. This is expressed by the equation 
ee aaa 4 

3. If you are now at 0 after having travelled 
7 km/h to the left, then 2 hours ago you 
were 14 km to the right of your present 
position. The equation for this would be 
Se 2 = 14) 

4. If you are now at 0 and travel 7 km/h to the 
left, then 2 hours from now you will be 14 
km to the left. This gives the equation 
Ae 


N 


D-16 


Multiplying Integers 


Investigating the Ideas 





Sometimes it may be helpful to think about a physical 
example that illustrates multiplication of integers. 
Study the examples below. 


Negative direction Positive direction 














—~ eo aoe SD ee eo o> 
15 10 5 0 5 10 15 
You are now Travel 5 km/h 3 hours You will 
at zero to the right from now be at |lill 
5 x 3 = Il 
You are now Travelled 5 km/h 3 hours You were | 
at zero to the right ago at |lill 
| 
5 x af, SIREN siet : 
You are now Travelled 5 km/h 3 hours You were { 
at zero to the left ago at lll i 


3 = i 


ns) x 





Can you give the missing number in each equation? 





Discussing the Ideas 


1. Explain how you can use the number line above to help you write 
an equation if the speed was 7 km/h to the right or to the left | 
and time was either 2 hours from now or 2 hours ago. ‘| 


2. What multiplication equation does this word problem suggest? 
A man is now at zero and riding a bicycle to the left 
at 12 km/h. Where will he be 2 hours from now? 


3. Find the products. Think about the number line if necessary. 
A6: 4 B3:°4 GU 6r ee BD v5 





Using the Ideas 


1. Write a multiplication equation for each part. 


Think about the number line. aN 
—> 
PA » 


“12 10 8 6 “4 2 0 2 4 6 8 10 12 


Positive direction 
Negative direction 





A You are now at zero, walking 4 km/h to the right. 
Where were you 3 hours ago? 


B You are now at zero walking 2 km/h to the left. 
Where were you 4 hours ago? 


ce You are now at zero walking 3 km/h to the left. 
Where will you be 3 hours from now? 


Dp You are now at zero and running 6 km/h to the right. 
Where will you be 1 hour from now? 


. Find the product P in each equation. 


A 4-°5=P dp 1: -5=P G 2:-°5=P Jon) =P 
B 3: 5=P E 0. “S5=P H 3: 5=P K 6: 5=P 
e226 5=P F 1: 5=P 1 ~-4--5=P tL 7:-5=P 
. Find the products. 

eet VA G ~8-:0 m 5-0 $313 

B 4:3 He al2- =3 Ni O76 Teint cal bd 
Coes4 FB iF eo de Or *7ai=6 Ue 1027 
2) ee J eee te em -t2213 v4=400'-438 
ye ee K 4938 O12 als wi 100 =-38 
Foee2 7 4 Luecde 8 R14 eei2 x 468 - ~-1000 


4. Find the products. 


A (2-3): -2 De Ser?) = 2 5- (3-2) 
B (4-74) -2 (Sieatye 1 H -6- (2--3) Keo ed) 
cy (Le eI eae tie GAT 0 pthaerc ie Sly Pater Pin c atc) lie Bar uy (on Mee PY ca J 


7) 
ibe) 
= 
| 
oO 
| 
Ww 
Ga 


5. Solve the equations. 


Ale? 8= Nn Dp) oo r— 32 G §4°13=m J 12-w=108 
BEG: -5=—s Ez: 5=15 H ~11-q=110 Koa X et ier 2 
C159". f= F 3:k=24 17:b= 49 eso a(Vo— 72)6=.35 


- practice, page S-30, Set 53 


UTILIZATION 

The physical interpretation of multiplication is 
presented again in Exercise 1. There is no need 
to overemphasize the model if students are 
able to compute products without it. The rules 
for multiplying integers are quite simple, and 
the majority of students can reach these gen- 
eralizations on their own. 

In Exercise 5 students can solve the equa- 
tions by thinking about missing factors. Divi- 
sion of integers will be discussed in the next 
lesson. 


EXTENSION 

To provide additional practice, make assign- 
ments from Supplementary Exercise Set 53 on 
page S-30 and Duplicator Masters page 75. 
Now might also be an appropriate time to rec- 
ommend Research Project A on page D-27 for 
some students. 

Remedial: Provide additional practice exer- 
cises in multiplication of integers. 

Enrichment: Review the fact that n?7=n- n. 
Therefore if n? = 4, the solution can be either 
a Hrin— Dy sean We = ab ariel (HBP e= 
(~-2) - (-2) =4. Ask students to solve some 
equations involving exponents, such as the 
ones below. (Answers are given in parentheses.) 
1. x? =25 (x=5 or 5) 

_n=-8 (n="2) 
LOO Osos a HO) 
s? — 2 = 34 (s=6 or 76) 
1+ y?=82 (y=9or 9) 
. (K+ 1)? =9 (k=2 or 4) 
z>— 1=~28 (z="3) 

. p?+p=0 (p=O0or 1) 


CONN NN BW LV 


Assignments 
Minimum 1, 2, 3A-L. 
Average 1, 2, 3M-—X, 4. Maximum 1-5. 


Objective Multiplication and Division of Integers 


The student can find the quotient of two inte- 


gers by using the inverse relationship between Investigating the Ideas 
multiplication and division. 
You can find the quotient of two integers by thinking 
about missing factors. If you can find the missing 
factor in a multiplication equation, then you will 


PREPARATION 
Give some oral problems of multiplication of 
integers. Include questions in which students 


must name missing factors; for example: ‘‘What have found the quotient for a division equation. 
number times ~3 gives 12?” “If 5 is multiplied Study the flow charts and equations. 
by an integer the product is ~20. What is that 
MULTIPLICATION FLOW CHART DIVISION FLOW CHART 


integer?” 


INVESTIGATION ie Multiply by 2 [ca ange pany Divide by 2 in 
The flow charts in the Investigation illustrate 
oS be ra — 5} 


the inverse relation between multiplication and n x 2 
division of integers. Since most students will be Ia my 
familiar with this relationship from their work | Factors © 
with whole numbers and fractional numbers, 
the only new idea is that this relationship will 
enable them to find quotients of integers. 





Can you find the number Write five more division equations and 


for nin either flow chart? | then solve them by finding missing factors. 





DISCUSSION 

For Exercise 1, have several students place 

their equations on the chalkboard and explain Discussing the Ideas 
how the quotients may be found. 

Exercise 2 illustrates the method students 1. Explain how you found the quotients for the division equations 
should use in finding quotients of integers. that you wrote for the Investigation? 
Using this method, your students should find 
the ideas involved in the division of integers 2. Steve checked his first division 
fairly simple. Students who understand the problem like this: 
general rules for multiplying any two integers p FOF F F Pp 
should be able to understand the idea of divid- -§6 + -2=3 because 3- -2=—-6 


ing any two integers. . 
Check the rest of his problems. 


Did Steve make any mistakes? 
Can you correct his mistakes? 





3. What is the missing factor in each equation? 


F OF P F OF P FF P F F 
AME 2EXK=F8 Beni j—s21 cure 4 —32 De sot — 24 


4. Explain how to find the quotients. 


2a 


B 19+"-5=F c 





Using the Ideas UTILIZATION 
Exercises 1 and 2 are designed to help students 


ee stant 


1. Find the missing factors. think about the inverse relation between multi- 
| FOF Pp. FOF Pp FOF Pp F F Pp plication and division. If the student can find 
ma -2- a= -8 fF fr: 4= 0 K 3: n=718 p n- 20= 80 the missing factor in Exercise 1A, ~2-a=~8, 
See Aaa — et. 4s = -30 rs nar 20 <rB0 then he can find the quotient in Exercise 2F, 
; o S02 =a 
c 2 = D —— ae = i: i = 
Dige% a6)" bi ie Mie ey wha “ n> 20 80 An equation for Exercise 4 is n?+ n= 20. 
ee oak eet eV = Ne 2 =976 CP ANTS 8 55 Students are expected to solve the equation 
Eaper e206)" wemite Tl = 8 on-3= 12 To t2 y=—""36 by trial and error methods, rather than 
algebraically. 
2. Find the quotients. Exercise 1 may help you. 
aA -9+3=m Rvotien2na K 36+-12=y pe -30+5=s EXTENSION 
Min 12403x Gc 80~-20=n edd = <3ie51n qioteseau Appropriate further practice assignments may 
; by i ite tp nosy a : _ k ag be selected from Supplementary Exercise Set 
; < is cael _ Fe tf m ~80=20=n Ra Ven 4h 54 on page 31, Workbook page 114, and Dupli- 
dp 8+ 2=a 1 ft N 55+11=9n s 3+ 3=y cator Masters page 76. 
# ©€ 6+" 2=c J ~18+3=n o 3+ 3=x T 16+8=b 
; Think Solution 
4 ate 5 é 
3. Find the quotients. Think about missing factors. I. a aaa Cae answers: 
; = eos nage ery ay 3 US os x 
Ae co> /=n G 12+4=n m 12> ~4=n ee: aC par ayaa 
B -12+4=n He12=74=n n 8+ 8=n D. 5=(4+4)+4 
mc 8~ 8=n 1 0+ 6=n o 20+ 5=n E.. 12iasK aa 4) 4 
Dp 28+" 7=n J ~28=7=n Pp 28> 7=n 2. Some additional possible answers: 
—e 16+-1=n Kk -16+1=n a 745+15=n A. 1= V4— (41+ 4!) 
F -45+-15=n L -2448~+-16=n R» (387 Z)ienr8en Bl eae a) 


6= (4+4) — V4 
C. 8= V4 x (V44+ V4) 
8 = (41+ V4) —4 
8=(V4+ V4) +4 
D. 25= (4+4) +4! 





4. Sue is thinking of a number. If you multiply Sue’s number by 
_ itself and then add it to that product, you get 20. Give two 
possibilities for the number Sue might be thinking about. 

~ You might also-ask how many numbers from 
af Uv N 1 , 1 to 20 can be obtained by combinations of 
three 4’s. These are some possibilities: 


2=(4+4) +4 13 = (41+ V4) + V4 
7= (414+ 4) +4 14= (4x4) — V4 
10= (4!— 4) + V4 16= V4panv/arx4 
Il=(4!— V4) + V4. 18= (4x 4) + V4 
12=4+44+4 20 = (41— V4) — V4 





You may wish to have the very able students 
pursue the same idea using numbers other 
than 4. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 


fore practice, page S-31, Set 54 D-19 


Objective 
Given two integers, the student can state 
which is the smaller or larger integer. 


PREPARATION 

A brief review of inequalities for whole num- 
bers would be beneficial. Review the meaning 
of the symbols > and <. 


INVESTIGATION 
The Investigation introduces the idea of in- 
equality of integers in the context of a familiar 
game in which negative integers are used to 
record scores “‘in the hole” or “‘going set.” 
Suggest that the students record their an- 
swers to the Investigation questions in the form 
of a table like the one shown below. 









































Game ] 2 3 
bipen 

Best Score] Brian(7)| Ann(2)} Ann(6) 
Points = 
needed 10 7 15 
for tie 

5 6 7 8 

ai 

Ann(6) Brian(—2) Ann(8) Brian(~5) 

14 5 2 5 




















For each game the student is selecting the 
larger of two integers and also deciding what 
positive integer must be added to the smaller 
integer to give the larger integer. 


DISCUSSION 

Exercise | presents a number line interpreta- 
tion of inequality ‘of integers. A more formal 
approach is given in Exercise 3. Formally 
stated, a > b if a=b-+c where c is a positive 
integer. 





Inequalities 


investigating the Ideas 


Ann and Brian played eight 


g 


record of their point scores 
for each game. The negative 
integers indicate scores 

“in the hole” or “‘going set.” 





ames of cards and kepta 





Can you tell who had the 


best score for each game? 


Discussing the Ideas 


sco res 


Brian’s 














For each game, tell how many points the 
loser needed in order to tie the winner. 


1. On the number line below, the integers are matched with points 
so that the point for the larger of two numbers is to the right 
of the point for the smaller number. 


—= 


-@—__® o____® 





VOe Se) oie (OO any me 


=o +6. _@_6__ 6 6 9 6 6 
= eg, 1 2 3 4 5 6 Uh 8 9 10 


Since 1 is to the right of ~10, which is the larger number? 
Since ~4 is to the left of 3, which is the larger number? 
Since ~6 is to the right of ~10, which is the larger number? 


2. Use greater than or less than to complete each sentence. 


A 


moo 8 


Any positive integer is ? zero. 


Any negative integer is ? zero. 


Any positive integer is ? any negative integer. 
Any negative integer is ? any positive integer. 
Any integer is ? any other integer that is to the left of it 


on the number line. 


Any integer is ? any other integer that is to the right of it 


on the number line. 


3. We say that 4 is less than “1 and write this as 4 < “1. 

because we must add a positive number to 4 in order to get ~1 
~4+3= 1; 3 is a positive number. 
We also say that -1 is greater than 4 and write -1 > ~4 
What addition equation would show that the following inequalities 
are true? 


A 


leet Beeb: = 0 c 


Oar D 


“7<4 











Using the Ideas 


1. Give the correct symbol (< or >) for each ll 
A Since 3=2 +1, we know that 3 ill 2. 
B Since -3=~4 + 1, we know that ~3|lljl -4. 
c¢ Since -5=~6 + 1, we know that ~5 ul “6. 


2. Give the correct symbol (< or >) for each li 
a 7il-3 100 %f-1 © oye — & -99 Mf -100 
a -8il)-4 oo -12 K-38 ~—e ollf)-2 — w -53,h -68 


3. Write the letters for the points in each set. 








Ababa Cy D' Teer 1Ge oH ly dK MUN OO 
<= @—_@ —_9_¢._ @ __» __¢@__@__@___0__«__e—_ -@ _@ __@— 
Sta CMe tah 8G a? | h OF <9 2 aS Ae Oe Gal 


A The set of points for numbers greater than ~4 and less than zero 
B The set of points for numbers less than or equal to ~2 
c The set of points for numbers greater than 3 or less than ~5 


4. The example shows the graph of the set of integers greater than ~4 
and less than 4. We say that we have graphed all possible 
integers for n in the inequality 





ae eS @ 2 = @ 9 @ 2 o-oo 
“6 =) “4 5 “2 al 0 1 2 3 


Draw number lines and graph each set. 


IAUU AU 















aA Integers greater than 0 and less than 5 
B Integers greater than 2 and less than 3 Arrange the digits 
c Integers greater than 6 and less than 6 1 through 7 in the 
pb Integers less than 0 and greater than 6 hexagons, so that the 
E Integers less than 1 and greater than ~1 sum of the digits 
F Integers greater than “8 and less than 2 . angel o Dales 
G Integers less than ~5 and greater than “9 three 
%*&H Integers for nin the inequality -2<n<5 hexagons 


% 1 Integers for nin the inequality -6 <n < ~1 in a row. Ty 

MeemretA— | -24-1,0,1, 2lab = 10.04. 3, i2:al,0t).and C= 10, 1y2,3,4, 04. 
Graph each of the following sets on a number line. 

m™ AAUB CHAD Bose nus tc G (AUB) UC 
BAUC pANC F BN (AUC) H (AMB)NC 


UTILIZATION 

Review graphing on the whole number line. 
After such preparation, your students should 
be able to work through the graphing exercises. 


Answers, Exercises 4 and 5 


=6 534.3 one OM 2 a4 20 
B. <—e—+e—+e—e—e_@_®@_@_@ «+2 _e > 
G6) Aa S2ale0 Mile 


t 
es) 
L 
A 
an 


ws) 
a 
a” 
os 





— ¢) ee 
tro ¢ th 
03) ‘ 
= 
A 
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of 





to 


G 
D 
E 
bo ae © © © ©-© eo ee 
G 
H 





jae 
|. «+ -®@@@ _@ «+e _c_e_e_e_2_e > 


SOn N43 seo Oa sir. © 
B, <—e—e—e—_e—_® © _@_@ @ @ © @ «> 
On aA espe lanl) ie eo 
Ce <2 6 0-2. _@}- _§)_§ 20 << 9 © 
BO gy e439 oe | On eae eno 
D. «—e—e—e—e—e—_c_@_@_@ 200 o > 
"1Ojo 64 Shae KO, Al goed ed ao 
Ls. © -@ ¢-@-¢ @-© &-@ © G+ 
SO 64-536 fo 18 () ol 8) 4G 





b. @+9o— +--+ @ @ _@— e+ -0 24 
*6 79 5453725 [FOP ILS RON 6 





Gi, 





66) 45 Sq 2k OF) 23-4 5,6 
H. 





SOp) a4 So a0 ee ae) 
Think Solution 
THD op ORD or (ORD 
(2-7) (543) (6543) 
(5) (7) 2) 
Assignments 


Minimum 1-3. Average 1-3, 4A-G. 
Maximum 1-5. 


Objective 

Given an ordered pair of integers, the stu- 
dent can graph the point in the co-ordinate 
plane for the pair. 


PREPARATION 
Materials: Graph paper or co-ordinate paper 
(Duplicator Masters) page 83 or 86. 

Students’ previous experience in graphing 
pairs of whole numbers (Unit C) provides an 
excellent background for the work in this les- 
son. The students will have already graphed 
points in the first quadrant, and this lesson will 
extend these ideas to all four quadrants. Re- 
view these ideas before students begin the 
Investigation. 


INVESTIGATION 

After the students have read the expository 
material in the Investigation, have them give 
the integer pairs for points E through H. It 
would be helpful to make an overlay of a co- 
ordinate grid for the overhead projector and 
give the students additional practice in asso- 
ciating integer pairs with points and conversely. 


DISCUSSION 

The words axis, co-ordinate axes, and origin 
are introduced in Exercise |. Encourage stu- 
dents to use them correctly. 

The discussion exercises provide experience 
in locating points in the co-ordinate plane and 
learning the co-ordinates of given points in the 
plane. 


Answers, Exercise 1, page D-23 


Graph D:e. 
Graph E: o. 


1A. Graph B: s. 
Graph C: x... 
e 


mm 


ietoyseue. 





F. All integers on the horizontal axis. 


D-22 


Graphing Integer Pairs 
Investigating the Ideas 


You can use two intersecting 
number lines to show the graph 

of any pair of integers. The 

pair of integers that describe 

the location of a point are the 
co-ordinates of the point. 

The point of the pair is called 

the graph of the integer pair. 

The graphs of some integer pairs 
are shown on the co-ordinate grid. 











Can you give the missing 


co-ordinates in the table below? 


Second number 


(3.4) | uit tates 
, = : 3) = . >) be 3 si ae : a i 
1A} H | ly t 








Discussing the Ideas 


1. The two intersecting number lines are called the co-ordinate axes 


and each number line is an axis. 





First 





_... Number 


The point of intersection of the co-ordinate axes is called the origin. 
What are the co-ordinates of the origin? 


2. Give the co-ordinates of a point whose location can be described as 
& 3.units to the right of the origin and 4 units down 


2 units to left of the origin 


3 units down from the origin 


nmoodo B 


5 units to the left of the origin and 6 units up 
4 units to the left of the origin and 5 units down 


6 units to the right of the origin and 6 units up 


3. Name some integer pairs so that the numbers in each pair 
are opposites of each other. The pair (~3, 3) is an example. 
What can you say about the graph of all such pairs of opposites? 


4. List some integer pairs such that the second number is one more 
than the first number. Include some negative integers. 





Using the ideas 


1. For each exercise, use graph paper and draw the co-ordinate axes. 
Mark the points for integers from ~5 through 5 on each axis. 
Then graph the following sets of integer pairs. 





i 2. 


k 3. 


A 
B 


c 


Wawel 2) a(e..0),.(-3, 4) (53, 74)).(-3, 0), (T22)) (2) 52) 727 2)ie(2n2)d 
Graph the set of integer pairs whose second number is ~2; 

that is, (4, ~2), (3, ~2), and so on. 

Graph the set of integer pairs whose first number is ~3. 

Graph the set of integer pairs in which the first and second 

number add to give zero. 

Graph the set of integer pairs in which the first number is 

one more than the second number. 

Graph the set of integer pairs in which the second 

number is 0. 


Draw the co-ordinate axes with points for integers from ~10 
through 10 on each axis. Then graph the set of integer pairs 
in which 


nmoo B PRP 


G 


the first number is equal to the second. 

the first number is greater than the second. 

the second number is greater than the first. 

the second number is two times the first number. 
the second number is the first number squared. 
the sum of the first and second number 

in each pair is 4. 

twice the second number is three times the first. 


Draw the graph of each of the two number pairs in each part. 
Then give the co-ordinates of the Ro that is halfway between 
the two points. 


A 
B 


(245-1) andu(2er5) 


(4, -4) and (4, 2) c 
D (0) 1) bandh; 25.) 


(iy) ande(5,.3) E 
(25; 6)ranid(s 50) F 


1) 
(©5033) cand:(5,°=3) 
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Ben argued that his $5.00 a week allowance was not 
enough. His father refused to raise the amount. 
Ben offered the following ‘‘bargain.”’ He asked his father 


to give him 1¢ for the first week, 2¢ for the second week, 
_4¢ for the following week, 8¢ the following week, and so on. 
Should Ben’s father accept the bargain? 
Explain your answer. 





UTILIZATION 

In Exercise 2, the student is given a relation 
between the numbers in each of the integer 
pairs and is required to sketch a graph of these 
pairs. Although the exercise is starred, most 
students will be able to do it, and it will provide 
a good background for the next lesson. 


Answers, Exercise 2 


2. Graph A: o. Graph D:e Graph F:o 
Graph B: e Graph E:x Graph G:s 


Graph C: s. 











8690000060 
stint 














EXTENSION 
Workbook page 115 provides appropriate addi- 
tional practice exercises. 


Think Solution 

Ten weeks of allowance under the old plan 
would cost Ben’s father $50, whereas under the 
new plan, ten weeks cost $10.23 (1+2+4+8 
+ 16 + 32+ 64 + 128 + 256+ 512 cents). At 
this point, the new plan would sound better to 
Ben’s father. But, by the thirteenth week (when 
the week’s allowance would reach $40.96), 
Ben’s father would probably begin to complain. 


Assignments 
Minimum |. Average 1, 2A—-F. Maximum 1-3. 


Objective 
Given a function rule and a set of integer 
input numbers, the student can find the corre- 


sponding output number and draw a graph of 


the input-output pairs. 


PREPARATION 

Materials: graph paper or co-ordinate grid 

paper. (Duplicator Masters, page 83 or 86). 
Review the use of the function machine, 

using simple function rules with whole-number 

inputs. 


INVESTIGATION 

This lesson reinforces and extends the work of 
the previous lesson. Distribute graph paper or 
co-ordinate grid paper for the Investigation. 
When students have completed finding the 
integer pairs and their graph, have someone 
display their graph on the overhead projector 
or chalkboard. 


DISCUSSION 
The points for the integer pairs of the function 
rule f(n) =n -+ 1 all fall on the same line; how- 
ever, the graph is not all the points on the line 
since only integer co-ordinates are being used. 
If the graph of the function rule in Exercise 2 
is graphed on the same grid as in the Investiga- 
tion, the student can readily see that the graph 
for f(n) =n+2 is one unit higher than for 
f(n) =n+ 1. You might ask students if they 
can guess without drawing graphs what the 
graph of f(n) =n + 3 or f(n) =n— 1 might be 
like. 
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Graphing Functions 


Investigating the Ideas 


For each function rule and set 

of input numbers, you can find 

a set of number pairs. In each 

pair, the first number is the 

input number n and the second 
number is the output number f(n). 
You can draw graphs for these sets 
of number pairs. 


Function Rule 





fh alte 
n_|f(n) : 
“tak vod ole’ dedine alana erie 
“3 | i +08, i a: 
2 | iil => (2, Mitt) 
tf l= 1, Tt) 
o | ih — (o, Mh) 
1 | tlh => «, Tit) 
2 | ih = (2, ih) 








Discussing the Ideas 


1. Do the points for the integer pairs 
above form a pattern on your grid? 
Describe the pattern if there is one. 


2. a Complete the function table for 
the rule n+ 2. 
Then give the integer pairs. 
B Graph the integer pairs. 
c How does the graph for this 
function rule compare with 
the graph in the Investigation? 


Output number 


f(n) 





Can you find the missing numbers in the function table, 
the integer pairs, and then graph each pair on a grid? 





Function Rule 


naz 2 





I 
Hl 
hl 
i 
hl 


voce SMe ORR 





Integer 
pairs 
e 

(~3, il) 
(Ill. ll) 
(II) 
(I. I) 
(Ii. I) 
(Il. I) 





Input 
number 





Copy and complete each function table. Then graph 
the integer pairs for each function. 


a. 


\~ ey 


Function Rule 


Nias 














hi 
I 
ul 
i 
hi 
i 
hi 
hi 









Function Rule 


a 4) 






















A i 

hi 

e¢ 1 | ill 

pn 60 | ill 

e-1°)} i 

FA S280) ° 
3 





3. 


oo oOo B PB 


Function Rule 









hi 
hi 
hi 
UL 
i 



















i 
i 
i 








Using the ideas 


* 4, 


oo oOo B PB 


Function Rule 


n2 


































UTILIZATION 

Considerable time can be saved by providing 
students with duplicated co-ordinate grids on 
which to sketch their graphs. After the students 
have completed the exercises, it would be help- 
ful to have them display some of the graphs on 
the chalkboard or overhead projector. 


Answers, Exercises 1-4 








Graph for Exercise 1: @ 
Graph for Exercise 2: O 
Graph for Exercise 3: X 
Graph for Exercise 4: 0 


EXTENSION 

Appropriate additional practice exercises are 

provided on page 77 of the Duplicator Masters. 
Enrichment: You may wish to challenge more 

able students with some more difficult func- 

tions, such as those below. 


Ik (ACD 2 A 4. f(n) =n? +1 
2. f(n) =4n—1 5. f(n) =12 =n 
3. f(n) =n? +2n 6. f(n) =n? 
Assignments 


Minimum 1, 2. Average 1-3. Maximum 1-4. 
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Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 

Since there are a large number of responses 
required in these review exercises, you should 
not feel that it is essential the students complete 
every part of each exercise. Many parts of the 
exercises could be answered orally rather than 
written, if you prefer. 

Workbook page 116 offers additional review 
exercises that would be appropriate for stu- 
dents who might benefit from further review of 
the ideas in this module. 


Answers, Exercise 11 


JN ial eg 7 fg) 29) 1] 0 1 | 2 3 |4 
f(r) 9 (281 Sn 6 Es S351) 6 
B. fl 





5) 














l 
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REVIEWING THE IDEAS 


1. Give the opposite of each integer. 
A 5 c 27 E ~365 G ~5806 
B 3 Dp 16 F 273 H 0 


2. For each exercise, give the basic 
principle illustrated. 
A ~28:1= 28 F 68+0= 68 


BS, a Oe ae 
ec -12+12=0 
op 3°(8+ *8) = (3-8) + (8& 8) 
Efe (5° 62)—.(7 ~ 5) - we 

[a] Opposites [e| One 


Zero [F ] Commutative (x) 


[e] Commutative (+) [@] Associative (x) 
[p] Associative (+) [¥] Distributive 


3. Find the sums. 


A9+ 9 iy Ghar G 4+7 
Ey Wea “8 E 83,5 Higa oli, 
CUS 55 [A Shas 8) “2 se 
4. Find the missing addends. 
AO+n='3 p 2+n= 1 
Bn+3= 2 E8+n=3 


ClenGe an — a 10 F 6+n=~—5 


5. Find the differences. 


a 0-3 dp 4-3 Oye 1 

Bea las Ee Ome | Hos) 

Ceo 283 FO ie a Ome 110 
6. Find the products. 

EN reo) do 5:75 aG-c6%y 10 

B 9.74 Eb ag al Hoy 20 


CGC fe a2 Fes 8) 207 res Fer Png lee} 


7. Find the missing factors. 


A 2% 76 oe 1p =A 
B 7:y= 35 —E 9:-b=45 
ec 3-n=27 Foe Z2= AF 


8. 


10. 


Find the quotients. 
iN tabee 2 Gin /259 
BY ol Gia H 100= 20 


Cy 210) is, 1 ~48-=-76 
p 42= 7 J D4 O 
eS )2."4 Ke 02-0 
Fi Oe 2 L915 e-eo 


. Give the correct symbol (< or >) 


each ll \ 
a -1ifl)-2 — & -21 ih -25 
p 7 (ly -7  ~2'\llli'o 


c 10 \illl)-2 —  » 100 ih -1000 
p -2iil)-3 1 176 ill) 716 
e Ollli-5 + 49) -s0 





Give the co-ordinates of each vertex 
of the triangle. 


Output 

















. A Make a function table for the rule 


n+ (~4). Use the integers from 
~5 through 5 as input numbers. 


B Draw a graph for part a. 





‘TEST YOURSELF 


Give the opposite of each integer. 
A 6 a 9 c 0 


Complete the sentence: 
The sum of any integer and its 
opposite is ?. 


3. Solve each equation. Think about 
_ the basic principles. 
a 8+ 8=n 
“23+ 18=n+ ~23 
“9-n="9 
“6+ ("4+ n) =0 
(1+ 8) 3=1+4,(n + -3) 


. Find the sums. 
aA11+ ° 6 


B36 78 Ciao. 9 


Find the differences. 
Ao ——-5 B31 


Find the products. 
Boe 4 B 6:3 


. Find the quotients. 
B93 Be 24.3). 6 147 


RESEARCH PROJECTS 


_A_ There is no real number which when 
multiplied by itself will give a 

j product of ~1. Because of this, 
mathematicians have invented the 
number f so thati:i=~1. The 
number i is called a complex number. 

¢ Read about complex numbers. Find 

out how to add and multiply such 

’ numbers. (See Realm of Algebra by 
Issac Asimov; Boston: Houghton- 
Mifflin Company, 1961, pp. 151-161 
available from ThomasNelson & Sons 
(Canada) Ltd.) 


. Complete 


8. Give the correct symbol (< or >) 


for each il. 


a 3iil-s — & -9 i -7 


. Give the co-ordinates of points 


A, B, C, and D on the graph. 




















Function Rule 
the 
function 
table. 


a2 


il 
i 
i 
i 





How long has man used negative 
numbers? How were they invented and 
what kind of symbols have been used 
to denote negative numbers? Read 
about negative numbers in an 
encyclopedia or in a mathematics 
history book. Report your findings to 
the class. (See History of Mathematics 
by D. E. Smith; New York: Dover 
Publications, 1953, Vol. Il, pp. 
257-260 available from General 
Publishing Co., Ltd.) 


TEST YOURSELF 
The self-evaluation test covers the basic opera- 
tions with integers, inequalities, and graphs of 
integers in the co-ordinate plane. Students who 
score well on this test should be expected to do 
well on an achievement test covering the mod- 
ule. Encourage students to rework those parts 
that they missed and to seek help with those 
exercises they do not understand. 

Note that the module objectives are corre- 
lated with individual test items by annotations 
on the student text page. 


RESEARCH PROJECTS 

Students who wish to explore Project A will 
find that any intermediate algebra book will 
contain material on complex numbers, but it is 
likely to be too difficult for students at this level. 
The best reference is probably that cited in the 
student text. Graphs of complex numbers could 
also be a part of this project. 

Any history of mathematics book can serve 
as a source of information for students who 
undertake Project B. Especially recommended 
is Carl B. Boyer’s A History of Mathematics; 
New York: John Wiley and Sons, Canada Ltd., 
1968. 
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MATHEMATICAL RECREATION 


A more durable model for this number line 


game can be made by placing 21 short pieces of 
dowel rod in a board as shown below. Rings or 
washers can be used to mark a player’s position 
on the number line. 





An interesting variation of the rules that will 
often shorten the game is the stipulation that, 
if a player’s move takes him to a point occupied 
by the other player, he wins the game. 
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VAT HEMATICALRECRE/ 


THE 
NUMBER 
LINE 
GAME 























=| 


This is a game for two people. 
Make a spinner like the one shown. 


Draw a number line with points for 
the integers from ~10 through 10. 


Each player also needs a counter or marker. 


+990 _@ __6__@_@ ~ 0 0-0 00 0; 
meh <cynsh, A cl oe a eai  Tale Wr ah» 2 








3.9.47 5) 6) So ee Saeohe 0) 


RECREATION 


The players take turns spinning the spinner. 


Starting at zero, each player moves his counter to the right 
the number of units or the spinner if the arrow lands on a 
positive integer. The player moves his counter to the left 

if the arrow lands on a negative number. 


(enye 


The player who reaches 10 or 10 first, wins the game. 


NG 


f 


TEST 


YOURSELF 
Answers - 
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UNIT D: INTEGERS, PROBABILITY, 
AND STATISTICS 


Module 2: Experiments in Probability 


General Objectives 

To provide an intuitive introduction to some probability concepts. 

To introduce sample spaces and equally likely outcomes. 

To enable the student to determine the probability of the outcomes of some 
probability experiments. 





Reteach-Reinforce 


Performance Objectives Pupil Text 

133 YELLOW Given a probability experiment and an appropriate D-32, 33 
figure (if needed), the student can list all the outcomes for the 
experiment. 

134 YELLOW Given a probability experiment and an appropriate D-30, 31 
figure (if needed), the student can determine whether the outcomes 
of the experiment are equally likely. 

135 YELLOW The student can find the theoretical probability for each D-34, 35 
outcome of a probability experiment. 

136 YELLOW Given a probability experiment, the student can com- D=36537 
pute the theoretical expectations for the experiment. 

137 GREEN The student can use samples of a large set to draw con- D-38, 39 
clusions about the set. D-40, 41 
Reviewing the Ideas D-42 





MATHEMATICS 
When a penny is tossed, the result is always 
either a head or a tail (assuming that the coin 
will never land standing on edge). Each result 
is called an outcome and the set {heads, tails} 
is called a sample space for the experiment. 
; Every trial of the experiment results in one of 
_ the elements of the sample space for the experi- 
_ ment. If the penny is a fair coin, we can expect 
that heads will come up in 3 of the tosses and 
_ tails in 3 of the tosses. We say, therefore, that 
the outcomes are equally likely and that the 
_ probability of each outcome is +, because there 
is 1 chance in 2 that a head will result and 1 
chance in 2 that a tail will result when a penny 
_ is tossed. | 
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In general, if an experiment has a sample 
space of n elements and if each outcome in the 
sample space is equally likely, then the proba- 


a eg hee 
bility of each outcome is a Since there are n 


i. 
elements, the sum of the n numbers of iy I 


Of course, not every experiment has equally 
likely outcomes. If, for example, | white bead 
and 3 red beads are placed in a box and one 
bead is drawn at random, there is | chance in 4 
of drawing a white bead and 3 chances in 4 of 
drawing a red bead. Thus, the probability of 
drawing a white bead is 4 and the probability 
of drawing a red bead is }. In any probability 
experiment, the probability of any outcome is 


To provide probability experiments in which the student can actively com- 
pare experimental probability with theoretical probability. 
To introduce the idea of sampling and drawing conclusions from samples. 


Related Activities 


WB 117 SWM 2 156 
SWM 2 144, 145 
WB 118 SWM 2 148, 155, 157 
DM 78 
SWM 2 155 
WB 119 SWM 2 160 
SWM 3 144-147 
WB 120 





always a number from 0 to | and the sum of 
all the probabilities in the sample space is 1. 


TEACHING THE MODULE 


Materials 

Pennies or plastic disks, dice, wooden or plastic 
cubes, spinners (homemade), beads, marbles or 
beans of various colors, playing cards, paper 
cups, graph paper, rules, tracing paper. 


Vocabulary 

chances outcome 

equally likely probability 
outcomes sample 

experiment sample space 


The primary purpose of this module is to 
introduce some of the simplest notions of prob- 
ability through a wide variety of experiments 
in which the student takes an active part. The 
amount of mathematical notation, computation, 
and formulas is very limited, and only a mini- 
mum of new terminology is introduced. Thus, 
the focus is on ideas and experiments rather 
than computational skills. 

In teaching this module, your main goal 
should be to introduce the students to probabil- 
ity by means of a wide variety of probability 
experiments. This module, perhaps more than 
any other, lends itself to active participation on 
the part of the student. 

It is essential that sufficient material be avail- 
able so that several pairs of students can work 
on the same experiment simultaneously. While 
the materials list for this module is extensive, 
most of the materials are readily available or 
can be quickly made. Some suggestions con- 
cerning materials that are needed for specific 
probability experiments are made in the com- 
mentary for individual lessons. 

Most students will not need any extra moti- 
vation for the work in this module. Indeed, 
many will want to extend the work to greater 
depth. If the time is available, be sure to 
capitalize on any such interest. 


Perhaps the most important thing to empha- 
size in this module is the distinction between 
theoretical probability and probabilities de- 
rived from actual experimentation. Students 
will need to understand that, although the prob- 
ability of getting a head when a coin is tossed is 
z, it is not likely that one will get exactly 50 
heads in 100 tosses of a coin. Misconceptions 
about probability are quite common, and you 
will need to be alert to dispel them. For exam- 
ple, if a tossed coin results in 3 heads in a row, 
students may feel that the probability of getting 
a head on the next toss is no longer 3, that 
somehow it is more likely that the next toss will 
come up tails. 


Lesson Schedule 

Although this module is relatively short, if time 
permits, you will probably want to spend more 
than one day for each lesson, especially when 
experiments are being performed by the stu- 
dents. You probably should allow a minimum of 
6 days, but if you have the students carry out a 
large number of experiments, an additional 3 or 
4 days of classwork may be needed. 


Evaluation 
Keep in mind that this module is designed to 
create interest and to stimulate students to 


carry out simple experiments and record their 
findings. Evaluate students largely on their 
daily participation rather than on their ability 
to remember how to solve probability problems. 


RESOURCES FOR ACTIVE LEARNING 


Activities , 

Developmental Math Cards, 3, Addison- 
Wesley 

Experiences in Mathematical Ideas, Vol. 2, 
“Dealing with Uncertainty,” pp. 174-207, 
NCTM 

Experiments in Probability and Statistics, Mid- — 
west Publications 

Nuffield Project: Probability and Statistics; 
Problems —Red Set, Nos. 15, 1SA, 23, 23A, 
Wiley 

Probability: The Science of Chance, Rand 
McNally 

Towards Probability, Cuisenaire Co. 


Manipulative Devices 

Binostat (General Learning Corp.; Sigma) 
Hexstat (LaPine; Gamco) 

Probability Kit (Creative Publications; LaPine) 
Spinner Kit (Houghton Mifflin) 

Spinners and Dice (Creative Publications) 
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UNIT D: Integers, Probability, and Statistics 


MODULE 2: Experiments in Probability 


Ml 
by 





OBJECTIVES: 
After completing this module, you should be able to: 

1. List all the outcomes for a probability 
experiment. 

2. Decide whether the outcomes for a probability 
experiment are equally likely or not. 

3. Find the theoretical probability of each outcome 
for a probability experiment. 

4. Carry out a probability experiment and compare 
the results of the experiment with theoretical 
expectations. 

5. Make estimates (draw conclusions) about a 

large set based on samples of the set. 


Objective 

The student can carry out probability experi- 
ments with several outcomes and decide if the 
outcomes are equally likely. 


PREPARATION 

Materials: Pennies or plastic disks, dice or 
wooden cubes, spinners, marbles or beads of 
two different colors, thumbtacks. 

Collect sufficient materials for students to 
carry out the Investigation. Small plastic disks 
or checkers could be substituted for pennies. If 
dice are not available, small wooden cubes can 
be marked to simulate dice. A satisfactory 
classroom spinner can be constructed as shown 
below. 






y Paper clip with one 
pe end straightened 
Lae Pin or thumbtack 


tA 


Construction paper 





Cardboard or plywood 


INVESTIGATION 

If students work in pairs or in small groups on 
the Investigation, less material will be needed 
and more interest may be generated. Some stu- 
dents may carry out the experiment and others 
may keep a tally of the outcomes. 


DISCUSSION 

In discussing equally likely outcomes, point out 
that, although the two outcomes in tossing a 
coin, theoretically, should be considered as 
equally likely, an actual experiment may not 
yield those results. Similarly, although each 
outcome in tossing a die is considered equally 
likely, in actual practice when a die is tossed 
only a few times, one face may come up more 
often than some of the other faces. In a large 
number of trials, however, the experimental 
results are likely to be very close to the theo- 
retical results. 

In discussing spinners like those shown in 
Exercise 4, bring out the fact that each region 
on the spinner must be the same size if the out- 
comes are to be equally likely. 
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Discussing the Ideas 


1. When each of the possible results or outcomes for an 


. Jack thought that since he did not get exactly 50 tails 


. Combine the results of your experiment with those of 


. If the arrow on each spinner is 


Equally Likely Outcomes 


Investigating the Ideas 


Try one of these experiments. | 
[aA] Tossapenny Toss a die 100 times. ° 
100 times Keep a tally — 





Keep a tally of the number & 
of heads and of dots that 
tails. 





|r | TH Il 


Does your tally show that each result 





occurred about the same number of times? 


experiment has the same chance of occurring, the 
outcomes are said to be equally likely outcomes. 
A Do you think that the outcomes for the coin 
experiment are equally likely? 
Give your reasons. 
B Do you think that the outcomes for tossing a die 
are equally likely? Give your reasons. 


and 50 heads in 100 tosses, this proved that outcomes 
were not equally likely. What do you think? . 


your classmates who carried out the same experiment. 
Discuss what the combined results show. 


spun and the region in which it 
stops is tallied, which spinner 
do you think would have equally 
likely outcomes? 





Spinner A Spinner B 





For each experiment described below, give the following: 


A List all of the possible outcomes. 


B Tell whether the outcomes seem to be equally likely or not. 
c If one outcome is more likely than another, tell which one 


it is. 


EXPERIMENT 1: Spin the arrow on the spinner. 
Record the number of the region in which 


the arrow stops. 


EXPERIMENT 2: Five faces of a cube have a 


letter A on them. The sixth face has 
the letter B on it. The cube is tossed 
and the letter on the top face is 
recorded. 


EXPERIMENT 3: Spin the arrow on the spinner. 
Record the number of the region in which 


the arrow stops. 


EXPERIMENT 4: Six red marbles and four blue 
marbles are placed in a box. Without 
looking, one marble is drawn from the 


box, its color recorded, and then 
replaced into the box. 


EXPERIMENT 5: Four pennies are tossed at 
the same time. The number of heads 
and tails that come up are recorded. 


points up and on their side. 


Using the Ideas 













ni 


* EXPERIMENT 6: Toss four thumb tacks. Record 
the number of tacks that land with their 












UTILIZATION 

An effective way to utilize these exercises 
would be to discuss each experiment with the 
students, then have the students carry out the 
experiment and compare their results with the 
ideas presented in the discussion. If the experi- 
ments are actually carried out, students should 
work in pairs or small groups. Each experiment 
should be performed for at least 100 trials in 
order to yield satisfactory data. 


Answers, Experiments 1-6 

1. Outcomes: {1,2,3,4} Equally likely out- 

comes. 

. Outcomes: {A,B} A is more likely than B. 

3. Outcomes: {1,2,3} Equally likely out- 
comes. 

4. Outcomes: {Red marble, blue marble} Red 
marble is more likely than blue. 

5. Outcomes: {4 heads; 3 heads, | tail; 2 heads, 
2 tails; 1 head, 3 tails; 4 tails} Most likely 
outcome is 2 heads and 2 tails. 

6. Outcomes: {4 up; 3 up, | ona side; 2 up, 2 
ona side; 1 up, 3 ona side; 4 on a side} The 
results will depend on the kind of thumbtack 
used. 


to 


EXTENSION 

Enrichment: Choose 100 or more telephone 
numbers at random from a directory and record 
the last digit of each number. Try to determine 
by experiment if each of the ten digits (0, 1, 2, 
3, 4, 5, 6, 7, 8, 9) is equally likely to occur. 


Think Solution 
G+7 47) X7=56 

Some students might be encouraged to make 
up other puzzle problems to be solved by using 
four 7’s and the basic operation symbols. They 
could then challenge classmates to solve them. 
Sample problems and solutions: 


0= (7-7) X77 Gt) ie TD 
147 a 7 20 ad ote, 
A a ar a ) SX at he, 

% 678, 223, 072, 849 = 77 x 7’ 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-6. 
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Objective 
The student can list the outcomes in the sam- 
ple space for a given probability experiment. 


PREPARATION 
Materials: Cubes or dice, coins, spinners. 

It is quite desirable to have sufficient material 
so that everyone can participate in the experi- 
ments. You may arrange several work stations 
in your room so that the students can work in 
small groups on the Investigation or other 
experiments. 


INVESTIGATION 

The purpose of the Investigation is to have the 
students determine all of the different outcomes 
from tossing two cubes. The set of all the differ- 
ent outcomes is the sample space for the experi- 
ment. Each trial of the experiment results in 
one outcome in the sample space. 

It may not be evident to many students at the 
outset how many different outcomes are pos- 
sible from the cube-tossing experiment, but as 
they work on the experiments they should dis- 
cover that each face of one cube can be paired 
with each face of the other cube; thus, there 
are 6 X 6, or 36, different outcomes that are 
possible in the experiment. 


DISCUSSION 

Exercises | and 2 should bring out the idea that 
all 36 outcomes for the Investigation experi- 
ment can be listed without actually carrying 
out the experiment. 

A sample space, introduced in Exercise 3, 
is simply the set of all possible outcomes for an 
experiment. While the elements in the sample 
space for the die tossing experiment in Exercise 
4 consist of the numbers 1 through 6, the ele- 
ments of the sample space for Exercise 5 are 
ordered pairs of letters. Point out that we must 
agree upon which letter of each pair refers to 
the penny or the dime. In this case, since the 
penny is listed first in the table, we could agree 
that the first letter in each ordered pair refers 
to the penny. 


. Asample space for the experiment of tossing 


. A penny and a dime are tossed. A table similar 


Sample Spaces 


Investigating the Ideas 


Mark the faces of a small cube 
with the letters A, B, C, D, E, 
and F. 


Mark the faces of a second cube 
with the numerals 1, 2, 3, 4, 5, 
and 6. 


Every time you toss the two cubes, 
a letter and a numeral on the top 
faces is an outcome. 





For example, the outcome shown of 
an E and a 4 turning up could be 
written as (E, 4) 


How many different outcomes can you get? 





Discussing the Ideas 


1. a How many different outcomes are there that have E as 


part of the outcome? 
B How many different letters can come up on the one cube? 
c How many different numerals can come up on the other cube? 


. Can you explain how to find all the possible outcomes without 


actually tossing the cubes? 


. The set of all possible outcomes for an experiment is called 


a sample space for the experiment. 
How many outcomes are in the sample space for the Investigation? 


a single coin can be designated by the set {H, T} 
where the H stands for heads and the TJ stands 
for tails. What is a sample space for an 
experiment of tossing a die? 


to the one shown can help to show the different 
outcomes. The sample space for the experiment 
can be written as {(H, H), (H, T), (7, H) , (7, T)}. 
A How many outcomes are in the sample space? 
B What does the symbol (H, T) mean? 

c What does (7, H) mean? 








* 5. 


the top face. 

c Spin the arrow on a dial. Record 
the number of the region in which 
the arrow stops. 


. If a penny, a nickel, and a dime are 


tossed at the same time, you might 
want to make a table similar to the 
one at the right in order to find 

the sample space. Complete the 
table to show all the possible 
outcomes. 


. One of the outcomes for spinning the 


arrows on the two dials like those 
at the right is (2, B). List all the 
other outcomes that could occur. 


. An experiment consists of tossing a 


penny and a die at the same time. 
Complete the sample space. 


Sample space: {(H, 1), (7, 1), (H, 2), 


An experiment consists of shuffling a 
cards and then turning up cards until 


Using the Ideas 


. List all the possible outcomes for each experiment. 
A Toss a penny. Record which side comes up. 
B Toss adie. Record the number of dots on 


H H 


. . 
. . 


First dial 


Second dial 


© 
Oe 


deck of 52 playing 
an ace is turned up. 


The outcome is the number of cards that must be turned up 
until the first ace is reached (including the ace). 
A The smallest outcome is obviously 1 and occurs when 

an ace is the first card turned up. What is the 


largest possible outcome? 


B On the average, how many cards do you think must be 
turned up before you reach the first ace? Try the experiment. 








UTILIZATION 

In Exercises | through 4, it should not be re- 
quired that all answers be expressed in set nota- 
tion. A table that shows all possible outcomes 
is a sufficient demonstration of students’ under- 
standing. For example the table suggested in 
Exercise 2 might be completed as follows. 


Penny | Nickel | Dime 
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The experiment in Exercise 5 should prove 
interesting to some students. The experiment 
should be repeated for 20 or more trials, and 
the average number of cards turned up, to and 
including the first ace, should be computed. The 
theoretical result for this experiment is that 
there are 10.6 cards turned up, to and including 
the first ace. 


EXTENSION 

Appropriate additional practice exercises are 

provided on page 117 of the Workbook. 
Enrichment: Use any of the first four exer- 

cises of this set as a basis for some experiments. 

Have students tally the outcomes to see if the 

outcomes seem to be equally likely. 


Assignments 
Minimum 1, 2. Average 1-4. Maximum 1-5. 


Objective 

Given a simple probability experiment, the 
student can find the probability of each out- 
come. 


PREPARATION 
Materials: Small cubes (1 per student or group 
of students). 

Review the idea of outcomes, equally likely 
outcomes, and sample spaces of probability 
experiments. 


INVESTIGATION 

Before beginning the experiment in the Investi- 
gation, each student should estimate and record 
the number of times he expects each face to 
come up in 60 tosses. Have students work in 
pairs or in small groups in order to carry out the 
Investigation. Since each face of the cube is 
equally likely to come up when tossed, each 
face should come up about % of the tosses. Since 
3 of the faces are labeled “A,” those faces 
should come up about ¢ of the time. The faces 
labeled ““B” should come up about 3 of the time, 
and face “C”’ should come up ¢ of the time. 


DISCUSSION 

Exercise | introduces the language of chances 

of an outcome. This is related to the idea of the 

probability of an outcome in Exercise 2. 
Stress the fact that if a sample space contains 

n outcomes, each of which is equally likely, 


then the probability of each outcome is 7 


Exercise 4 can be used to illustrate this fact. 
Also bring out the fact that the probability of 
any outcome is always a number from 0 to | 
and that the sum of all the probabilities of the 
outcomes in a sample space must be 1. 
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Finding the Probability of an Outcome 
investigating the Ideas 


Label 3 faces of a cube with the letter A: 
Label 2 faces of the cube with the letter B. 
Label 1 face of the cube with the letter C. 





Guess how many times each one of the three 
letters would come up in 60 tosses of the cube. 





Can you carry out the experiment of 60 tosses 


and compare your results with your guess? 





Discussing the Ideas 


pipes 


1. Karen explained her guess of ‘‘30 A’s”’ for the experiment 
this way: “Since there are 3 chances in 6 of an A coming 


up, then about 3 or 5 of the 60 tosses should be A's.” 
How could she estimate the number of times the other 
letters should appear? 


2. Since there are 3 chances in 6 that an A will appear on top, 
we say that the probability of getting an A is 2 or 3. 
A There are 2 chances in 6 of getting a B, 
what is the probability of getting a B? 
B What are the chances of getting a C? 
What is the probability of getting a C? 


3. A What are the chances of getting a head when 
tossing a penny? 
B What is the probability of getting a head? 
What are the chances of getting a tail? 
pb What is the probability of getting a tail? 





4. Equally likely outcomes have equal probabilities. 
A Since each number is equally likely for this 
spinner, what is the probability for each 
number? 
B What is the sum of the probabilities for all 
three outcomes? 











Using the Ideas 


1. Two colored marbles and one black marble 


are placed in a box. Suppose that a 
blindfolded person is to draw a marble 
from the box. 


There are ||||| chances in 3 of drawing a colored marble. 
What is the probability of drawing a colored marble. 
There are ||| chances in 3 of drawing a black marble. 
What is the probability of drawing a black marble? 


MY 


ce a white block? 
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. A box contains 9 blocks all the same size. 
Four blocks are red, three are black, and 
two are white. Suppose that the blocks 

are mixed together and a blindfolded person 
selects one of the blocks from the box. 
What is the probability of selecting 


A ared block? B a black block? 


. Three cards with the letters A, B, or C printed on one 

side are turned face down on a table and then their positions 
are thoroughly mixed. Supply the correct information 

to complete each sentence. 

A The probability of turning up the card with letter Ais ?. 


B The probability of turning up a card with either A or B 
Onitis*2 

c If an outcome is certain to happen, then the probability of that 
outcome is 1. The probability of turning up a card with either 
A, B, or Conitis ?. 

pb If an outcome is impossible or can never happen, then the 
probability of that event is zero. If 1 of the 3 cards is to be 
turned up, then the probability that it has the letter Z on itis ? . 





4. A spinner is constructed as shown at the right. 


When the arrow (paper clip) is spun, it is 

equally likely to stop in any of the five regions. 

A What is the probability that the arrow will stop on an 
odd-numbered region? 

B What is the probability that the arrow will stop on an 
even-numbered region? 

c What is the probability that the arrow will stop on a 
region whose number is less than 5? 





UTILIZATION 

The exercises can be discussed orally or as- 
signed as written work. The exercises would 
provide active involvement on the part of the 
students if the students actually carry out the 
suggested experiments. 

If the experimental approach is taken, it is 
important to compare the theoretical probabil- 
ity with the empirical probability that the stu- 
dents find. The students should observe that, in 
general, if a large number of trials are made 
for the experiment, the empirical probability 
is usually quite close to the theoretical 
probability. 


EXTENSION 

To provide extra practice, make assignments 
from Workbook page 18 and Duplicator Mas- 
ters page 78. 

Enrichment: Design a spinner experiment 
which has several outcomes which are not 
equally likely. Have students perform the ex- 
periment many times and estimate, from the 
experiment, the probability to assign to each 
outcome. 

A spinner which is easily made from card- 
board is shown below. One end of a paper clip 
is pushed through the spinner base. This acts 
as an axis on which the cardboard arrow turns. 
Tape the paper clip to the bottom side of the 
base. 


pee ATO 
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Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 


Spinner base 


Objective 

The student can carry out a_ probability 
experiment and compare the results of the 
experiment with expected results. 


PREPARATION 

Materials: Pennies, marbles of 2 colors, play- 
ing cards, homemade spinners, dice or cubes, 
paper cups, centimetre graph paper (Duplicator 
Masters, page 83). 

Set up work stations around the classroom 
containing the materials needed to carry out 
each experiment suggested by the exercises. 
The students can work in pairs or small groups. 
This will reduce the amount of material needed 
for the experiments. 


UTILIZATION 

The exercises will provide a wide variety of 
probability experiments for students to try. You 
may want to assign only a few problems to each 
student. If each pair or group of students is 
to complete all or most of the experiments, you 
should probably spend more than one class 
period on this lesson. 

One of the main objectives of this lesson 
should be to compare the experimental or 
empirical probabilities with the theoretical 
probability. For example, in Exercise | the 
theoretical probability of getting 2 heads when 
two pennies are tossed is¢ or 0.25. However, in 
carrying out the experiment students may find 
that they got 2 heads 21 times out of 100. Thus, 
the empirical probability of 2 heads is ?oo or 
0.21, which is quite near the theoretical prob- 
ability. If all student results for a given ex- 
periment are combined, experimental results 
will usually be quite near the theoretical 
probabilities. 

Theoretical probabilities for the outcomes for 
each problem are as follows: 


1. P(2H) =4: P(IM, IT) =4; P(2T) = 
2. P(black marble = 75; P( white martes = 
3. P(Ace) =e =a 

4; PCA) =%; P(B) =a) P(Cy=2 


1. Toss two pennies 100 times and make 


. Put three black marbles and seven white marbles (all the same 


. Make a spinner like the one shown. The probability 


PROBABILITY EXPERIMENTS 


In Exercises 1 through 9, try to carry out as many of the 
probability experiments as possible. Then compare your 
experimental results with the results that you would 
theoretically expect based on your knowledge of probability. 


a tally of the results. 


4 What is the ratio of the number Patiala 


of times two heads appear to the 
number of tosses? 

B What is the ratio of the number 
of times a head and a tail appear 
to the number of tosses? 

c In 100 tosses, what is the number of times that you 
would expect two tails to appear? 








size) into a small sack. Without looking, draw a marble from 
the sack, record its color, and then replace it in the sack. 
Draw and replace the marbles 50 times. 


A The probability of drawing a black marble from the bag 
is 3. Did you draw a black marble about 3 of the time? 


B What is the probability of drawing a white marble from 
the bag? Does your experimentation agree with this? 





3. There are four aces in an ordinary deck of 52 playing cards. 


Thus, if one card is drawn from the deck, the probability 
that it is an ace is ¢5 or 73. Shuffle a deck of 


playing cards and draw a card from the deck. 
Repeat the experiment 50 times. Keep a record 
of the number of aces drawn. Did you draw an 


ace about 75 of the time? 


of the arrow stopping in region A is 3. The probability 
of the arrow stopping in either region B or C is ¢. 
Keep a tally of the outcomes for 100 spins. 

Find each of these ratios: 


Number of A outcomes = Number of B outcomes 
100 100 100 





Number of C outcomes 


A 














5. Toss three pennies at a time 48 times. 


x 8. 


k 9. 


. The probability of getting a sum of 7 when two dice 


Keep a tally of your results. 

A Write a fraction that compares the number 
of times each outcome occurred to the 
number of tosses. Compare your result 
with the probability shown in the table. 

B Write a fraction that compares the actual number of times 
that two heads and a tail appear to the number of tosses. 

“1 . : fo f\ esr 

are tossed is g. Toss a pair of dice 60 times and oe i 


give a fraction that compares the number of times 
you got a sum of 7 with the number of tosses. 


. Make two spinners like those shown. 


Spin both arrows at the same time 





. Probabilities are given in the table. 

P(7)=% 

. Most likely sum is 4. P(4) = § 

. The probabilities for the outcomes of this 
experiment will vary because of the shape of 
the cup, the distance the cup falls, or even 
how the cup is held as it is dropped. For most 
paper cups with bases smaller than their tops, 
it appears to be far more likely that they will 
land on the side than in any other position. 
For more consistent results, you might sug- 
gest that the experiment be performed by 
dropping the cup to the floor from the height 
of a student desk and releasing the cup with 
the open side facing the floor and without im- 
parting any spin to it. 

9. In carrying out this experiment, if the penny 
bounces off the grid, do not count the trial. If 
a soft pad is placed under the grid, the penny 

will not be as likely to bounce off it. In order 

for the penny not to touch any of the lines of 


on NN 


for 60 times. Keep a tally of the 
sums that you get. 


A Which sum do you think is 
most likely to occur? 


B What is the experimental probability 
of getting that sum? 


Drop a paper drinking cup on the floor 
100 times. Keep a tally of the number 
of times it lands right side up, upside 
down, and on its side. 


A Determine the experimental probability 


of the cup landing in each position. 


B Compare your results with those of your 
classmates who performed the experiment. 





Make a grid composed of 3-centimetre squares. 


Drop a penny on the grid from a height of 


about 30 centimetres. Determine the 
experimental probability of the coin 
landing completely inside one of the 
squares on the grid based on 100 drops 
of the coin. 





the 3 cm grid, the centre of the penny must 
come to rest inside a circle at the centre of 
the square whose radius is about 0.6 cm (the 
shaded region of the figure below). 





The radius of the penny is about 0.9 cm and 
the distance from the centre of the square to 
an edge is 1.5 cm. The ratio of the area of the 
shaded circular region to the area of the 3 cm 
square is the probability that the penny will 
land inside the lines of the grid. This prob- 
ability is 


COMO i ULsOua: 
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= 0.13. 


Assignments 

Minimum 1-4. 

Average Odd-numbered exercises. 
Meetriien hy Sissi cy, a tele 


Objective 
Given a sample of a large set, the student can 
make an estimate of the whole set. 


PREPARATION 
Materials: Tracing paper. 

Review estimation by asking students to 
estimate, for example, the number of tiles on 
the floor, the number of acoustical tiles in the 
ceiling, or the number of square centimetres 
needed to cover their desk top. After discuss- 
ing how such estimates are made, direct the 
students to the Investigation for another esti- 
mation problem. 


INVESTIGATION 

Students should record their estimates of the 
number of stars on a piece of paper. Some stu- 
dents will immediately want to check their 
estimates by direct counting, but the discussion 
will be better motivated if the exact number of 
stars remains unknown at this time. 


DISCUSSION 

Emphasize that the stars inside one of the small 
squares constitute a sample of the data as a 
whole and that we can use the number of stars 
in One square centimetre to estimate the total 
number of stars. Since the estimate will depend 
upon which square is used as a sample, it 
should be noted that the number of stars in the 
squares vary from as féw as 4 to as many as 7, 
depending on how the borderline stars are 
counted. It appears that most squares have 5 to 
6 stars, so there should be between 250 and 
300 stars. 

If students wish to know the exact number of 
stars, supply tracing paper so that they can 
cover the picture with it and mark and count the 
stars. (There are 260 stars in the picture.) 


D-38 


Sampling 


Investigating the Ideas 





Suppose an astronomer 
made this photograph 
of a small portion 

of the sky and placed 

a 5 by 10 centimetre 
grid over the 
photograph. 
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Can you estimate 
the number of 


stars shown in 
the photograph? 


Discussing the Ideas 


uF 


What was your estimate of the number of stars in the photograph? 
Explain how you made your estimate. 


A 


Look at one of the centimetre squares on the photograph. 
How many stars are in one square? 

The stars that are in one of the centimetre squares is 

a sample of all the stars in the photograph. 

How could you use the number of stars in only one of the 
squares to help you make an estimate of the total number 
of stars? 


Find a centimetre square on the photograph that has as few 
stars as you can. How many are there? 


Find a centimetre square that you think has the most stars 
on it. How many are there? 


How can these samples help you make an estimate? 


If someone estimated that there were 100 stars, how would 
you convince him that his estimate was too small? 

If someone estimated 1000 stars, how would you convince 
him that his estimate was too large? 


. Choose as a sample the stars that are in one of the columns of 


centimetre squares. Estimate the total number of stars. 
How does this estimate compare with your previous estimates? 





Using the Ideas 


. In order to estimate the number of beans in 
a plastic bag, Larry counted out a pile of 
100 beans. Then he made other piles, without 
counting, that were about the same size as 
the pile of 100 beans. Altogether he had 16 
piles. What was his estimate of the number 
of beans? 


. Marie used another method of estimating the 
number of beans. She counted the number of 
beans that would fill one mug and found that 
there were 254 beans. Then she emptied the 
beans from the plastic bag by mugfuls and 
found that there were 55 mugs of beans in 
the bag. What was Marie’s estimate for the 
number of beans? 


. Jack found that in a normal walking gait, 
the length of his step was about 60 centimetres. 
Estimate the number of steps that Jack 
would have to take to walk a distance of 
one kilometre. 


. A photograph of a group of 64 spectators 
at a football game showed 20 women and 
44 men. Estimate the number of women at 
the game if the attendance was 58 560 
people. 


. Three dice were tossed and the sum of 
the top faces was recorded. In 216 tosses 
of the three dice, a sum of 14 was obtained 
15 times. Based on this sample, about 
how many times would a sum of 14 occur 
in 1000 trials? 


itu 


Trace square ABCD and point X on another 
piece of paper and cut out the square region. 





Make one straight cut through point X so 
that the square region is divided into two 
_ pieces that are the same size and shape. 





UTILIZATION 

Assign the exercises as needed, allowing suffi- 
cient time for discussing them afterwards. Have 
the students identify the sample size of each 
problem and describe how information about 
the sample was used in making their estimates. 


EXTENSION 
Exercises | and 2 would make excellent prob- 
lems for student involvement. Play a ““Guess 
the number of beans in the jar” game. Students 
can use samples of any size to make their esti- 
mate, but should avoid direct counting. You can 
award a “Champion Guesser”’ certificate to the 
student who makes the closest estimate. Of 
course, someone must make an exact count of 
the beans in order to determine who is the 
winner. 

Exercises 3 and 5 also lend themselves to 
active student involvement. 


Think Solution 

Any segment containing the centre of a square 
and having end points on the boundary of the 
square divides the square into two congruent 
parts. Thus, the segment containing x and the 
centre of the square will divide it as required. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-5. 
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Objective 
Given a sample of a set, the student can 
make some inferences about the set. 


PREPARATION 

Since the Investigation will take somewhat 
more than the usual time to complete, begin 
with it immediately. 


INVESTIGATION 

If feasible, divide the class into four groups 
and have each group carry out a different one of 
the surveys suggested in the Investigation. 
Allow the students to conduct their surveys 
and collect the information in whatever manner 
seems easiest to them. Students who conduct 
survey A, for example, might display the results 
of their survey on a chart like the one below. 


Ist 2nd 3rd 4th 
Program | Choice | Choice | Choice 
A 


Choice 
6 
B 
C 
D 


From this information, one could conclude that 
program C was the first choice of 4 of the stu- 
dents, that program A was the second choice 
of + of the students, and so on. 














seal fe 
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DISCUSSION 

You will want to allow enough time to discuss 
the results of the surveys in detail. Bring out 
such points as the fact that the results of the 
survey depend on the choice of the sample. 
For example, a survey of television programs 
should include both boys and girls if it is in- 
tended to reflect the preferences of students in 
general. Similarly, a survey of favorite subjects 
should include both boys and girls. 

In Exercise 4A, students may make such 
observations as that most students (7) have 
either 1 or 2 brothers or sisters and that the 
number of students having no brothers or sis- 
ters is the same as the number having 3 brothers 
and sisters and the number having 4 brothers 
and sisters. 
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Drawing Conclusions from Samples 


Investigating the Ideas 





Can you choose one of the surveys below and carry it out? 


ie List the school subjects that 
your classmates are taking. 
Find the favorite subject of 
ten of your classmates. 










A List four popular television 
programs. Find out which is 

the most popular program by 
surveying ten students. 
























Cc D 


Find the number of brothers | 
and sisters for ten of your 
classmates. 


Find out what part of the 
students in your room wear 
glasses or contact lenses. 








Discussing the Ideas 


1. When you conduct a survey or questionnaire of only ten students, 
you are using a sample of all the students. Do you think that 
the results you get depend upon which students you choose for 
your sample? 


2. If you want to determine the most popular television program, 
should your sample include both boys and girls? Why? 


3. Suppose you found out that about is of the students in your room 
wear glasses or contact lenses. How could you use this information 
to estimate the number of students in your school that wear glasses 
or contact lenses? 


4. Larry carried out investigation D. 

A How would you interpret the 
results of his sample? 

B What was the total number of 
brothers and sisters of the 
ten students sampled? 

c What was the average number 
of brothers and sisters for 
the ten students? 
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. A Based upon this poll, who 


. In a sample of 25 beads from a box of 


. Asample of voters polled ina 


Using the Ideas 


should win the class 
presidential election? 

B If 100 students vote, 
estimate the number of 
votes Mary and Bob will 
each receive. 








1000 red and black beads, 15 were red 
and 10 were black. 


A Estimate the number of red beads in the box. 
B Estimate the number of black beads in the box. 





. From previous samples taken, a company expects to find that 


2 out of every 1000 parts manufactured will not meet 
manufacturing standards. 


A What is the probability that a given part will not meet 
manufacturing standards? 


B If the company manufactures 500 000 parts per year, about 
how many of these parts will not meet the standards? 


province showed these 
percentages for each of three 
candidates. If there are 
2124000voters in the province, 
estimate the number of votes 
each of the candidates might 
expect to receive. 





. Using a sample of 200 people in a certain city, it was 


found that 72% of the people had a television set in 
their homes. If there are 40 000 households in the city, 
about how many television sets are there in the city? 


. A light bulb manufacturer expects, from experience with ~ 


many shipments (samples) of light bulbs, that about 15% 

of the bulbs shipped will arrive at their destination 

either defective or broken. About how many defective 

or broken bulbs would there be in a shipment of 10 000 bulbs? 


UTILIZATION 

Assign the exercises as independent work for 
the students. Afterwards, most students will 
benefit from a discussion of the reasoning be- 
hind each problem. In each problem, the basic 
assumption is that the sample described has the 
same general properties or proportions as the 
entire set (population) in question. Thus, in the 
sample in Exercise |, 7 out of 10 students state 
a preference for Mary, so one would conclude 
that, based on this sample, about 70 out of 100 
students would be expected to vote for Mary. 
Be sure to note that the actual outcome may 
be quite different because of the smallness of 
the sample and other factors such as whether 
the sample is truly representative of the student 
voters as a whole. 


EXTENSION 

Workbook page 119 may be assigned for appro- 
priate further practice with ideas presented in 
this lesson. 

Enrichment: Exercise 2 could be used as an 
experiment involving samples. Mix together 2 
different colors of beads or beans. (For exam- 
ple, count out 100 white beans and 400 brown 
beans and mix them together.) Students then 
choose a small sample of the beans and count 
how many of each color are in their sample. On 
this basis they can predict the proportion of 
each color of bean; they can also predict the 
number of each color, if they are given the total 
number. Use some small measure such as a 
coffee measure to obtain samples that contain 
about the same number of beans. 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 
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Objective 

The student can demonstrate the ability 
to work with the concepts presented in this 
module. 


UTILIZATION 
The review exercises can be assigned as in- 
dependent work or can be used as a basis of a 
discussion reviewing the main ideas of the 
module. 

Additional appropriate review exercises are 
provided on page 120 of the Workbook. 


REVIEWING THE IDEAS 


1. Which spinner is made to have 
equally likely ace 


&& 


2. Use the letters H (heads) and 
T (tails) to construct : & 
a sample space for an / 
experiment of tossing 
a penny and a nickel. 





3. A If you toss a penny 50 times, 
about how many heads would you 
expect to turn up? 

B What is the probability of 
getting a head? 


4. What is the probability of getting 
a head and a tail if two coins are 
tossed? 


5. What is the probability of getting 
a number less than 5 if a die is 
tossed? 


6. A dial is divided into five equal 


sized regions and the arrow is 

equally likely to stop on any of 

the arrow does 

not stop on the 

A What is the probability that 
the arrow will stop on 2? 
even-numbered region? 

c What is the probability that 


the regions. 

(Assume that fe} 

lines between WANG, 

the regions.) 

B What is the probability that 
the arrow will stop on an 
the arrow will stop on an 
odd-numbered region? 


10. 


. Refer to the 
spinner at <a [> 
the right. 


. Forty students 


. An experiment consists of tossing 


a penny and spinning the arrow on 
a spinner, and then recording the 
outcomes. 


A List all possible 
outcomes in the 
sample space 
for the 
experiment. 

B What is the 
probability 
of getting 
the outcomes 
(tails, B) for 


the experiment? R 
Be 





A What is the probability of 
each outcome? 

B If the arrow is spun 60 times, 
about how many times would you 
expect it to stop on 3? 





were asked to 

name their 

favorite sport. 

A On the basis 
of this sample, ————— 
about how many students out 
of 200 would choose football? 

B About how many out of 200 would 
choose basketball? 

c About how many out of 200 would 
choose hockey? 





In a population of 10 000 000 registered 
voters, a poll shows that the leading 
candidate in an election can expect 

to get 45% of the votes. About how 
many votes is this? 


TEST =ST YOURSELF 


1. If a spinner like the — 

_ one shown is used in 

a probability experiment, 

_ what is the sample space 8 / 
for the experiment? 


Are the outcomes in the experiment 
for Exercise 1 equally likely 
_ outcomes? 


3. Give the probability of each outcome 
_ in the sample space for the experiment 
in Exercise 1. 


| 4. Which outcome is more likely to 
occur when two pennies are tossed? 
4 [a] Two heads 
: A head and a tail 


} 5. What is the probability of getting 
a 7when you toss one die? 


i 6. Donna and Karen tossed a penny 220 

_ times. Heads came up 117 times. 
How many more or less times did 
heads come up than they would expect 
_ from probability theory? 


RESEARCH PROJECTS 


A_ Find the probability of getting certain 
combinations of cards in bridge or 
poker. (See Mathematics by David 
Bergamini and the Editors of Life; 

New York: Time, Inc., 1963, pp. 126-147 
available from GLC Educational Materials 
and Services, Ltd.) 

B Determine the possible outcomes of 
the sample space for the experiment 
of throwing three dice. Which sum or 
sums are most likely to occur when 
three dice are thrown? Can you find 
the probability of each outcome? 


. Three black marbles and two white 


marbles are placed in a sack. The 
marbles are to be drawn from the 
sack without looking. 


A lf a single marble is drawn, 
what is the probability that 
it will be black? 

If a single marble is drawn, 
what is the probability that 
it will be white? 


. The sum of the probabilities of 


all the outcomes in a sample 
space is ?. 


. Asample of cars stopping at a 


toll booth of a bridge showed that 

1 out of every 3 cars had only one 
person in the car. If 24 000 cars 

cross the bridge each day, about 

how many cars have only one person? 


. Using a sample of 300 families in a 


certain city, it was found that 69 
of them go camping during the 
summer. If there are 21 000 families 
in the city, how many go camping? 





What is the probability that two 
persons will have the same birthday 
(the same day of the month, not 
necessarily the same year)? What 

is the fewest number of people 
needed in order that the probability 
of two people having the same 
birthday is 3? (See Probability: A 
First Course by Frederick Mosteller, 
Robert E. Rourke, and George B. 
Thomas: Don Mills, Ontario 
Addison-Wesley (Canada) Ltd., 
1970.) 


TEST YOURSELF 

Students who have a clear understanding of the 
material covered in this module should be able 
to score well on the self-evaluation test. En- 
courage students who have missed some ques- 
tions to recheck their work and the related 
objectives (see student page annotations) and 
then review the appropriate portions of the 
module. 


RESEARCH PROJECTS 

Probability is a topic that lends itself to many 
research projects. The three suggested in the 
student text are only samples of projects that 
may prove of interest. 

Although many of the probabilities or odds 
in cards and other games of chance are difficult 
to compute since they involve some sophisti- 
cated mathematical ideas, students may find it 
intriguing to discover through Project A just 
what some of those probabilities are. 

Project B could be carried out by a group of 
students. There are 216 possible outcomes for 
tossing 3 dice. The sums most likely to occur 
are 10 and 11, each of which has a probability 
of 5. 

Project C will yield findings that will prob- 
ably be quite surprising to any students who 
undertake it. If about 23 people are selected at 
random, the probability that 2 of the people 
have the same birthday is about 3. For 30 peo- 
ple the probability of the same birthday is about 
zo. For 60 or more people, the probability is 
very close to, but less than, 1. 
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MATHEMATICAL RECREATION 
This mathematical recreation is somewhat 
similar to Exercise 9 on page D-37. The grid 
should be made as large as possible. If a soft 
mat is placed under the grid, the penny will not 
be as likely to bounce off when it is dropped on 
the grid. 

To show how 7 is derived from this experi- 
ment, the following argument can be made. 

Let r be the radius of the penny; then the area 
of the penny is mr?. This is the area of the in- 
scribed circle (labelled C in the figure). The side 
of the red square (C) is 2r, so its area is 4r?. The 
probability that the coin hits on an intersec- © 
tion is 



















WATHEMATICAL RECRE/ 


Finding a Value for z by Probability 


a 


The number 7z is the ratio of the circumference of 
any circle to its diameter and it about 3.14159.... 
The method below uses a probability experiment 
to find an approximate value for z. 


ONES 


Draw a grid of squares on a large 
sheet of paper, making the squares 
1.8 centimetres on each side (the 
same as the diameter of a penny). 
If you drop a penny on the grid, 

it will either cover an intersection 
point on the grid as in Example A, 
or it will miss as in Example B, but 
the outcomes are not equally likely. 


2 veo: 


Tr 


4 Ol 4: 
should be 





The experimental probability, en : 


T 
very near to A for a large number of tosses. 


hits 7 4 x hits 
Hence, = — and = 
tosses 4 tosses 





Drop a penny on the grid 100 times 
and keep a record of hits and misses 
on the intersection points. 


Multiply the number of hits in 100 tosses by 4 
and then divide this answer by the number of 
tosses (100). Your answer should be a rough 

approximation for 7 (7 = 3.14159... .). 


a ike AVN ees BS A Ces] Ne) 


Figure C may suggest why you get an approximation 
for 7 as a result of this experiment. If the centre 
of the coin falls inside the white circle, the coin will 


touch the intersection point. If the centre falls 
inside the colored portion of the square, it will not 
touch the intersection point. Find the ratio of the 
area of the circle to the area of the square. 


TIGALSRIE CRIEIATI 
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UNIT D: INTEGERS, PROBABILITY, 


AND STATISTICS 


Module 3: Statistics 


General Objectives 


To introduce some fundamental ideas of statistics and statistical data. 
To provide experience in interpretation of statistical data presented by bar 
graphs, line-segment graphs, circle graphs, and picture graphs. 


To review the idea of arithmetic mean and to provide applications of the 


concept. 


To introduce the idea of the median of a set of numbers. 
To provide experience with frequency distributions and the mode (or 
modes) of a set of numbers. 





Performance Objectives Pupil Text Reteach-Reinforce Related Activities 

138 RED The student can arrange and interpret numerical data in a D-46, 47 WB 121 SWM 2 237 
table. 

139 RED Given a bar graph, the student can interpret the information D-48, 49 WB 122 SWM 155, 239 
shown by the graph. DM 79 

140 RED Given a line-segment graph, the student can interpret the D-50, 51 WB 123 SWM 2 241, 258, 259 
information shown by the graph. DM 80 

141 RED The student can interpret the information given in a picture D-52 WB 124 SWM 2 244, 245 
graph. 

142 RED Given a circle graph, the student can interpret data illus- D-53 WB 124 
trated by the graph. 

143 RED Given a set of numbers, the student can compute the arith- D-54, 55 WB 125 ASC W-13 
metic mean. 

144 YELLOW The student can find the median of a set of numbers. D-56, 57 WB 126 

145 YELLOW The student can find the mode(s) of a set of numbers. D-58, 59 WB 127 SWM 2 242, 243 

DM 81 

Reviewing the Ideas D-60 WB 128 





MATHEMATICS 

Descriptive statistics is concerned with ways of 
organizing and presenting numerical data in 
a way that will facilitate interpretation of the 
data. In this module, statistical data is presented 
in the form of tables, bar graphs, line-segment 
graphs, picture graphs (also called pictographs), 


and circle graphs. 


Closely associated with sets of numerical 
data are certain statistics that are called mea- 
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The median of a set of numbers is the middle 
number of the set when the numbers are ar- 
ranged in order of size. If there is no single 
middle number, the median is the arithmetic 
mean of the two middle numbers. 

The mode of a set of numbers is the most fre- 
quently occurring number (or numbers) in the 
set. A set of numbers can have more than one 
mode. If, however, no number in a set occurs 
more than once, the set has no mode. 


sures of central tendency. In this module, the 
three measures of central tendency that are 
explored are mean, median, and mode. 

The arithmetic mean (often called the aver- 
age) of a set of numbers is the sum of all the 
numbers in the set divided by the number of 
numbers in the set. This is equivalent to replac- 
ing each number in the set by the arithmetic 
mean without changing the sum of the numbers 
in the set. 


TEACHING THE MODULE 


Materials 
Reference books, almanacs, encyclopedias, 
graph paper, newspapers, pairs of dice. 


Vocabulary 
arithmetic mean line-segment graph 
average mean 
bar graph median 
circle graph mode(s) 
data picture graph 
frequency (pictograph) 
frequency distribution statistics 

graph 


The basic objective of this module is to intro- 
duce the student to some basic ideas of descrip- 
tive statistics. The first lesson deals with col- 
lecting and interpreting data. This is followed 
by several lessons dealing with graphical data. 
Bar graphs, line-segment graphs, picture graphs, 
and circle graphs are introduced. This is fol- 
lowed by some lessons on measures of central 
tendency — mean, median, and mode(s). 

Most students will have had some experience 
with graphical data, but not in so concentrated 
a form as in this module. A majority of students 
will probably have computed arithmetic means, 


but the work with median, modes, and fre- 
quency distribution graphs will probably be 
new to them. 

The main effort with graphical work should 
be directed toward analyzing and interpreting 
graphical data. Less emphasis should be placed 
on the construction of graphs. 


Lesson Schedule 

The amount of time you spend on this module 
will depend, largely, on the amount of emphasis 
you give to the material. A minimum coverage 
of the material should require about 6 days. 
However, if you elect to carry out many of the 
suggestions for extension or have students en- 
gage in other special projects, you may need 
from 8 to 10 days to complete the module. 


Evaluation 
Your evaluation should focus on understanding 
and interpretation of graphical data rather than 
on students’ ability to construct various graphs 
based on statistical data. While there is some 
value in knowing how to construct graphs, it is 
far more important that students be able to 
interpret data presented by a graph. 

The self-evaluation test at the end of the 
module can serve as a model for a module 


achievement test, or you might administer the 
achievement test which is available from the 
publisher as part of the evaluation program for 
this series. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Developmental Math Cards, 7, Addison- 
Wesley 

ESS: Pendulums, Webster, McGraw-Hill 

Experiences in Mathematical Ideas, Vol. 2, 
“Graphs” and “Organizing Data,” pp. 96- 
173, NCTM 

Experiments in Mathematics, Stage 3, pp. 16- 
19, Houghton Mifflin 

Inquiry in Mathematics via the Geoboard, 
“Linear graphs,” Card sets 25 and 26, Walker 

Nuffield Project: Probability and Statistics; 
Speed and Gradient 1, Wiley 

Statistics, Cuisenaire Co. 

Statistics by Example, Addison-Wesley 


Manipulative Devices 


Hexstat (Gamco; LaPine) 
Probability and Statistics Lab (Gamco; LaPine) 
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UNIT D: Integers, Probability, and Statistics 
‘MODULE 3: Statistics 








OBJECTIVES: 


After completing this module, you should be able to: 
1. Collect, arrange, and interpret numerical data 
into a table. 
2. Interpret information shown by bar, line- 
segment, picture, and circle graphs. 
3. Find the average, median, and mode(s) of a set 
of numbers. 


Collecting and Interpreting Data 


that we often need to be able to read and inter- 
pret such data. 


Objective 

The student can collect, arrange, and inter- Investigating the ideas 
pret data about a given topic. 

You may often find it necessary to use many different 

PREPARATION sources in order to gather information about a problem. 
Materials: Almanacs, encyclopedias, or other Consider the following questions: 
reference books. am 

Display some examples of statistical data What:is;the population of What are the record high 
EAU TI A eee pe oe abcess (} each. of'the five largest 4 and low temperatures for 
Show various tables and graphs and point out cities'in your province? your city or town and 


00 © for four other cities? G | 


Ni 


INVESTIGATION 
Have the students study the Investigation and Can you find some information Record your 
select which data they wish to try to find. You 
may prefer to divide the class into groups and 
assign a particular problem to each group. You 
might suggest that some students find informa- 
tion for both problems. If possible, have several 
different sources of information available for 


about the questions above? information. 





Discussing the Ideas 


the students to use. Some variation in answers 1. The science of analyzing numerical information is 

will probably result. Use your school library called statistics. Could two persons find different 

if reference books are not available in your information when answering the questions above? 
classroom. Explain. 

DESCUSSION 2. Facts about an object or a topic are called data. 


In the Discussion, bring out the fact that in 
collecting numerical data about an object or 
topic, somewhat different data may be found by 


Judy copied the following data from a reference 
book in order to answer question 2 above. 


two people using different sources of informa- Calgary 36°C, ~45°C London 41°C, ~33°C Montreal 36°C, ~34°C 

tion. Such discrepancies may result from use st. John’s 34°C}-=29°C ©Victoria 35°C, 19°C 

of different rounding procedures uniethe Pie What are some ways in which Judy could have arranged the 

pu ohone or numerical’ data, or especially im data in order to make it easier to read and interpret? 

the case of population figures may reflect differ- 

ences in the date the data were gathered. ‘ : 
iienianeine numerical data, students should 3. Frank arranged his material for EY. _ POPULATION 

use some systematic scheme such as increasing question 1 ina table. Would 452 524 

or decreasing order. you have arranged it differently? 750 879 


In what way? 275 425 
383 818 
540025 





4. After finding information for the Investigation questions 
above, arrange the data in a manner so that it would be 
easy for others to understand. What are some things that 
you should consider when arranging your data? 





1. 


2. 


. Find the population of the five largest cities in the 


. Collect and arrange information about these topics. 


. Find the names of all the major league 


Using the Ideas 


The melting point temperatures of some metals in °C are 
as follows: gold 1063°C, iron 1535°C, aluminum 649°C, 
copper 1083°C, lead 328°C, nickel 1453°C, tungsten 3410°C, 
silver 960°C. Arrange the data in a table. 
A Which metal has the highest melting point? 
B Which metal has the lowest melting point? 
c Which metal has a melting point temperature about 
twice as high as lead? 
pb Which two metals have the closest melting-point 
temperatures ? 


Annual sales in dollars for some large international companies 
in 1972 were Exxon Corporation 22 billion, Royal Dutch Shell 
14 billion, Unilever 8.9 billion, Volkswagenwerk 5.4 billion, 
General Motors 28.3 billion, Hitachi 4.4 billion and Nestle 4.1 
billion. Arrange the data in a table. 
A Which company had the largest amount of sales? 
B Which company had about half of the amount of sales 
as Unilever? 
c Which company had about four times as many sales as 
Volkswagenwerk? 
DB Which company had sales that were about seven billion 
less than the sales of the Exxon Corporation? 














world. Arrange this information in a table. 


A The names and heights of the six tallest 
buildings in the world. 

B The names and areas of the five largest 
fresh water lakes. 

c The names and heights of the five highest 
mountains in the world. 





Is this a 
magic 
square? 


baseball players who have hit more than 
50 home runs in one season, the number 
of home runs that they hit, and year in 
which they were hit. 


UTILIZATION 
Exercises | and 2 present numerical data which 
the students must arrange and interpret. 
Exercises 3, 4, and 5S require that data be 
found in reference sources. Students should be 
able to use the school library, or reference 
books should be provided, if these problems are 
assigned. Some variation in answers may be 
expected on some problems depending on the 
sources and the dates on which the information 
was gathered and published. Have students 
display the data collected for these exercises 
and discuss the possible reasons for any varia- 
tions in data. 


EXTENSION 
Additional practice exercises are provided on 
page 121 of the Workbook. 


Think Solution 

The square is a magic square with a sum of 
16335. This particular square has some other 
interesting properties. Considering only the 
digits in the ones’ place of each numeral, a 
magic square with a sum of 15 is formed. Con- 
sidering only the digits in the tens’ place of each 
numeral a magic square whose sum is 12 is 
formed. The digits in the hundreds’ place and 
the digits in the thousands’ place also form 
magic squares. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-5. 
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Objectives 

The student can interpret the data presented 
by a bar graph. 

Given appropriate data, the student can 
depict the data by means of a bar graph. 


PREPARATION 

Materials: Examples of bar graphs from maga- 
zines, newspapers, or other sources; graph 
paper (Duplicator Masters, page 83). 

To introduce the idea of interpreting data 
from a bar graph, you or your students might 
bring to class and discuss examples of bar 
graphs from newspapers or magazines. 


INVESTIGATION 

Have the students study the information in the 
table and the bar graph. If you prefer, you may 
discuss Exercises 1 and 2 of the Discussion 
section before having the students construct 
their graphs of the daily high temperatures. 


DAILY HIGH TEMPERATURES 


M 
Tu 
Ww 
Th 
F 


Sa 
Su 


14° 16° 18° 20°22°24° 26° 28 


DISCUSSION 

In your discussion of the graphs, bring out the 
fact that bar graphs depict data in a way that 
makes it easy for us to compare quantities visu- 
ally. In discussing Exercise 2, point out that 
data is often rounded in order to show it ona 
graph. 

Exercises 3 and 4 illustrate how graphs of 
statistical data can be distorted. In the graph in 
Exercise 3, the bar for Fred was placed beside 
the bar for Bill, thus making Bill’s allowance 
look very small. Note also that the scale starts 
with $1.00. The graph in Exercise 4 is drawn so 
that it appears that each boy gets very nearly 
the same allowance, although Bill’s allowance 
is still the least. In both graphs, the scales were 
adjusted so as to emphasize certain aspects of 
the data. 
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. Bill drew this bar graph 


. Bill’s father said that 


Bar Graphs 


Investigating the Ideas 


Using the information in the table, a student made a 
bar graph to show the daily low temperatures for each 
day in a certain week. 


DAILY LOW TEMPERATURES 


Day 


Monday 


Tuesday 
Wednesday 
Thursday 
Friday 





Saturday 
Sunday OSM Oe te 42 Goes OO el Oo a Oe 








Can you make a bar graph that will show 


the daily high temperatures for the week? 





Discussing the Ideas 


1. If you wanted to compare daily low temperatures, which 


would you find easier to use, the table of data or the 
bar graph? Explain your answer. 


. Does the bar graph show the data as accurately as the table? 


WEEKLY ALLOWANCES 


to show how his weekly 
allowance compared with 
three of his friends. 


Estimate each boy’s 
allowance. $1.00 $1.50 $2.00 





WEEKLY ALLOWANCES 
Bill’s graph was misleading. i 
He drew a graph like this Paul 
one. Which graph do you think Fred 
gives the information best? Why? 











Using the ideas 


1. Estimate the length of each river to the nearest hundred kilometres. 


Five Longest Rivers in the World 





Nile 
Amazon 
Ob-Irtysh 
Yangtze 
Huang 
0 1000 2000 3000 4000 5000 6000 7000 
Length (km) 


. The bar graph at the 
right shows public 
school enrollment 

in Canada. 


A Give the approximate 
school enrollment for 
each year shown on 
the graph. 

B How many more pupils 
were enrolled in 1970 
than in 1900? 


c In which 10-year 
period did school 


Public School Enrollment 






















= 
oe) 


Number of pupils (hundred thousands) 
wo 
oO 


Eee eas ee Gene 
enrollment grow Se) Een 
fe pee 
most rapidly? SSS eee ee 
Give the increase. SSS Sa Saas 
; : ; Am aa SS 

pb During which years did 1900 1910 1920 1930 1940 1950 1960 1970 

it decrease? Year 





. Construct a bar graph giving 
the approximate population 
of Canada by decades 

from 1900 to 1970. 


. Using the graph that you 
constructed for Exercise 3, 
make an estimate of the 
population of Canada 

for 1980 and 2000. 








UTILIZATION 

Exercises | and 2 require reading and interpret- 
ing the data presented in the graphs. Exercise 
3 requires construction of a bar graph, which 
may have either horizontal or vertical bars. 

In Exercise 4 the students are asked to esti- 
mate the U.S. population for 1980 and 2000. 
This process of projecting data beyond that 
which is given is known as extrapolation. You 
may wish to spend some time discussing the 
usefulness of extrapolation as well as its in- 
herent dangers. 


Answer, Exercise 3 
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180 
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40 
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0 
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EXTENSION 

Workbook page 122 and Duplicator Masters 
page 79 contain exercises suitable for additional 
practice assignments. 

Remedial: Collect several different bar graphs 
from magazines and newspapers and have stu- 
dents estimate the numerical data represented 
by each ‘bar. 

Enrichment: Have students choose a set of 
numerical data from some reference source and 
depict it by means of a bar graph. 


Assignments 
Minimum 1-2. Average 1-3. Maximum 1-4. 


Objectives 

Given a line-segment graph, the student can 
interpret the data shown by the graph. 

Given appropriate data, the student can con- 
struct a line-segment graph depicting the data. 


PREPARATION 
Materials: Hourly temperatures for one day, 
graph paper (Duplicator Masters, page 83). 
To save time and provide additional motiva- 
tion, you might ask students to obtain the 
hourly temperature data before this lesson is 
presented. This might be done in conjunction 
with the previous lesson on bar graphs of tem- 
peratures. Many daily newspapers carry hourly 
temperatures, and this data could be used by 
students if you prefer. 


INVESTIGATION 

If students do not have their own sets of daily 
temperatures, write a set of temperatures for 
them to use. Supply graph paper as needed. 
You may find it beneficial to discuss Exercises 
1, 2, and 3 before having the students draw 
their graphs for the Investigation. 


DISCUSSION 

Discuss Exercises | and 2 in relation to the 
graph shown in the Investigation and the graph 
that the students have drawn. When discussing 
Exercise 1B, you should point out that the 
temperature at 10:30 a.m. appears to be 23°C. 
Drawing a conclusion such as this from a graph 
is called interpolation. We assume that the 
temperature between the measured intervals 
rises or falls along a straight line. 

Note that negative numbers occur in the data 
presented in Exercise 3. Discuss how the scale 
for a graph depicting such data would be made. 
Encourage students actually to construct a line- 
segment graph of this data. 


Line-segment Graphs 


Investigating the Ideas HOURLY TEMPERATURES 


Pam kept a record of 
hourly temperatures 

for a certain school day. 
Then she made a graph 
like the one at the 

right in order to 

show her data. 


Temperature (°C) 


Can you find the hourly 
temperatures for one day 


and draw a graph like this 
one to show your data? 





Discussing the Ideas 


1. Graphs like the one Pam made are line-segment graphs. 
Points are marked corresponding to the time and 
temperatures, and then successive points are joined 
with line segments. 

A Read the temperature for each hour shown on the graph. 
B Can you estimate the temperature at 10:30 using the graph? 


2. a What is the difference between the highest and 
the lowest temperatures shown on the graph? 
B How can this difference help you to decide what 
scale that you should use on the temperature axis? 


3. How would you construct 
a line-segment graph for 
the temperatures shown 
in the table? 














Refer to the precipitation graph 


Using the Ideas 


AVERAGE MONTHLY PRECIPITATION 


for Exercises 1, 2, and 3. 


os 
. 


. In which months is the average 


. Find the approximate annual 


. The average daily high 


Give the approximate average 
rainfall for each month to 
the nearest centimetre. 


rainfall 
A less than 6 centimetres ? 
B more than 12 centimetres ? 





precipitation (cm) 











rainfall for the area graphed. 5 


July 
Aug 
Sept 


. Refer to the hourly temperature 


graph at the right. 

A What is the highest 
temperature on the 
graph? When did it 
occur? 

B What is the lowest 
temperature? When 
did it occur? 

¢ How much did the Bears ses 
temperature rise as 
between 6:00 A.M. 2 
and noon? 
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temperatures for the month 
of July for a certain 

locality is shown in the 
table. Construct a 
line-segment graph to 
show the data. 





UTILIZATION 

Exercises | through 4 require only reading and 
interpretation of the graphs. Therefore, you 
may prefer to handle these exercises orally and 
assign Exercise 5 as independent work. Stu- 
dents will need graph paper for Exercise 5. 


Answer, Exercise 5 





2s 

a 

o 

a 
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o 

= 
EXTENSION 


To provide further practice with the ideas pre- 
sented in this lesson, make assignments from 
Workbook page 123 and Duplicator Masters 
page 80. 

Enrichment: Have students keep a record of 
daily high temperatures or daily low tempera- 
tures for a week or more. Then they can con- 
struct a line-segment graph to depict the data. 
This could be done as a class project in which 
students construct a large graph on poster- 
board. A new segment could be added to the 
graph each day. 


Assignments 

Minimum 1-4, oral. 
Average 1-4, oral; 5. 
Maximum 1-4, oral; 5. 


Objective 
Given a picture graph, the student can esti- 
mate the numerical data depicted by the graph. 


PREPARATION 

If possible, collect some picture graphs from 
newspapers or magazines. A brief comparison 
of these graphs to the kinds of graphs pre- 
viously studied would be helpful preparation 
for this lesson. 


UTILIZATION 
Picture graphs are also called pictographs or 
pictograms. Bar graphs can usually portray the 
same data as a picture graph, but picture graphs 
are often used when attractivenss of the display 
is important and when only approximations of 
the data need be presented. Since picture 
graphs appear quite frequently in newspapers 
and other printed material, it is important that 
students be able to analyze and interpret them 
correctly. It is less important that they be able 
to construct picture graphs, especially since 
such graphs usually require some artistic skill. 
In discussing the exercises, call attention to 
the fact that the partial figures are used to show 
parts of the basic unit of the graph. Consider- 
able variation should be expected in estimates 
of numbers represented by the partial figures. 
For example, in Exercise | estimates of the 
number of English-speaking people may vary 
from about 320 million to about 350 million. 
Obviously illogical estimates, of course, should 
be corrected. 


EXTENSION 

Enrichment: Have students construct a picture 
graph of the population growth of Canada 
since 1900. Refer them to Exercise 3 on page 
D-49 for the needed data. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-3. 


PICTURE GRAPHS 


Picture graphs are often found in newspapers, magazines, 
and reference books. They can help you to interpret 
statistical data quickly, but only show approximate data. 


1. The pictograph at the right 
shows the approximate number 





of people that speak each of : 
the languages listed. eee A f A R A fh 
a How many people does English fA R R * 
each symbol in the Russian A h 
graph represent? Spanish A Z 
B Estimate the number : 
of people (to the pele R A 
nearest ten million) German R a 
who speak each Each R represents 100 million people 





language. 








2. The pictograph at the right shows 
automobile sales during 5-year 
periods from 1955 through 1970. 
A In which year was there the 
greatest number of sales? 

B In which year was there the 
least number of sales? 

c Estimate the number of sales 
(to the nearest million) for 
each year. 









1955 Gi > d> & 
1960 <> & & A 
1965 > &@ @ &@h @ @ 
1970 Gi» i> Gi « 


Each BD represents 2 million automobiles 





High Waterfalls of the World 


3. The graph at the right combines 
some features of a bar graph 
with some of a picture graph. 

A Estimate the height of 
each waterfall to the 
nearest hundred metres. 

B How much higher is Angel 
Falls than Yosemite Falls? 

c How much higher is Tugela 
Falls than Cuquenan Falls? 


Height (metres) 





Angel Tugela Yosemite Cuquenan Sutherland 
(Venezuela) (S. Africa) (U.S.) (Venezuela) (N. Zealand) 

















3 


| 
: 


2ircle Graphs 


Circle graphs are often used 
to show how a given quantity 
is divided into fractional parts. 


The graph at the right shows 
the sources and part of each 
ollar of government income. 
For example, 16% of the 
income (16¢ out of each dollar) 
omes from corporation 
income taxes. 


. From where does the government 


} 


. The estimated total government 


receive the largest part of its income? 


What item accounts for one-third 
of government income? 


income for 1971-1972 was $14 226 600 000. 
If 33¢ of each dollar came from individual 
income taxes, what is the total amount of income taxes? 


What is the amount of income received from sales taxes? from other excise taxes? 
Use the population graph for Exercises 5 through 8. 


5. In what age range is the largest 


portion of the population? 


6. The population of Canada 


in 1971 was approximately 21 569 000 
people. 
A About how many people were 

over 55 years old? 


B About how many people were 
under 24 years old? 


7. About 9% of the population is between 
the ages of 15 and 19. How many persons 


is that? 


over 70 years old? 





Government Income 1971-1972 







. About 63% of the population is over 70 
years old. About how many persons are 


Population Distribution 
by Age (1971) 


Objective 
The student can interpret the data presented 
in a circle graph. 


PREPARATION 

A brief review of finding a percent of a number 
will be helpful for students as preparation for 
the work on these exercises. 


UTILIZATION 

Circle graphs show how a total amount is di- 
vided into parts. Point out that the sum of all 
the parts must be 100% of the total amount. 

In this lesson no instruction is given on the 
construction of circle graphs. The emphasis is 
on understanding and correctly interpreting 
the data presented by the graph rather than on 
construction of the graphs. 

Assign the exercises as independent work. 
After the students have completed the work, 
have some of them place their solutions on 
the chalkboard and discuss their method of 
solution. 


EXTENSION 
For suitable further practice exercises, refer to 
page 124 of the Workbook. 

Enrichment: Students might be challenged to 
make a circle graph that shows how they spend 
their time during each day (24 hours). Included 
in their graph should be hours spent in school, 
recreation, sleeping, eating, and other activities. 
You may need to give students some guidance 
on how to divide the circular regions into sec- 
tors to show the various amounts of time de- 
voted to each activity. 


Assignments 
Minimum 1-4. Average 1-7. Maximum 1-8. 
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Objective 
Given a list of numbers, the student can com- 
pute the arithmetic mean of the numbers. 


PREPARATION 
Materials: Newspapers or magazines. 

Each student will need a short paragraph 
from a newspaper or magazine to carry out the 
Investigation. Have these materials available 
for the students to use. 


INVESTIGATION 
The students should study the example in the 
Investigation, then try to find the average length 
of the words in the paragraph they select. It 
might be of interest for the students to identify 
the section of the paper from which they choose 
their paragraph. This could engender a dis- 
cussion of whether the average length of the 
words from the sports section, for example, is 
greater or less than that of the words from the 
front page or the editorial page, and so on. 
You may find it necessary to agree that any 
numeral in a paragraph should be counted as a 
word and that each digit in the numeral should 
be counted as a letter. 


DISCUSSION 

Since most students will already be familiar 
with the idea of the average or arithmetic mean 
of a set of numbers, the material will be a 
review for most. When discussing the flow chart 
method for finding the mean in Exercise 2, 
emphasize that this method is equivalent to 
replacing each number in the set by a single 
number so that the sum remains the same. 
Thus, 


35 + 47 + 83 + 69 + 71 = 305 and 
61+ 61+ 61 + 61+ 61 = 305. 


Therefore 61 is the arithmetic mean of the num- 
bers in the set. 

In discussing Exercise 3, students should 
observe that the arithmetic mean of the set 
might be any number between 43 and 129. 
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Finding Averages 
investigating the Ideas 


There are 54 words in this particular 
newspaper clipping made up of 277 letters. 


The average number of letters in each 
word is about 5.1 (to the nearest tenth). 


Sez 
54)277.00 
270 

70 
54 
160 
108 
52 





Can you select a newspaper clipping containing less than 


100 words and find the average length of each word? 





Discussing the Ideas 


1. a What was the average number of letters per word of 
your newspaper clipping? 
B Compare the average that you found with that of 
another classmate. Are the averages about the same? 


2. The average of a set of numbers is often called the 
arithmetic mean of the set. The flow chart below may 
help you review how to compute arithmetic means. 





Use the flow chart to help you find the arithmetic mean 
of the numbers in this set: 


{35, 47, 83, 69, 71} 


3. In a long list of numbers, the smallest number is 43 and 
the largest number is 129. Without any other information, 
what could you say about the size of the arithmetic mean 
of this set of numbers? 








oo ODO 


. Bob found that the ages of six of his teachers at school 


. Larry scored 83, 78, 92, and 87 on four mathematics tests, 


. A person has an average salary of $193 per week. What is 


. Four starting players on a professional football 


. The arithmetic mean of a list of 32 numbers is 66.4. 


Using the Ideas 


. Find the arithmetic mean of each set of numbers to the 


nearest tenth. 

A {235, 279, 303, 369, 346} 

{1, 4, 6, 10, 15, 20, 26, 39, 46} 
416.4, 23.9; 30.1} 

A a0 85 2.4593. al 6.8} 


. What is the arithmetic mean of 3, $, and 2? 


were 26, 29, 59, 38, 48, and 34. What is the arithmetic 
mean of their ages? 






What was his average score? 


his yearly salary? 


. Beth has 21¢, Mary has 34¢, Diane has 15¢, and Lisa has 44¢. 


If they put their money together and divide it equally among 
themselves, how much would each girl have? 


team weigh 92, 100, 89, and 95 kilograms. What is 
the average weight of the men? 





What is the sum of all the numbers in this list? 


. Suppose the average income for four people is $100 000 per 


year. Three of the men earn more than $10 000 per year. 
What is the maximum amount of income the fourth man can earn? 





More practice, page S-31, Set 55 


UTILIZATION 
Assign the exercises as independent work for 
the students. Allow time for discussion when 
the students have completed the exercises. 
Exercise 9 illustrates the effect that one rela- 
tively large number can have on the arithmetic 
mean of a set of numbers in which the remain- 
ing numbers are relatively small. If three of the 
men earn no more than $10 000 per year, then 
the fourth man must earn a minimum of 
$370 000 per year in order that the four men 
average $100 000 per year. Thus, an ‘“‘average”’ 
of $100 000 per year is not truly descriptive 
of the earnings of the four men. 


EXTENSION 

To provide further practice with the ideas pre- 
sented in this lesson, make selective assign- 
ments from Supplementary Exercise Set 55 on 
page S-31, Workbook page 125, and Arithmetic 
Skill Card W-13. 

Enrichment: Divide the students into 3 or 4 
groups. Have each group work together and 
find the average height or weight of the students 
in that group. Then have them find which stu- 
dent in the group is closest to “average” on the 
basis of the data found. 


Think Solution 

If Arnold had answered all three problems 
correctly, then Chris would have missed all 
three and vice versa. Hence, Barbara must have 
answered all three problems correctly. There- 
fore, Arnold has one right answer and Chris 
has two right answers. 


Assignments 
Minimum 1-4. Average 1-7. Maximum 1-9. 
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Oaleciiye Finding Medians 

Given a list of numbers, the student can find 
the median of the numbers. Investigating the Ideas 
PREPARATION a SK 
Discuss with the students the fact that averages 
or arithmetic means are called measures of cen- 
tral tendency in statistics. The mean of a set of 
numbers is one such measure. Then point out 













Paul P. 
Pat R. 


Elaine H. 
Ruth H. 


Beth A. 
Art B. 


82 
72 




































that another measure of central tendency is Jim B. 69 Robert J. Jerry S. 92 

introduced in this lesson. Ginny D. 92 Sarah J. Ralph S. 84 
Marie D. 96 Max K. Lisa T. 

INVESTIGATION . 

Allow the students to use any technique they Allen E. 88 William L. Diane V. 

wish in trying to find which student had the Barbara F. 90 Margaret M. Virginia W. 75 









Jackie W. 
Frank Y. 


Susan N. 
Eric-O: 





middle score. Some students may list the scores 

ve F. 
in order of size and then find the middle score. Dave F 89 
Others may estimate the middle score and then Ellen G. 19, 


check their estimate. For example if their esti- 
mate was 83, then by counting the scores they 
would find 15 scores above 83. Since there are 
27 scores in all they would know that the mid- 
dle score must be somewhat higher. Further 
estimation and counting would reveal 85 to be 


the middle score. Discussing the Ideas 


DISCUSSION 

The median of a set of numbers is the middle 
number of the set when the numbers are ar- 
ranged in order of size, or the arithmetic mean 





Can you find the student that made this statement? 


‘Just as many students made lower scores 
than mine as made higher scores than mine.” 





1. The middle score in the list above is called the median score. 
How Can you arrange the data so that the middle score is easily found? 


of the two numbers nearest the middle in cases 2. When there is an even number of numbers in a list, there is 
where there is an even number of items in the no single middle number. The flow chart below shows how the 
list. median is found in any case. 


The flow chart in Exercise 2 gives the steps 
in finding the median of a list of numbers. When 
discussing Exercise 3, consider examples such 
as the following: 


A = {1,2,3,4,5} and 
B = {1, 1,2, 2,99} 





No 


ee he mcanandiiie pecan ie yooene Use the flow chart to determine the median of each set of numbers. 
number, 3. In set B, the mean is 21 but the 


median is 2. A {14, 15, 7, 21) 29} 
BH 22)5247250, dies I oo mods Gay Olea le 
c {83, 86, 92, 90, 93, 93, 93, 89, 90, 97, 94, 86} 


3. Do you think that the mean and the median of a set of numbers 
are usually about the same? Give some examples. 








bwauitral 


. The heights of a group 


. What is the median of this set 


Using the Ideas 


. Find the median for each set of numbers. 


A {27, 38, 46, 49, 52} 
Baio, te, 18,260) 
Gan4e7,./, 8: Oold 1oal4, 15} 


D {274, 329, 351, 376, 382, 390} 
Edo heps0ee?, 41 old, So} 
Feo) 2) oo; 7, 4, 6,4, 10} 


. On a certain test, six students made these scores: 


88, 82, 94, 91, 81, 92 
What was the median score? 


. Barry had the median score of 81 in his class of 33 students. 


No one else in the class had a score of 81. How many 
students in the class had scores that were higher than 
Barry's score? 


. The low temperatures for each day during a week 


were 8°, 4°, 16°, 3°, 4°, and 15°. Find the arithmetic 
mean and the median of this set of temperatures. 





Heights of Students in Metres 
1.63 1.45 
1.50 Paleo: 
1.53 1255 
1.63 1.70 
1.65 1.69 








of students are given 
in the table at the 
right. What is the 
median height? 





{23, 37, lll, 76, 100} 
Lares 


if the arithmetic mean is 57? 





_A traveller wishes to stay at an inn for several days. He 
has no money, but he has a valuable gold chain. The 
innkeeper agrees to let him stay on the condition that 
each day he pay one link of his chain. The traveller i 
must pay every day; that is, at the end of one day, the 


innkeeper must have one link, at the end of two days, | 
two links, and so forth. The traveller must cut his chain 
in order to make these payments. If the chain has 

seven links and the traveller stays for seven days, show - 
how by cutting only one link in all he can pay for his | 
lodging every day. 





More practice, page S-32, Set 56 


UTILIZATION 

Assign the exercises as independent work. 
Remind the students to use the flow chart in 
Discussion Exercise 2 as an aid in finding 
medians. When the list of numbers is extensive, 
as in Exercise 5, students will find it necessary 
to rearrange the numbers in order of size to find 
the median. 


EXTENSION 
Appropriate further practice assignments may 
be made from Supplementary Exercise Set 56 
on page S-32 and Workbook page 126. 
Enrichment: Exercise 5 could be used as an 
enrichment problem. Students can estimate and 
then compute the arithmetic mean of the set 
of numbers. 
An interesting class activity would be to 
determine the median height of the students in 
the class. 


Think Solution 


Cut this link. 


Then you have: 
A B Cc 


Ist day: Give one link (B). 
2nd day: Give two links (A); get one back (B). 
3rd day: Give one link (B). 
4th day: Give four links (C); get three links 
back (A, B). 
Sth day: Give one link (B). 
6th day: Give two links (A); get one back (B). 
7th day: Give one link (B). 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 


Objective 
The student can determine the mode of a 
given set of data. 


PREPARATION 
Material: Pairs of dice, graph paper (Dupli- 
cator Masters, page 83). 

Distribute the materials students will need 
for the Investigation. Students can make their 
own dice from wooden or cardboard cubes, if 
not enough commercial dice are available. 


INVESTIGATION 

The Investigation could be carried out by stu- 
dents individually, but if they work in pairs they 
can more easily record the outcomes. Their 
graphs should be patterned after the one shown 
in the text. The student graphs may vary con- 
siderably with each other and with the one 
shown in the text, depending on the outcomes 
of their tosses. 


DISCUSSION 

Mode is another measure of central tendency 
of a set of data and, in probability experiments, 
provides a more useful description of the data 
than either the mean or median. In the dice 
tossing experiment, for example, we are con- 
cerned with the number of times each sum 
occurs and which sum occurs most frequently 
rather than with the average or median of all 
the sums tossed. 

The Discussion can be extended by collect- 
ing the data on the frequencies found by each 
of the students and combining them. Then a fre- 
quency distribution graph for all of the data 
could be made by the students. 
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Frequency Distribution —Modes 


investigating the Ideas 





Keith and Brian 
worked together on 
a probability 
experiment. They 
tossed two dice 
100 times and kept 
a tally of the 
different sums on 





the tosses. Then 
they made a graph 
to show the number 
of times each sum 
occurred. 


Number of Occurrences of Sum 





Can you perform the same experiment with a classmate 


and draw a graph to show your results? 


Discussing the Ideas 


a 


2: 


A ls the shape of your graph somewhat like the one 
shown in the Investigation? 
sp Which sum occurred most often in your experiment? 
c Is it the same number as the one Keith and Brian found? 


The number of times a number occurs in a set of data 
is called the frequency of the number. The graph that 
you made is called a frequency distribution graph. 
What is the frequency of each sum in the graph in the 
Investigation? 


. In a set of numerical data, the number or numbers with 


the largest frequency is called mode or modes of the 
data. The mode for the data in the Investigation is 7 
because a sum of 7 occurred most frequently. What was 
the mode(s) for your experiment? 











t 


{ 


Find the mode(s) of each set of numbers. The flow chart 


may help you. 


Find the © 
| frequency of 
each number 


Jane and Diane tossed four coins 
at a time and recorded the number 
of heads and tails for each toss. 


Draw a frequency distribution 
chart for their experiment. 


The tally at the right shows the 
frequency of the last digits of 
one column of numbers from a 
telephone directory. What is 
the mode? 


4. Using a telephone directory, 


: 


choose 100 telephone numbers 
and tally the last digit of 
the numbers. 
A What is the mode(s) of 
the last digits? 


p Make a frequency 
distribution graph 
of the last digits. 


re practice, page S-32, Set 57 


Choose number(s) 
with greatest 
frequency 





4 heads 

3 heads, 1 tail 
2 heads, 2 tails 
1 head, 3 tails 
4 tails 


Using the Ideas 


Mode(s) 











UTILIZATION 

The flow chart at the top of the page shows the 
steps in finding the mode or modes of a set of 
numbers. Students will need graph paper for 
Exercises 2, 3, and 4. 

In Exercise 4 students should try to get a 
random sample of the numbers by opening the 
directory at random and choosing one or more 
of the columns of listings as their sample. 


Answer, Exercise 2 


Frequency 





EXTENSION 
Further practice assignments may be made 
from Supplementary Exercise Set 57 on page 
S-32, Workbook page 127, and Duplicator 
Masters page 81. This would also be an appro- 
priate time to recommend that some students 
explore Research Project A on page D-61. 
Enrichment: Some students might try Exer- 
cise 2 as an experiment and make a frequency 
distribution graph of the results. The most 
likely outcome is 2 heads and 2 tails, which has 
a probability of $. The probability of 4 heads is 
ze; the probability of 3 heads and | tail is +; the 
probability of | head and 3 tails is 4; and the 
probability of 4 tails is 7s. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 


D-59 


Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 

The review exercises can be assigned as indi- 
vidual work or can provide the basis for small- 
or large-group discussion. 

All of the work with graphs in these exercises 
involves interpretation of the depicted data; the 
exercises do not call for any constructions, but 
students could be asked to construct a bar 
graph showing the data in Exercise | if you 
wish. Also, a frequency distribution graph of 
the data in the table accompanying Exercise 8 
might be assigned as an optional activity for 
some students. 

Workbook page 128 provides additional re- 
view exercises for this module. 
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REVIEWING THE IDEAS 


1. Use the table to answer the questions. 


Everest 8848 
McKinley » 6194 


Popocatepetl 5452 
Whitney 4418 
Pikes Peak 4301 





a How much higher is Everest than 
McKinley? 

B Which mountain is closest to 
half the height of Everest? 


2. Estimate:the area of each island to 

the nearest 5000 square kilometres. 
Area of the Islands 

Baffin 

Ellesmere 

Victoria 


Newfoundland 





Banks 
ONE 4 8 121620 
Area (50000 km?) 


3. Use the line-segment graph to 
find the amount of rainfall for 
each month. 


RAINFALL June-—December 


a ee a 
no + OD 
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4 
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4. What was the average rainfall for the 
June-December period in Exercise 3? 


. Karen made this 


. Carmen checked the price 


circle graph to 
show how she 
spent her time 
during a 24-hour day. d 


a What fractional part of the 
was spent at school? 

B What part of the day was spent 
sleeping? 

c What part of the day was spent 
eating and sleeping? 








d ay 


of a certain article in four 
supermarkets. The chart 
shows how the prices 
compared. To the nearest 
cent, what was the average 
cost of the article? 





. Find the median of each list of 


numbers. 
A 54, 14, 29, 38, 68 
B 74, 79, 88, 100, 68, 86 


. What is the mode of the test scores 


in this table? 





YOURSELF 


the data in the table below for 
ercises 1 through 5. 


Which lake has the largest area? 


How much larger is Lake ee 
than Lake Erie? 


What i is the total area of the - 
five lakes? 


hat i is the arithmetic mean | 
‘the areas? 


5. hg is the median area? 


6. TRUE or FALSE: 
_ The arithmetic mean of any set Lot 
‘numbers is the same as the median 
f the set of numbers. — 


RESEARCH PROJECTS 


A The letter ‘‘e” is said to be the most 
frequently used letter in the English 
language. Choose a paragraph from a 
newspaper or magazine and make a 
frequency distribution chart or a 
graph of each of the letters appearing 
in the paragraph. What do you think 
is the order of the letters in the 
alphabet if arranged according to 
their frequency of use? 


7. The line-segment graph shows the 
daily low temperatures for a week. 


DAILY LOW TEMPERATURES 


Temperature (°C) 


‘ Ww 
Days of the Week 


a What was the lowest temperature? 


6B On which day did the highest of 


the daily lows occur? 


. The mean of a list of 20 numbers 


is 16.4. What is the sum of all the 
numbers in the list? 


The ages of ten students are 12, 12, 


18, 13,13, 14,14, 14, 14,15. What is 


the mode of their ages? 


. Ona circle graph, the complete 


circular region represents one dollar. 


_ What part of the region would be used 
~ to represent 20 cents? 





Find a book that has the decimal 
representation of z to several 
hundred decimal places. (The book 
The Lore of Large Numbers by Philip 
J. Davis; New Mathematical Library, 
Yale, 1961, contains 4000 decimal 
places for 7.) Make a tally of the 
digits appearing in the decimal. 
Then make a frequency distribution 
graph to show your results. Does one 
digit occur more often than any 
others or are there several modes? 


TEST YOURSELF 
The self-evaluation test should enable students 
to assess their understanding of the main topics 
presented in this module and prepare them for 
a module achievement test. 

Correlations between the module objectives 
and individual test items are annotated on the 
student book page at the left. 


RESEARCH PROJECTS 

Project A may prove interesting to many stu- 
dents. The frequency of occurrence of the 
letters will vary depending on the sample taken, 
but based on a large sample, a likely order of 
frequency of occurrence is the following: 


ETOANIRSHDLCUMFP 
YBGWVKXJQZ 


Research Project B deals with the problem of 
the normality of 7. A number Is said to be nor- 
mal if in its decimal representation each digit 
occurs 7 of the time. Studies seem to indicate 
that 7 may be normal, but the problem has not 
yet been solved theoretically. A frequency dis- 
tribution based on the first 100 decimal places 


of 7 is given below. 
3. 4 
11 | 10 


| Digit OP 2 
| Frequency 818 | 12 


The activity suggested by this project would be 
quite time consuming if carried out by individ- 
ual students, so you might want to encourage 
several students to work together on it. The 
decimal representations of 7 might be broken 
up into smaller groups of, say, 50 and individual 
students might be responsible for determining 
the frequency distribution for each such group. 
Alternatively, each of the ten digits could be 
tallied by a different student. In either case, 
individual findings could then be combined to 
make the graph. 





s|6|7|8|9 








9 




















8 8 





14 
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Objective CUMULATIVE REVIEW 


The student can demonstrate the ability to 








work with the concepts presented in this learn- 1. Give the opposite of each integer. 7. What is the input number for each 
ing unit. Peis © 729 e 99 et flow chart? 
UTILIZATION Otay ToRee Fae eee te a aera 
: . ply by “5 

Most students will benefit from a cumulative 9. Find th 
review of the three modules of this learning ae ea . . 
unit, especially if an achievement test over the ASS Fie tee (eas Multiply by3 
unit is to be administered. Bo 62a Cj sey 

Since there are a large number of problems, Cee HG LO =n 
you may find it necessary to be selective in shots 1 -94+-2 ae Multiply by “9 
making an assignment. If so, you should be sure | 6a eto oH 
to include some exercises from each of the 
modules that has been covered by your class 3. Give the input.number for each 8. Find the quotients. 
(Module 1: Exercises 1-9; Module 2: Exercises flowtehart anOses 5 eae 
10-14; Module 3: Exercises 15-21). i an, Yer 

Encourage students to work on those kinds of B 18= 6 Ee 12-3 
problems they feel they need to practice. If c 20-4 F 24+ 8 





feasible, provide answers to the problems, so 
that students can check their own work. 

Having small groups of students work to- 
gether and discuss the exercises might be an 
effective way to manage the review. 


9. Give the correct symbol (< or >) for 
each il. 


a oiliio sills 
ep 6-8 — » -100 4} -1 








10. A probability experiment consists of 
spinning two spinners like those 

aA 0-8 —E 5-6 below and recording the number pairs 

Bo oes 7) 8) on the spinners. 


F 
Comte Ge 4 aS 
5. Complete each sentence with the \42/ 


words positive or negative. First spinner Second spinner 
A The product of two positive 

integers is a ws integer. 
B The product of two negative 


4. Find the differences. 


a List the number pairs in the 
sample space. 


B What is the probability of 








integers is a __‘ __ integer. peiting the panies 
c The product of a positive 
integer and a negative 11. Two red marbles, 3 yellow marbles, 





i : 9 ? 
integer is a __+ __ integer. and 4 white marbles are placed in a 


box and mixed. Without looking, 


6. Find the products. a student draws a marble from the 


a 8-3 dp 3-16 box. What is the probability that 
B oY42 e 8-9 the marble drawn will be 
Cee, Feoieee A red? B yellow? ce white? 











12. If one of the whole numbers from one 
through ten is selected at random, 
what is the probability that it will 
be larger than seven? 


13. Mary Ann is going to toss a single die 


1000 times as a probability experiment. 


Which number is the best estimate 
for the number of times 
the face with three dots 
should come up in the 
1000 tosses? 


[a] 120 170 [e] 230 


14. A political candidate expects to get 
34% of the votes of the registered 
voters in a certain city. If there are 
108 000 registered voters in the city, 
how many votes can the candidate 
expect? (Round your answer to the 
nearest thousand.) 





15. Use the bar graph to estimate the area 


of each lake to the nearest thousand 
square kilometres. 


The Great Lakes 


RESIS 22 bee Sess SlSseIew! 
ti 





Area (10 000 km?) 


16. On acircle graph, the complete 
circular region represents one dollar. 
What fractional part of the region 


would represent 123 cents? 


[>] 300 


17. 


18. 


20. 


21. 


The price per share of a certain kind 
of stock for one week is given in the 
table below. 








Construct a line-segment graph to 
illustrate this information. 


a Estimate the average (arithmetic 
mean) of the numbers in this set. 
{28, 43, 71, 36, 58, 49, 67} 
sB Compute the average of the set of 
numbers. Round your answer to 
the nearest whole number. 


. John made the following scores on 


seven mathematics tests: 
86, 94, 91, 85, 80, 96, 90 
a What was his median score? 


B What was his average score to 
the nearest whole number? 


ce Which is higher, his median score 
or his average score? 


Karen had a bowling average of 124 
pins per game. Then she bowled three 
more games and scored 119, 136, 

and 108. 


A Did she bowl as much as her average 
in the last three games? 


B How much more or less than her 
average did she bowl in the 
last three games? 


On a mathematics test more students 
made a score of 82 than any other 
score. What is the number 82 called 
for this set of test scores? 


Answer, Exercise 17 


Price per share 


Mo OW hak 
Day 


MATHEMATICAL RECREATION 

Checkers or any other counters may be used 
for this game. The game can also be played at 
the chalkboard by marking 13 x’s and having 
each player, in turn, erase 1, 2, or 3 of the x’s. 


Solutions 


1 


i. 


Five counters are left for your move. After 
your move, your opponent can win by taking 
enough counters to leave only one; that is, 
he will always be able to take a number of 
counters which when added to your choice 
gives 4, so that 5 —4= 1. 





Counters 
to Your Opponent’s Counters 
remove choice choice remaining 
5 3 1 I 
5 2 p I 
5 1 3 1 


. If there are seven counters to remove, you 


can easily win by removing 2 counters. Then 
your opponent is faced with the same situa- 
tion you had in Example 1. 


A variation of this game would be one in 


which the first player names a number from | 
to 3, the second adds a number from | to 3, and 
so forth. If your students are interested, this 
game can be played in class very effectively. 


D-64 
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WATHEMATICAL RECRE/ 






THE UNLUCKY 13 GAME 






There is an interesting counting game that can be 
challenging to everyone. This game is played with 
13 counters laid in a row. 










Two persons play against each other. Each one 
must, at his turn, take one, two, or three counters. 
The player who is forced to take the last counter 
loses the game. 









Try to answer the two questions below to help you 
to understand the game and to develop some 
strategies. 






1. If there are five counters left and it is your 
turn to play, will you win or will you lose? 





2. If there are seven counters left and it is your 
turn to play, how many should you take in order 
to win the game? 











Play the game with someone. Can you develop 
some winning strategies? 


NAM LVINESNOLLV 4d 54 


2. 32 280 em? i“ 
5. 58 020 km? 
8. 328 






1. Superior 


TEST 
YOURSELF 4. 49.060 km? 
Answers 7.a 0°:8 Sunday 


Supplementary Exercises 





ee 


4. Let'X ={a; b Cadwe WY = aca), and: 2—a)beaaare 
List the elements in each of the following sets. 


A XPOLY ex EZ BY owee ac XUd 
BXMY DX eZ Raye 0. Z H XO od 
2. Let R={0,.2,.4, 6, 8}, S={1, 3) 5, 7, 9}, and 7 = 103, Gra): 


List the elements in each of the following sets. Consider the 
sets in the parentheses first. 


ARUS ES UT Mis Ud mw (RMS) UT 
BROS. FST Jeo to nR1(S UT) 
CuArUal Gc RUR Kx (AUS) UT) o (RUSS) OR ey) 
DAT H ROR (RU S)itiie® p (RS ee eee) 


ete 


1. Simplify each of the following by using 10 with an exponent. 
AMIOF 10ra10.551 6. ce 10.10 =-10'- 10°: 10; Omeay 
BY 10,°10 210° 30:0" 0 010% 10'= 9010 - 10; SOR Ge Ono 


2. Give the usual numeral for each power of ten. 
A 10° c 10' E@ 107 G 10° 1 e108 Kk 10" 
B 10° pb 10° F 10° H 10° J) 1078 L 10° 


3. Find the products. 
Ae 10-107 C#10>< 10: £10. 10? a 0Ses70° 
B. 10° 10° p410° 1.02 Fant O21 02 HY 10°°.10° 


4. Find the quotients. 
AMO a0? o.10°=-102 ew05= 10% @,/0° 10% 
BLt0* =. 102 p70" 3102 F 105+ 10% H 10’+ 10° 











_seT3 | 








1. Write the usual numeral for each. 
i Si WE CeGnatOs E 4-10’ G 5° 10° fh AKO 
B 8-105 pb 9-106 (a Peo Wa H 6: 109 3 4-101 


2. Express each numeral in scientific notation. 
A 600 ce 4000 E 500 000 G 30 000 000 
B 50 pd 80000 F 9000 000 H 50 000 000 000 000 


3. Use scientific notation to represent each number name. 


A forty E five million 1 two hundred thousand 
B three hundred F eighty million J four hundred million 
ce twenty thousand G six billion K nine hundred billion 

D nine thousand H_ thirty billion L_ five trillion 





1. Give the correct symbol (<, =, or >) for each ll. 





a 35 lll) 39 E 7146 iiiili7064 1 58 755 \il|ll 59 855 

B 79 Illi 97 F 3909 lill3990 =» 638-710 | 638 075 

c 349 |i 294 G 8838 ||| 8783 «x 5 400 500 | 5 450 000 

p 678 |i 687 # 1010’ 1100 © +100 100 100 il 101 000 000 


2. Write the numeral for each number indicated. 


A one less than one hundred G 1000 less than 100 000 

B 10 less than one hundred H 901 less than 100 000 

c 100 less than one thousand 1 1111 less than 10 000 

D one less than one thousand J 100 000 less than one million 
E 1000 less than 10 000 kK 10001 less than one million 


F 99 less than 10 000 t 100001 less than one million 








k= —=—rrt—“‘“‘Ci‘C(C ‘C C(C COCC;«;~;>}>; 


1. Find the sums. Use base-eight numerals. 


A 4a) B 14%) c 27 (8) D 36,8) E 14%) F 32,8) 
+ 2) ue TAD + 1¢) + 2) + 6) + 15,9) 
G 54.8) H 27.8) I 15.) J 73,8) K 55,8) L 67.8) 


mM 132). N 426.) © 265%) P = 377) Q 555, R 547s) 
+ 205.) + 133) + 2414) + 301) + 1238) + 251% @ 


2. Find the differences. Use base-eight numerals. 


A ley B Oey Cc 15%; D 14 (5) E 2Ois F 47 <6) 
— 318) me Tis) A 4.8) = Sis) = 12:8) — 35%8) 

G 63) H 50,8) 1 S25) eed 6 K 126: L One 
= 5.8) i 78) = 15,8) _ 54:8) ns 35,8) — 46.8) 











1. Find the products. Use base-eight numerals. 


A 4ia) B 10: C 23: D 14.) E 34.) F 13.) 
X 3.8) X Sia) X 2.8) X Sia) X 28) X Sia) 
G 40,5) Ha) Teele JinebAvcs Kar lOSr; E o2L5e, 
X ie) X Bie) X 46) x, 5.8) x 4g) X 318) 


2. Find the quotients. Use base-eight numerals. 


A 6.) > 28) c 14. + 4:8) E 43.5, + Sia, G 104.4, + 4:8) 


B 10,6, oa Zia) D EXO). a 4.8) F 61 (8) a Tien H EW /icy So Dye 

















1. Tell what number each expression represents. 


aA (3+4)-5 
a4: 5 
poo 1 
80 "(5 + 1) 


—E 56— (8 +2) 


B 
c 


2. Solve the equations. 
A 3°n+1=10 
B 15-2:-n=83 


F 


(56 —8) +2 


G@ 181-5™.6 


J 


(18 +5) -6 
Dong ag, hd 
(2)-°3) - (84.4) 


F 


fo) 


2° (98+ 4) 
Peowmoe 1045 
24S + 5 92 
nec en ae) ees 
24e= (Set 5)t- 2 


5:n—-6-2=8 


1 2°5:-3+n=37 











Cee) ie J 12°n=12=0 
D 6-n—25=29 K 24+ (2+ n)=3 
E 8: (n—1)=40 L. (25.— n) + 5-10 
F (32+n)-3= 24 mM (n= 2) —1=49 
G 10-n+3-n=26 N 2-(n+3)—6=0 
1. Find the sums. 
iy WES B 87 c 456 db 732 E 2568 F 18063 
69 + 43 +99 + 861 + 432 are Syl 19 
G 26 H 149 1 2809 J 6829 K .. #28.176 tL 10068 
19 73 503 Sge1 44 360 1 149 
too + 452 4 ¢e45 7522 50 905 658 
+1099 et iit ae 5 


2. Find the sums. 
A 587795903 
B 125+ 47 + 1500 
ec 135+ 8+ 46 
pb 2700 + 34 + 200 


ba | 














149 + 383 + 76 + 168 
18 457 + 10 790 + 999 
4315 + 653 + 27 
965: 4=-966' +°-967 








4 47973 + 140 750 

J 488 + 97 + 23 705 

K 6513 + 8805 + 7009 

L 7900 + 79 000 + 790 000 





1. Find the differences. 














A> 153 BS tS/. c 100 Dd 235 E, =» 563 F 905 
=39 74 2s — 47 = 334 833 
G 4986 H 5740 1 8800 J (87651 k 4001 t 9000 
=1505 2081 S41 | SSS Gesb02 = 547 
m 29795 N_ 61837 0 76000 pep 85000 @ 348966 rR 743009 
— 13 686 a= ke heets) — 39 436 — 83 952 — 149 865 == 396.070 
2. Find the differences. 
A 71—45 bp 2000 — 1371 G27 126261139 
B 348 — 199 E 9001 — 49 H 408 970 — 98 790 
c 1423 — 746 F 10000 — 950 1 900 009 — 101 010 
SET 10 _ 0. vg 
1. Find the products. 
AO G 30-10 m 20 - 60 s 200 - 60 
B 100-9 H 300 - 10 300 - 50 t 500 - 20 
CuG.31000 1 300 - 100 90 - 40 u 300 - 200 
bp 5- 10000 J 30- 1000 400 - 20 v 800 - 400 
—E 100000 -3 kK 300 - 1000 a 50-70 w 3000 - 40 
F 4- 1000 000 t 30- 10000 80 - 50 x 600 - 5000 
2. Find the quotients. 
A 240-6 G 1500 + 300 m 60 000 = 3000 s 120000 = 4000 
B 800-4 H 4200 = 600 N 40000 = 8000 T 150000 = 500 
¢ 350G=5 1 4000 ~ 50 o 21000 = 700 u 270000 + 900 
pb 600 = 10 J 2800 = 40 P 32000 = 400 v 480 000 = 80 
E 900 = 30 k 6300 = 90 a 56000 = 70 w 100 000 = 50 
F 1200 = 600 t 7200 = 800 R 20000 = 50 x 8 100 000 + 90 











1. Find the products. 





(\ stei x< 3 p 158x6 G 853 x9 J 9638 x 7 
BeOS / E—E 356x5 H 508 x 4 K 23604 x 6 
ce 78x 9 F 740x8 1 945x7 Lt 430 895 x 3 


2. Find the products. 


A 23x17 D 68 x 52 G 249 x 21 J 6589 x 35 
B 49 x 23 E 97 x 86 H 809 x 73 K 8359 x 97 
c 63 x 36 F 76x93 1 777 X 46 t 42895 x 64 


3. Find the products. 
ada Wie a W As pb 340 x 216 G 508 x 749 J 1697 x 806 
B 345 x 444 E 459 x 107 H 671 X 488 K 2304 x 350 
c 199 x 675 F 901 x 901 1 606 x 999 L 5893 x 649 











1. Find the quotients. 


A 3)84 p 5)270 G 8)536 J 3)885 mM 7)2527 
B 7)224 E 6)288 H 4)548 K 6)2970 n 9)6201 
c 4)664 F 3)561 1 9)504 Lt 5)2670 o 8)12 432 


2. Find the quotients and remainders. 


A 5)83 p 6)238 G 9)210 
B 7)99 E 8)310 H 8)531 
c 4)123 F 3)199 1 6)527 


5)4301 


lt‘ ‘$US 


1. Find the quotients and remainders. 


A 21473 p 69)795 
B 17)538 E 43)1095 
c 33)865 F 58)3710 1 92)6047 


2. Find the quotients and remainders. 


J 48)19 870 


kK 89)46 795 


L 65)100 008 


A 191)578 p 403)2590  921)34795 vy 873)413 888 
B 316)683 E 278)1193 H 748)15 000 K 609)793 502 
c 599)1246 F 611)5034 1 542)79 851 L 777 )333 333 


SS Se 


1. Write an equation for each flow chart. 


{ 


eee 


2. Write an equation for each sentence. 


A When a certain number is 
subtracted from 45, the 
difference is 31. 


B The product of a certain number 
and 9 is 108. 


ce When a number is divided by 8, 
the quotient is 25. 


+3 25 


‘TO 5 


n 36 


= 
a 
[o 


When 3 is added to 5 times a 
number, the result is 18. 


When a certain number is divided 
by 6 and then 9 is subtracted 
from the quotient, the result is 0. 


When the sum of a number and 8 is 
multiplied by 3, the result is 60. 





Write an equation or draw a diagram for each problem. 
Then solve the problem. 





. Susan is three years more than 
twice her brother's age. Her 
brother is 8 years old. How old 
is Susan? 


. The sum of a certain number and 5 9. A piece of ribbon was 199 
is 27. centimetres long. If there is 7 
centimetres left over after cutting 
. When 7 is subtracted from the it into 3 pieces of the same 
product of a certain number and 3, length, how long is each piece? 
the result is 35. 
10. The perimeter of a rectangle is 
. Tom is 165 centimetres tall. Tom’s 30 metres. The length is 3 metres 
brother is 18 centimetres shorter longer than the width. Find the 
than he is. How tall is Tom's length and width of the rectangle. 
brother? 
11. The population of Rockville is 
. Aman travelled 371 kilometres in 18 less than twice the size of 
7 hours. What was his average Emmeryton. If Rockville has 
speed? 2754 people, how many people 
are in Emmeryton? 
. When 8 is added to a number and 
then the sum is divided by 5, the 12. If the length of a rectangle 
result is 10. is 5 times as long as the width 
and the width is 6 metres, what 
is the perimeter of the rectangle? 
. The perimeter of a triangle is 69 
centimetres. If all the sides are the 
same length, what is the length of 13. Jeremy paid a total of $4.52 for 
each side of the triangle? 3 ball point pens. If 26¢ of the 
total amount was sales tax, 
how much was each pen? 
- Acommuter train is travelling at 
96 kilometres per hour. How far 
will it travel in 3 hours? 14. Karen bought several barrettes 


that cost 79 cents each and a 
comb for 63 cents. She spent 
$3.79 in all, how many barrettes 
did she buy? 


[ic ti‘(‘(‘(‘(é# “SC [lS 
_CUti( i‘ (C ‘C;O.UNU‘;CQOUQ 
' 
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. Copy and complete the factor trees. 


eodt 


Le) 


a 5x <I = 2x IM <i =e MMM > TM TM >< 
ee a M4 Gin ve 
5 x ill 6 x Ill 10 x fll 

45 42 40 


oil WM WM > MM eM TMM IME MT ET 
an 


25 x ill a ll x 21 
150 60 105 


@ il > WM > MM > UM TIM TIM TM TM TIM IM >< > 
No a a QA I TENaarA 
ll| = 6 iI! =< 15 14 x Il 


54 90 210 


ih > MM > AM >< MM TM HMM IM HT 
| \ Zee aie 


6 x ii x Till 4 x {lh lll 
24 x ill 36 = x_—CiIll 
120 144 


. Give the prime factorization of each number. 


A 8 E 27 yp sis mM 51 Qa 54 u 150 
B aS F 30 J 39 n 80 R 72 v 210 
c 18 G 3 Kk 40 o 90 s 96 w 500 


pb 24 H 32 L 41 P 103 T 100 x 512 








x C0Lhrlrti‘“‘“‘ ‘OSC 


List the factors of 15. 


B List the factors of 9. 


List the common factors of 15 and 9. 


What is the greatest common factor (GCF) of 15 and 9? 


List the factors of 24. 


B List the factors of 40. 


List the common factors of 24 and 40. 


What is the greatest common factor (GCF) of 24 and 40? 


3. Find the GCF of each pair of numbers. 


A 


c 


6 and 10 
15 and 7 
20 and 12 
15 and 18 
21 and 14 


F 


G 


J 


25 and 20 
18 and 27 
48 and 36 
31 and 51 
40 and 15 


L 


10 and 45 
36 and 45 
25 and 40 
75 and 100 
24 and 108 


51 and 39 
200 and 45 
80 and 200 
630 and 240 
121 and 70 


ieee 


1. a List the first 8 multiples of 4. 


B List the first 8 multiples of 12. 


c List the common multiples of 4 and 12. 


What is the least common multiple (LCM) of 4 and 12? 


List the first 8 multiples of 9. 


B List the first 8 multiples of 15. 


List the common multiples of 9 and 15. 


What is the least common multiple (LCM) of 9 and 15? 


3. Find the LCM of each group of numbers. 


A 


c 


3 and7 

2 and 11 
5 and 15 
9 and 12 
8 and 10 


F 


G 


15 and 20 
10 and 25 
6 and 33 

30 and 45 
25 and 40 


K 


L 


2,4, and 5 
2, 3, and 9 
270; and aU 
3, 5, and 20 
2,7, and 8 


3, 8, and 12 
a iepand 10 
5, 8, and 16 
3, 10, and 15 
25, 30, and 75 


k= =—rt—‘C‘(C;COC;CCTCUCOES 


1. Name a pair of equivalent fractions suggested by the shading 


in each pair of girues. 


Seesanae AVY , 7 
eM EES G’ Ee 
SORES GREED eee —_ 


2. Give the next three fractions for each set of equivalent fractions. 


a (3.8, 3 28 one OR fe. § 22k «GJ 
2 (3.5, ee ee ee 
Se ewes se ae ee erie ye 
Oa ee oe ere n (2.90.4 

BL esa a deeeeilige tector ee 


PP 


1. Give the lowest-terms fraction for each set. 





6 10 15 70 100 oe 100 20 = 

A \72) 20:5 30 D 100: 1000: 100 000 G | 60: 15: 33 
by 30} _SITEDA on 27 36 48 

B 115) 18) 30 E 12:20: 60 H (36: 48: 64 
6 12 300 pO US: aI 18 24 33 

C \70: 20> 500 F (30:50: 90 1 166) 88) 121 

2. Give the lowest-terms fraction for each given fraction. 

6 sou 28 14 12 15 28 

A 40 D 42 G 50 J 27 M 20 P 36 S 42 v 
8 BOs By 16 20 oi 36 

B 12 E 45 H 37 K 38 N 32 Q 36 T 45 Ww 
6 13 15 6 21 16 18 

C9 F 48 1 24 L 46 O 35 R 40 U 60 x 


qh 2 


are 
nm 


ie) 
(ei 
[o} 





x —6hLhlrlt<“‘“‘“ ‘OSC 


1. Give the correct symbol (= or #) for each il. 


a SiS oc Subs 
ae iss = 9 une 
c Silt — a Sissy 
o Sill 4 Sills 


2. Solve the equations. 


ai=8 B=! 
ci=2 or a= 
c§=h 0 f-% 
o$=h =n E=3 


x CUlUlC~~CCCCCSCS 


1 Fin 
a Ailing 
x 2 iliiis 
L 33 ili % 
1 §=2 

5 32 

«#=3 
ie —s 


m6 ill 380 
nw § ill to 
o Sls 
eS ill’ 
m= 
n 2 =3 

0 %= 48 
p 3-8 





1. Give the correct symbol (< or >) for each ili. 

















aise S35 ils «=m alls 
esis co 2; 2808 oo Zaft 
c fi 4 SS mw Sis — w Zaps 
oi © Sie wis sale 
e Silas 4» SiS =o Sis =x 13h 
2. Which number in each group is the largest? 
PH 2iG8 ev $89 4 al See Gorn 3.3.4 
B asic weber wldedeyy deol 3. 1845 
c 2,33 Fo g.a: 48 1 qe 50 o L 70: 100: 3 


1. Find the sums. 


Give your answers in lowest terms. 


ag+s 03+§ GF+3 SBt+S Meats 

Bétip 8 f+5 Mets KStF Nota 

cgt2 JF $+is BG oey Oa Se peices: 
2. Find the sums. Give your answers in lowest terms. 

Agtst+Z) 4 patet+m 9a $4343 J io +25 +50 

BStot+s etate m2t+gt+a | « §4+542 

eee Pr bitets$ Lrptsts 


Sg ny 2) led ae) 9 4 eho 
A672 D { 3 G56 Jio— 5 Mii 5 
eo Qe ig See ‘Sis! 
B48 3B 7s Hg 3 K 167 3 N96 
Tel 4 3 Yel SB AWS ee 
CiG =a Ec ama (cme 4 L765 OR tS amo 





1. Write a mixed numeral for each improper fraction. 


B 2 e 2 H st K 32 N 32 Q so t #2 w oe 
2. Write an improper fraction for each mixed numeral. 

a1; 104% °&£42G 8 » 102 m575. Pp 123 s 83 v 245 

B12 e 3% H 3 K 254 Nn 3389) @ 19% an 3? w 142 

c 25 F 43 116 ow 11g 0 6) RAR 3S u 472 x 833 








_CLULUCC~~~CCCCCSSS 


1. Find the sums. 


























A i153 B 53 ca! 245 Dp 88 pe Fil 6; 

+ § +33 +57 +145 +18 +33 
G 8% H.Oi127> 188 285 J Zee K, 315 L 6535 
+33 + 23 + 73 + 43 + 83 +138 

2. Find the differences. 

Wa ay B83 c 93 Dp 4% —E 12% F 113 
als 53 =13 — 35 — 88 = Ba 
1 1 1 iS} A 
G° 2/5 H 733 1 9700 J 333 K 8733 t 4577 
—193 — 503 = Obie — 138 — 418 — 125% 

















ea. 


1. Find the products. 


ia ei! 1 1 1 1 1 1 1 1 
a 29 4 Og5. 5 GSe 6 EN Be: M00 4 
1 1 1 1 1 1 in 1 1 
B49 3 E62 Le bens Teieetar K2°8 N 30 °2 
1 1 1 1 1 1 1 1 1 1 
© 2°8 e474 ors i A © 60 "50 
2. Find the products. Give your answers in lowest-terms. 
A 2-3 F 6-4 Kk 5-4 P 36-45 
1 1 1 1 
B 4-7 G 8-75 L182 aa a 5 of 10 
1 1 1 u 
Cc 665 H 10-5 M 0°75 R 3 Of 25 
1 1 1 1 
D Qets y 15-6 N 42-9 S 7,030 
1 1 1 1 
E S876 ee (2 o 100 T io of 46 


Eo — 


1. Find the products. 


Ni- 


A 


RIO 
NIO fiw Ooo 


Cc 


wo DIN 
N 


Bn, 
[o) 
Oo} 


2. Find the products. Give your answers in lowest terms. 


A 4-§ 

B 2-10 
c 13-7 
p 3-12 


xXx —0Ulti“‘ UOUTTULDULUE 


EGts 
FS ¢3 
G75 
His '3 


Ni- 
op) 


E 4 


ro) vl 
olf (ec) 
= N 
Ol —s Blu 


<= 

(>) 
®\|—+ 
On 


be se 


lo | 


rc 


J 


Nin olan 
oo «o|No 
Sle 


=a 
| 
@|N 


al> BS 2 

oy ain 
. ole , 
NO : BN cs) 
[vo}[,e) On 


Ni 
ol} 
nw 


fo) 


HN 
n> 


ine) hk 
nit 


— 
wim ai 
© 
Ni 


= AID olw 
a8 Can 


Give your answers in lowest terms. 


yes 
ala 


= 
N 


| 


ie) 
= 


ain iy 
fop}ie)) 


w|— 


“3 


—_ 
b= 


pp 
ai 

— 
On 


1. Find the products. Think of the distributive principle. 


1 
A 85 


x4 


w|-+ 


Ae ey 


Ni 


B ;-8 


c 20 - 64 


bp 21-33 


B 33 
x6 


G 242 
<10% 





E 5: 8% 
FOS 375 
G 5° 67 
H 5-100 


Cc 


J 


L 


; 
770 


x5 


12° 602 
3°92 
45 - 25 


6 - 835 


18 


: 
x15 


wo 
Oo 
-\- 


ale 


es 
w 


| 


nN 
NI 


le FS 
ola Min 


(ep) 


a io) 
Ol} Tw wir 


= 
NO 
AIO 





RN ale Ble 


ol 


(op) (ee) = 
ale Oak 


— 
a 
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1. Find the quotients. 


aSsh 0 6+h 1 b+ mets) a h+H 
B 2 doo. BAthoe oY Mth amdeth » aro 
o§$) 0$+$ wash offs 8428 
D 10ers tH sy Lg74 Pgstas | T gg t 15 

2. Find the quotients. 
A 1473 —E 65=5 p+ 4g mM 43+18 @ 35+33 
B OF 23 F 33-3 J 13+13 nN 10+82 rR 33+ 168 
c 8-6 «a 3+13 K45=15 0 4§+4§ $ 3+43 
po 44-4 H 25+83 .L1g+33 p9e762~ 4 65-93 


a 


1. Write each complex fraction as a quotient of two fractional numbers. 








Be SAPDD.0 7420 Oy p hs BPOO SNF Me 14 4400.0 = A218 
9 
5 10 2 33 10 870 
12 8 53 10§ 1 62 
Gina t Hota hewn a SiaisT Kinysr Le 
6 2> 4 a 5 700 
2. Simplify each complex fraction. 

3 

: 2 : ; 2 * 
|: ioe B 3 Cc 3 D > E a F "E7 

4 4 4 2 9 6 

8 3 7 3 15 35 


xXxC0Ulrlti ‘COCO 


1. Find the sums. 


A 4.36 + 1.53 G) 133/27, 1,09--8 mM 0.83 + 0.965 + 0.3566 
B 23./+ 16.5 H.0.9 + 0.16 + 0.027 n 5008 + 47.03 + 751.9 
c 0.65 + 0.39 1 854.1 + 3.46 + 14.007 © 90.2 7 9102 4-0:902 

pd 1.376 + 0.881 J 4.93 + 0.667 + 12.359 P 6793 + 4.788 + 54.17 
E 15+ 239.974 K 235 + 18.7 + 0.46 Q@ 5432 + 543.2 + 5.432 


F 8.714+143709 tt 6009+ 21-734 4654 R 0.909 + 0.009 + 0.999 


2. Find the differences. 
A 3.78 — 1.45 F, 18.6— 3.33 K 45.1 —0.394 P 100 — 98.375 
B 73.9—59.3 G24 6:45 tL 8.03 — 4.009 qa 25—0.015 


c 4.35 — 1.99 HS — 1.3 wm 155 779.6 R 9— 0.0009 
pb 0°981— 0.347 ot 0.09:— 0.0315 N99 —0:9 s 40— 0.001 
E)3.25— 26 J 10 — 4.862 o 10-091 tT 1000 — 0.001 


= = —eeee 


1. Find the products. 
A 3x09 c 0.03 x 0.6 E 0.05 x 0.09 G 0.006 x 0.4 
B 0.5 x 0.7 p 0.6 x 0.007 F 0.02 x 0.008 # 0.05 x 0.0008 





2. Find the products. 





A 6.5 B 0.37 Cialeso dD 43.6 E 0.358 
xe x8 x 0.8 x 0.5 x 0.9 
F 53 Gules H 15.3 (Ue uv 85.4 
CAL x 46 Bre ios} x 6.5 
K 0.357 L 1.68 M 935 N 47.9 © 0.036 
x 4.2 XIN 7 x 0.08 x 0.65 x 0.05 
435 67.3 8.55 0.999 1.078 


Pp x<0.007 Q@ X2.17 R xX 4.03 s x675 T X0.937 








CCR 


1. Find the products. 
A 107.1 F 
B 10 x 0.38 G 
ee x s125 4 
p 10x0.904 1 
—E 10x0.003 v 


2. Find the products. 
A 0.1 X 26 F 
B 0.1 x 4.9 G 
c 0.1 x 124 H 
bp 0:1 x 1.69 i 
E 0.1 x 0.43 J 


100 x 3.1 
100 x 8.73 
100 x 13.9 
100 x 0.375 
100 x 0.004 


0.01 x 412 
0.00, oot .4 
0.01 x 1.635 
0.01 x 97.04 
0.01 x 0.67 


Kk 1000 x 32 

t 1000 x 8.7 

m 1000 x 1.39 
N 1000 x 0.765 


o 1000 x 0.069 


K 0.001 x 2567 
t 0.001 x 453.1 
mM 0.001 x 85.7 
N 0.001 x 3.76 
o 0.001 x 0.96 


v 


10 x 0.0036 
100 x 0.809 
100 x 0.0023 
1000 x 0.038 
1000 x 0.70004 


0.1 x 0.097 
0.01 x 0.033 
0.01 x 0.5503 
0.001 x 0.018 
0.0001 x 23.45 


ET LULUmUmUmUCCCCOCOC~—CCCCS 


1. Find the quotients. 


A 3)25.59 D 
B 8)4.256 E 


© 23)11.04 F 
2. Find the quotients. 
A 6)0.882 F 
B 0.8)18.48 « 
c¢ 5)25.7 H 
p 0.19)1.197 1 
E 8.1)2.8385 


31)1.209 G 1.7)14.62 
0.6 )3.96 H 0.68 )0.884 
0.8)75.2 1 0.53)0.4717 
Annex zeros when necessary. 
4)5.1 K 9.2)30.82 
0.8)2.6 L 0.44)134.2 
0.5)6 mM 0.09)36 
0.12)6.6 N 6.5)1976 
0.36 )9 © 1.6)7 


J 


L 


0.92 )0.05796 
3.21)205.44 
0.801 )0.34443 


96 )7.2 
3.2)3 

0.99 )4554 
0.82 )3095.5 
0.104 )4.68 


ee 


1. Give the number for n. Then give the correct decimal. 














A s=1=? E 300 = i000 =? ! 40 = 1000 =? 
eae? r dhawin=? 0s aao=? 
© 35=i00 =? G 350 = i000 =? K § =7000 =? 

D 25-100 =? H 495 =7000 =? L 400 = 10000 =? 


2. Write a decimal for each fraction. 


A> E 20 18 M 35 Q@ 40 
B i F os v2 n 24 R 300 
cz G = K of S 585 
Di H 750 is Pp a T 500 


3. Find the quotients. Continue dividing until the remainder is zero. 


a 3—4)3=? E 32 > 25)19=? 1 762 16)9=? 

Bi—>5)4=? F 49 — 40)11 =? y 35 > 40)37 =? 

c 4—-8)1=? G %— 16)5=? K $3 > 80)63=? 
UZ 


dp > 2017=? Hw e->80)17=? Lies 32 5 =? 


4. Write a decimal for each fraction. 


a 
ea) 
[*) 
Nh 

on 

WN 


4 ES) 15 325 
Ag E 3 14 M 20 Q@ 200 
ate 3 93 26 15 
B 20 F 46 J 50 N 80 R 46 
EE 43_ ar all AZ 
C 25 G 250 K 35 O 425 S 32 
17 14 87 90 


oO 
3| 
° 
=z 
3| 
r 
a 
fe) 
3° 
v0 
—_ 
a 
° 
= 
i+ 
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1. Write a mixed decimal numeral for each number in tenths. 


= 


1 


[eT e} 
| 
ae 
Oo 


F 


aN 


Dj E 


| 


A B 3 c 


oO 


2. Write a mixed decimal numeral for each number in hundredths. 


IN 
IN 
|= 


gle 


CG D E F 


C|— 


A3 B 


o 
x 
Le) 
= 
oO 


3. Write a mixed decimal numeral for each number in thousandths. 


Az Bi 


= 


1 


| 
| 
+ 


as 
OIN 


Ca D E ; F 


a 
Le) 
e,) 
fe)) 


00 
4. Write a fraction for each mixed decimal numeral. 


A As B 0.24 © 0.254 p 0.065 E 0.3333 F 0.0075 


____ a 


1. Represent each number in scientific notation. 


A 600 G 72 000 m 4 735 000 s 1050 000 

B 2000 H 10500 N 125 000 000 tT 948 000 000 

ec 40000 1 600 000 o 5 100 000 u 915 000 000 

dp 8100 J 210000 P 9 750 000 v 4069 000 000 

E 620 kK 8 300 000 a 2603 000 w 6 705 000 000 

F 4370 t 23000 000 R 48 900 000 x 400 800 000 000 
2. Write each numeral in the usual way. 

A NOe E 3.8 x 10° tf 33.75 x10 mM 1.53 x 10’ 

B 9x 104 F 4.7 x 104 J »6.03 x 10° N 4.006 x 10° 

c 6x 103 Gedalex 10° K 9.99 x 10° o 3.49 x 108 


BD t2 x 10? H 7.09 x 10° £12106 x 10° Pp 8.310” 


k= =—rlc—“ ‘(a tdtllClUlU!]dlLlUd 


1. Solve the following proportions for n. 


ir 2=f E of 1 3:4=n:36 M n:8= 21:28 
B 420 E & — 36 y 5:6=20:n No 72 10 1'40en 
c t= G = K 2:n=10:35 o n:5=320:200 
po 2=5 H =i L 6:1=7:13 p 4:3=180:n 


3. Write a proportion for each problem and then solve it. 


A Baseball player: 3 hits for every e Class: ratio of girls to boys is 


8 times at bat. How many hits 
for 96 times at bat? 


B Car: 6 kilometres driven per 
litre of gasoline. How many 
kilometres driven on 37 litres? 


c Basketball player: 7 free throws 
out of every 9 attempts. How 
many free throws in 135 


ANG attempts? 


pb Picnic: 2 hot dogs per person. 
How many hot dogs needed to 
feed 126 people? 


7 to 9. If there are 56 girls, 
how many boys are there? 


F Population: ratio of City X to 


City Y is 6 to 5. If 3000 people 
live in City Y, how many in City X? 


G Scale on map: 1 cm =35 km. 


What is the actual distance if 
the distance on the map is 
4.9 cm? 


H Recipe: 5 grams salt per litre 


of water. How many grams of 
salt needed for 1 kilolitre 
of water? 
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1. Write a decimal for each percent. 
A 17% E 34% 1 10% m 100% a 105% u 700% 
B 28% F 40% J 9% N 200% R 5% v 70% 
c 85% G 11% K 2% Oo 20% s 50% w 7% 
D 31% H 99% Loiv P 2% T15% x 0.7% 


2. Write a percent for each decimal. 


A 0.29 E 0.12 1 0.6 m 0.3 Q 0.18 u 0.2 
B 0.66 F 0.08 Stee nN 0.03 R 1.8 v 10 
c 0.13 G 0.02 K 1 o 3 s 18 w 0.43 
D 0.47 H 0.01 L 2 P 30 T 1.08 XU Wo 


3. Write a lowest-terms fraction for each percent. 
A 57% E 25% 1 5% M 15% a 80% u 140% 
B 50% F 20% J 4% N 16% R 8% v 175% 
c 30% G 10% K 2% o 17% s 800% w 44% 
Dd 31% H 6% L 1% P 18% T 88% x 135% 


4. Write a percent for each fraction. 


Bi00 =F 10 J 50 N25 R35 V 25 
Cag a3 K 3 Cea S 36 we 





ae 





1. Find the percent of each number. 


A 45% of 100 E 
B 50% of 64 F 
c 25% of 80 G 
p 20% of 45 H 


2. Find the products. 
A 28% of 450 E 
B 83% of 50 F 
c 300% of 79 G 
Dp 175% of 48 H 


3. Solve the problems. 


a Price of stereo: $75 


Sales tax: 4% 


Total price of stereo? 


B Earnings: $135 per week 


Deductions: 28% 


How much take-home pay? 











1. Find the number for each |ll| 


A 7 is |ll|% of 10 
B 5 is || % of 20 
c 38 is ||l|% of 100 
p 9is|ll|% of 12 

E 28 is ||l|% of 56 





2. Find the percent the first number is of the second. 
Round your answers to the nearest tenth of a percent. 


A 4, 33 CadlOn24 
B 9, 26 Dp "15,-2/ 


10% of 340 1 1% of 43 m 400% of 35 : 
29% of 200 J 5% of 840 nN 125% of 240 | 
43% of 540 K 3% of 90 0 93% of 682 
11% of 950 L 110% of 950 p 81% of 1209 | 
125% of 200 i 43.5% of 400 M 75% of 400 
12.5% of 200 J 8.7% of 65 N 1579 % of 360 
1.25% of 200 K 11.8% of 90 © 64% of 200 
0.125% of 200 Lt 4.35% of 340 P 5%% of 600 
c Amount of money: $350 
Rate of interest: 65% 
Amount of interest? 
D Monthly bill: $46.10 
Service charge: 15% 
What is the total amount of bill? 
F 16 is ||l|% of 20 K 8 is ||| % of 24 


G 9 is |[ll]% of 15 
H 45 is ||| % of 150 








r 


1 18 is ||| % of 90 N 
J 35 is |l|% of 140 ° 


E lonis 
F 25, 28 


G 18, 75 
H 98, 150 


25 is |llll % of 40 
10 is ||ll| % of 16 
120 is ||llll % of 80 
8 is ||| % of 200 


1 83, 99 
J 92, 101 











1. Find the area of each rectangular region. Use the formula A=/- w. 


A 120 Bp oom c Q, p !=600 mm 
x 
© = ne a w= 150 mm 
2 a AST ; 
= 9 eE !=85 km 
w=4% km 
2. Find the area of each region. 7omm 103 
—) i) 
A 6m = B 3cm 3.cm c imme 73 %* D : 
3 


> 
(?) 
37cm 


3 
Ww 
Wy 
wo OL 
WW Og 
1 


3. Find the area of each parallelogram. Use the formula A=b- h. 





A B c bp b=18mM 
| f hee m 
195m 
| —E b=1575m 
1 
11 om Li n 3.9 om h=8& m 
439m 
1. Find the area of each triangular region. Use the formula A =$ b-h 





A ee B : c ; D 
= 3s 
3 
22mm ae oC) ~~ 320 mm 
E b=101 cm F b=3.8m G b= 15745 cm H b= 450 mm 
h=46 cm h=5.2m h=35 cm h = 860 mm 
2. Find the area of each region. 
D 85 mm 





. : y o™ 
1s 
3 
3 cm 


90 mm 70 mm 


1. Find the volume of each rectangular solid. Use the formula V=1/- w- h. 





B < c D a 

an fop) 

° 3 

3 =) 

here 

—e /=9cm F 1=40m « 1=83cm H 1=8i5m 
w=5cm w=40m w=4.6cm w=10m 
h=12cm h=25m h = 6.23 cm h=4im 


2. Find the volume of each space figure. 





720 cm 








1. Find the circumference of each circle. Use the formula C= z7-dand 7a = 3.14. 


A cra — 105 mm F r=166mm 
Dp r=45cm G r=0.9 km 
E d=835m H d=426m 





2. Use the fact 7 ~ 35 to find the circumference of each circle. 


A c r=5cm F d=490 mm 
Dp d=70mm G d=435m 
E r=175m H d=6;5cm 











1. Find the area of each circular region. Use the formula A= 7 - r? and zw =~ 3.14. 
A B c D r=30 mm 
ee For 4tom 
G d=210mm 
A B c D r=4cm 
\ 
G 
, w it 
ene 12m 


| 
lm 
x 
= 


a 
I 
on 
Rol =* 
= 


wy 
G 








1. Find the volume of each prism. Use the formula V= B - h. 


230 cm? 





= 


2. Find the volume of each pyramid. Use the formula V=g, - 


- 








1. Find the volume of each circular cylinder. Use the formula V= 7 - r?-: h. 





A Db r=50,h=37 
E r=0.1,h=0.6 
F r=%, h= 13 
120 mm 
2. Find the volume of each circular cone. Use the formula V=3 Sipe ge Omsk 
A B c *D 





4.5 cm 
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1. Find the sums. 


AD fr 5 FoOe- 13 K 21+ 8+8 
B 8+ 6 G 21+ 16 ties] le 6 4 8 
Goad 3 H 21+ 16 m 75+ 53 

Dee + 15 Le -21 = 16 n 49+ 53 

—eE 10+4 wo 2l a 616 o 75+ ~49 


2. Find the sums. 


A 


c 


D => egtso 
Df DO tego 

SCF Say 2 

sO Oke 0 

2) owed aa ae 
100 + (~23 + 43) 


G (45+ 18) + ~25 M 


H 35-5. 154 23 N 
35 46 1545.23 fe) 
J "39 glo aaed P 
Kesor toe 25 Q 





Wize fei, amet Rss ane hs| R 


P “75+ 53 
Qa 53+ 49 
R 53+ ~49 
S$ 125+ 99 
T 62+ 18 


Hehe ais St eis Be 
“Gish Was aye a8 Oe 
185 + -37+ -8 

-250 + (-126 + 106) 
467 + (-310 + ~25) 
-755 + (825 + -57) 


___ 


1. Find the number n in each flow chart. 





2. Solve the equations. 


aAn+ 5=15 F 
B n+ 14=0 G 
ec n+5=7 H 
dpb n+6=3 1 


E n-+o=s8 


n+6=12 
m+ 56 fale 
n+6=~—12 
n+ 6=12 
n+ -6=0 


14+n=9 n+ ~53 = 26 
18+ n= 23 79+n=~10 
“15+n=2 n+ 46=~12 
N n+ 25= 28 ~55 + n= 100 
“13+ n= ~34 n+ 43 = ~43 


ee 


1 
Ss A A Ss A A 
AO0O-S=n p O0O-— 5=n G 
B 3-5=n —E3-— 5=n H 
c 8—5=n F 8—"“5=n 1 
2. Find the differences. 
A 1S 8G a 027 
BS. —a15 H O—=13 
Cr lS 6 i 43=—77 
p -15-—8 J 24—-24 
Eo 8 K 24-24 
Petohin Dalits) L ~24— ~24 


. Solve the equations. Think about missing addends. 


Ss A A s A A 
"3— S=Nn Jd — San 
"8-5 = 7 K ~5—"5=n 

5—- 5=n Ula 2) — 
m 38 — 42 s 401 — 189 
n 56-4 T 529 == ato 
oF 73 Se 27 U) 630575 
p 44— 45 v/°193— 87 
@ 65-3 w 153 log 
rR 99 — 199 x 495 — 495 





— 


1. Find the products. 


A 5-9 Eo ' ~10- ~43 M21: #2) @ ~125 - 1000 
Bau) 1) F 3+ 41 J. 10> 67 NO Ode 2] R ~1001-:1 
Ca Otasd enSeeelS k 100-6 o 100 - 23 S79) > 36 
ian aca) He) Oe 7 pets ©) 100 P 100°: ~ 56S Ts=s3 = 70 
2. Find the products. 

A 2ea5 1 10* 10-10 q 12f—3. 4 

B2:-5--4 31 10° 10").10 R' -21063)-.=3 

G -20aeser 4k a1 0" OanI0 $°*1- 12 0M-g 

p 3-15-~1 L108 =10 #3100," ““r 4580 3-4 A-10 
E8:--6--1 mM -4--3°8 u ~63--2-1--1 

FSH ee agt42 N. -75 Side v ~6- (-15--8- ~1) 
alr1-g0' 4t0 # o 52 yest w (-7- ~9) - (“1+ 75) 
HOF1@ 10-490 ¥ p 82> 4sRIriO 1) (85 +42) & (-4° By 








ET 


1. Solve the equations. 


A 3:n= 12 Fn:-6= 54 K 83 -n= 83 p 4-°3:n=60 
B 5-n= 35 G n--8=72 L ~-5:n=~65 a -1:14:-n=70 
c n:-6= "24 H 5-n= 100 mM 10:n= 140 R ~2:°-5:n=190 
pn: 5=45 1 5:-n=~100 Nn n- 8=120 Sie 3° 6 = 120 
—E 4:-n=44 J 5:nm=100 o 11:-n=88 Tn-n=49 


2. Find the quotients. 


ra Tear Fis 2c alee Kenge +6 Ra BSc 4 u §144= 6 
Bleek yaa G 0=-9 Lt 43+ 43 Ota Jane 20 Ve200 =o 

C4 427-6 H 45-3 m 81—= 9 R 90+ 18 w 128+ 16 
p 54-9 i y2le Nn 60= 4 $5100 20 Ker 16 216 
Ee) 46— 16 J 63+ 7 o 36= 9 7 300-15 Yo (0/9 3 
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1. Find the average (arithmetic mean) of each set of numbers. 





Ag Geneon? F 12579933 259120,3124 

B 637 57 ,*/2 G 4301, 4078, 3996, 4125 

© 82,682,695 98 H 209, 205, 199, 241, 238, 216 
D 53, 68, 79, 64 1 10 4ee oer bore, 9.0 


E 879, 904, 946, 891 Vt Orne 1/6202, 1.56 


2. Find the average of each set of number to the nearest whole number. 


A 38, 41, 37 F 1537, 1302, 1496, 1388 
BY 50) 49; 61, 55 G 1001, 1003, 1004, 999, 1011 
c 93, 97, 85, 104 H 250, 260, 180, 190, 360, 250 
p 208,210; 212, 214; 215 1 697, 588, 634, 596, 619 
E 398, 406, 421 J 4873, 5370, 5093, 4961 


——==X0UltC“( ‘C (‘CS C ‘CS (C‘(C ( SC.UU;>— 


1. Find the median of each set of numbers. 


A, 2/729, Sous u or Rh, 556; 6, 7,8, 2290s 12012) 19 
B 26, 29) 35, 32 G 43, 45, 48, 50, 53, 54, 54, 57, 58 
c 43, 49, 53, 51, 54 H 1720, 21, ASr18 17, 24, 26, 22 
pb 397, 405, 399, 401 1 39, 40, 41, 39, 38, 43, 45, 47, 51, 46 


Ee 87, 88,89, 92,.947,93 J 3.83, 4.61, 3.52, 4.89,.4.05, 3.99 


2. Solve the problems. 
Student Heights (metres) 


A Test scores: c Refer to the chart. 
79, 88, 93, 87, 100, 86, 94 What is the Girls Boys 
What is the median score? median height 
B Annual incomes: of the girls? 
$9100, $7200, $10 000, of the boys? 
$8500, $9600 of all students? 


What is the median income? 


ee 


1. Find the mode(s) of each set of numbers. 











2. Refer to the chart to answer parts a, B,andc. 
A Find the mode. 
B Find the median. 


c Find the arithmetic mean. 











Mathematical Symbols 


= is equal to 
# Is not equal to 
> Is greater than 
< Is less than 
= Ils less than or equal to 
= Is approximately 
= Is congruent to 
~ Is similar to 
{a,b,c} Set with elements a, b, c 
od Empty set 
U Union 


M Intersection 


Metric System Prefixes 


kilo- 
hecto- 


one thousand 
one hundred 


deca- ten 


Formulae 
P=a+b+c _ Perimeter of triangle 


P=2-I+2-w Perimeter of rectangle 


A=I!- Area of rectangle 
A=b-:-h Area of parallelogram 
A=:-b-h Area of triangle 

a’? + b?=c? Pythagorean Theorem 
V=Il!-w-h Volume of rectangular 


solid 


AB Line through points A and B 
AB Ray AB with endpoint A 
AB Segment with endpoints 
A and B 
ZABC_ Angle ABC with vertex B 
mZABC Measure of angle ABC 
AABC Triangle ABC 
RS Arc with endpoints R and S 
39° Thirty-five degrees, 
14’ fourteen minutes, 
20" twenty seconds 
% Percent 
7 Pi 
deci- one tenth 
centi- one hundredth 
milli- one thousandth 
C=7:-d Circumference of circle 
A=7°'Pr Area of circle 
V=3;-:7-r* Volume of sphere 
V=7-r*-h Volume of cylinder 
V=3;:7-r?hVolume of cone 
V=B-h Volume of prism 
(B = base area) 
V=%;-B-h_ Volume of pyramid 


GLOSSARY 


abacus A device used for calculating, usually in- 
volving sliding beads or counters along a wire. 


acute angle An angle smaller than a right angle. 


addend Any one member of a set of numbers to be 
added. In the equation 7 + 9 = 16, 7 and 9 are 
addends. 


addition An operation that combines a first number 
(addend) and a second number (addend) to give 
another number (this number is called the sum of 
the two addends). 


additive inverse Each of two numbers whose sum is 
zero is said to be the additive inverse of the other. 


adjacent angles Two angles 


common/:side, and no common 


with a common vertex, a 
interior points. In the 
figure, 21 and 42 are adjacent angles 


adjacent sides Two sides of adjacent 
a polygon with a common sides 
vertex. 

algorithm (algorism) A computation procedure. For 


example, the algorithm for finding the quotient of 
two numbers. B 


altitude (of a triangle) The BD is the 
segment from any vertex altitude. 
perpendicular to the opposite AC is the base 
side. Also, see height A DC 


angle. The union of two rays 
with a common endpoint 
(vertex). 


a 
angle bisector The ray which 

divides an angle into two 

congruent angles. In the 

figure DB bisects “ ADC. 


approximation A number that is ree ‘close”’ 
another number. For example, a decimal ee 
mation for is 0.22. The symbol ‘‘~"' denotes ‘is 
approximately”; for example z — 3.14. 


are (pronounced “‘air’’) A unit of area. 100 square 


metres pean 
Minor arc ACB 


arc A part of a circle (less than semicircle) 


Note that three points, 

instead of two, are Ave cg 

used todenotea _ 

specific arc since AB D B 

could denote a minor 

Uiaeal MSs liter Major arc ADB 


arc ADB 


area The measuré of a plane region in terms of a 
chosen unit, usually a square. 


arithmetic mean The quotient of the sum of num- 
bers in a set divided by the number of numbers in 
a set. (Often called the ‘average’’.) 


associative (grouping) principle The principle which 
states that the sum (or product) of three or more 
numbers is the same regardless of grouping: 
(a+b) + c=a+(b+c) 
or(a:b):c=a:(b-c) 


average See arithmetic mean. 


bar graph Adiagram made 30 


of graduated markings 25 
and rectangular bars w 20 
AAG ® 
to show Statistical aie 
information, usually == ie 
about specifically 2 
stated quantities. (VE ie 
plans 


base (of numeration) The term ‘‘base’’ refers to the 
type of grouping involved in a system of numera- 
tion. For example, in base eight: 25,,, means 2 eights 
and 5 or 346,,, means 3 sixty-fours, 4 eights and 6 


base (of a polygon) Any side of a polygon may be 
referred to as a base. See figure for altitude of a 
triangle. 


base (of a space figure) See examples below. 


Bases of 
a cylinder 


Base of acone Base of a pyramid 


bisect To divide into two congruent parts. 


centre A (fixed) point of symmetry for a geometric 
figure. See the figure for circle. 


centi- A prefix meaning one hundredth. 
centimetre A unit of length that is 700 of a metre. 


central angle An angle with its vertex at the centre 
of the circle. See the figure for circle. 


centroid 


centroid (of a triangle) The 
point of intersection of the 
three medians of a triangle. 


chord A segment with both endpoints on a circle. 
See the figure for circle. 


Chord 


Aga a8 
<_]Central angle 


circle The set of all 
points in a plane 
which are a specified 
distance from a fixed 
point called the 
centre. 





circle graph Adiagram 10% 
used to show statistical °*4'"9° 
information, particularly : 
to show how a given 
quantity is divided into 
fractional parts. 


circumcentre The point of 
intersection of the per- 
pendicular bisectors of 
the sides of a triangle. 
It is the centre of the 
circle circumscribing 
the triangle. 


circumference The distance around a circle. For 
each circle, the number is the product of its diam- 
eter and the number z. The formula is C = zd. 


circumscribed circle A circle 
drawn through the vertices 
of a polygon. A circle can 
be circumscribed about any 
triangle but only about 
certain other polygons. 


circumscribed polygon lf the \4 


4 


sides of a polygon are 
tangent to a circle, then 
the polygon is circum- 
scribed about the circle. 
Also, see inscribed circle. 


=< 


Points of 
7 tangency 


closed curve Intuitively, a 
curve is closed if you can 
begin at any point and 
trace the curve until you 
return to the starting point. 


WP 


collinear (points) Two or more points lying on the 
same line. 


common factor A number that is a factor of each of 
two or more given numbers. For example, 3 is a 
common factor of 6 and 9. 


common multiple A number that is a multiple of 
each of two or more given numbers. For example, 
18 is acommon multiple of 2, 3, and 9. 


commutative (order) principle The principle which 
states that the sum (or product) of any two numbers 
is the same regardless of the order in which they 
are added (or multipled): 
a+ b—b+taora:-b-b-a 


complementary angles Two angles whose measures 
have a sum of 90°. 


composite number Any whole number greater than 
1 which is not prime. Composite numbers have 
more than two factors. 


complex fraction A fraction that has a fraction for 
the numerator or the denominator, or both. 


concave figure See convex figure. 





cone A space figure formed by 
a closed plane curve and all 
line. segments from a point 
not in the plane of the curve 
to all the points of the curve. 


congruent angles Angles which have the same 
measure. 


congruent figures Two figures are congruent if one 
of the figures is the image of the other by one of 
the rigid motions (reflection, rotation, translation) 
or by any combination of motions. 


congruent segments Segments whose endpoints 
are equally far apart; segments which have the 
same length. 


convex figure A figure is convex if every segment 
joining any two points on the boundary of the fig- 
ure contains only points on the figure or in its 
interior. 


non-convex or 
concave figure 


convex 
figure 





co-ordinate axes Two inter- 
secting perpendicular 
number lines used for 
graphing ordered number 
pairs (co-ordinates). 





co-ordinates An ordered number pair matched with 
a point in the co-ordinate plane. See the figure for 
co-ordinate axes. 


correspondence A matching of elements in one set 
with those of another set. 


corresponding angles Two angles matched by any 
one-to-one correspondence between angles of 
two triangles. A_«———~» D 
For example, Zs 
ZAandZD. B 





corresponding points Two points matched by any 
one-to-one correspondence between points of two 
triangles. For example, point C corresponds to 
point F above. 


corresponding segments Two segments matched 
by any one-to-one correspondence between _seg- 
ments of two figures. For example, AB and DE are 
corresponding segments above. 


cross section The intersection of a space figure and 
a plane. 






cylinder The space figure oe Right 
formed by two congruent a circular 
curves in parallel planes cylinder 
and the parallel segments 
connecting corresponding 
points of the curves. 


cube (geometry) A regular pg 
polyhedron each of whose 
six faces are squares. es 





cube (numeration) A number raised to the third 
power. 8 is the cube of 2 because 23= 8, Also, to 
raise a number to the third power. 


deca- A prefix meaning ten. 

decagon A 10-sided polygon. 

decametre A unit of length that is 10 metres. 
deci- A prefix meaning one tenth 


decimetre A unit of length that is zo of a metre, or 
10 centimetres. 


decimal (numeral) Any base-ten numeral written 
using a decimal point. 


decimal point The dot that is used in a decimal 
numeral. 


decimal system of numeration A system of numera- 
tion in which powers of ten and place value is used 


degree A unit angle that is oo of a right angle. 


denominator For each fraction §, b is the 
denominator. 


diagonal A segment connecting two nonconsecutive 
vertices of a polygon. 


diameter Any chord that B 
contains the centre of a 
circle. 


difference The number resulting from subtraction. 


digits The basic symbols used in a place-value sys- 
tem of numeration. In base ten, the symbols are 
Ore, Oy 40 On Ono, ane 9: 


distributive principle The fundamental principle 
connecting addition and multiplication. 
a-(b+c)=a:b+a-c. 
_3 — Quotient 
5)17 — Dividend 
Divieen!! 15 
2 — Remainder 


dividend The number to be 
divided in a division 
problem. 


divisible A given number is divisible by a second 
number if the remainder is zero. If a=b~-c with 
b ~ Oandc # O, then a is divisible by either b orc 


division The inverse of the operation of 
multiplication. Ronee Pole Fie JE 
12+4=3 
3:4 aE Ey 
divisor See dividend. 


dodecahedron A polyhedron 
which has 12 faces. A 
regular dodecahedron has 
12 congruent pentagonal 
faces. 


edge A segment thatisa 
side of any face of a 
space figure. A cube has 
12 edges. 





element A member of a set. 


ellipse A closed plane curve p 
generated by a point (P) 
moving in such a way that 
the sum of the distances 
from two fixed points (F, 
and F.) is constant 





empty set The set containing no elements. It is 
denoted by ‘'{ }" or the symbol @. 


equal sets Sets containing the same elements 
They may be listed in different order 


equality The relation of identity. A statement of 
equality asserts that two symbols name the same 
object or number 


equally likely outcomes Outcomes or results that 
have the same chance of occurring 


equation A mathematical sentence using the equal- 
ity symbol (=). 7 + n =9 is an equation 


equiangular triangle A triangle all of whose angles 
have the same measure 


equilateral triangle A triangle having all sides the 
same length. 


equivalent decimals Decimals which represent the 
same number. 


equivalent fractions Fractions which represent the 
1 5 50 
same number such aS 5, jo OF 190 


equivalent ratios Two ratios which represent the 
same fractional number. For example, the ratio 
5:10 is the same as 1:2. 


equivalent sets Sets having the same number of 
elements 


estimate An approximation for a given number. 
Often used in the sense of a rough calculation 


even number A whole-number multiple of 2. The 
set of even numbers is {0, 2,4, 6,.. .} 


expanded notation A representation of a number 
as a sum of powers of ten Such as: 
8425:=33\ lO eh e4iad OFete? G10" car 1102 


exponent A numeral written above and to the right 
of a mathematical expression to indicate how 
many times a number is to be used as a factor. 
For example, in the expression 54, the 4 indicates 
that 5 is to be used as a factor 4 times. 


extremes The first and last terms in a proportion 
written in the form a:b =c:d. The numbers a and 
d are extremes and b and ¢ are called the means 


face Any one of the bounding polygonal regions 
of a space figure. See the figure for edge 


factor Any one member of a set of numbers to be 
multiplied. In the equation 5 - 7 = 35, 5 and 7 are 
factors. 


factor tree A diagram . iy 3 Ae 
suggestive of a tree ig ON AG 
showing the prime fac- = Wi 
torization of a number. te 


flow chart A diagram which gives instructions in 
a logical order. 


focal points See ellipse 


formula A general fact or rule expressed by using 
symbols. For example, the area any parallelogram 
with base b and height h is given by b - h. The for- 
mula is usually presented with the equation A=b- h. 


fraction A symbol for a fractional number of the form 
5 such that b + 0. 


fractional number The set of non-negative rational 
numbers. 





function A correspondence that associates each 
element in a first set with a unique element of a 
second set. Different elements in a first set may 
possibly be matched with the same element of the 
second set. 


gram A unit of mass. The mass of one cubic centi- 






metre of water at 4°C. f(x) Graph of 
graph A set of points f the function 
2 given by 


associated with a given 
set of numbers or number 
pairs showing a relation 
or function. 


fix i2e x 


graph (statistical) A picture used to illustrate a given 
collection of data. It may be in the form of a bar 
graph, a circle graph, a line-segment graph, or a 
pictograph. 


greatest common factor (GCF) The largest, or great- 
est, number that is a factor of each of a_set of 
numbers. 


greatest possible error Half of the basic unit in 
which a measurement is given. For example, if a 
length is given as 18 centimetres to the nearest 
centimetre, then the basic unit is the centimetre 
and the greatest possible error is 0.5 centimetre. 


half-line Each of two sides of a point on a line. 
A 


Half-lines formed by point A am 


half-plane The region on 
each of two sides of a 
line in a plane. - 

Half-planes formed by line m 


hectare A unit of area that is 10 000 square metres. 
hecto- A prefix meaning one hundred. 


height (of a prism) The perpendicular distance be- 
tween the planes of the parallel faces. 


heptagon A 7-sided polygon. 
hexagon A 6-sided polygon. 


hypotenuse The side ofa 
right triangle opposite 
the right angle. 


4 
| eo Se 


icosahedron A polyhedron 
of 20 faces. A regular 
icosahedron has equilateral 
triangles for its faces. 


identity element For addition, zero is. the identity 
element since a + 0 =a for any number a. Similarly, 
for multiplication, 1 is the identity element since 
a-1=a. 


identity principles For any number a, a+0=a and 
a-l=a. 


image The figure obtained after a rigid motion ona 
given figure. From a functional viewpoint, y is the 
image of x if there is a function f such that y is the 
output when x is the input; that is, f(x) = y. 


improper fraction A fraction whose numerator is 
greater than or equal to its denominator. 


incentre The point of inter- 
section of the angle 
bisectors of each angle of 
a triangle. The centre of 
the circle inscribed in a 
triangle. 





inequality A mathematical statement using either of 


the symbols < or > such as § <4. n 


inscribed angle An angle that 
contains three points of the 
circle and has its vertex on 
the circle. Cc 


inscribed polygon See circumscribed circle 


integers The set consisting of the natural numbers. 
{1, 2, 3,...}, the negatives of the natural numbers 
{=1, —2,=3,. ».},,and zero: 


intersection The intersection of two sets is the set 
of all elements common to both sets. 


inverse (operation) Operations which are opposite 
in effect such as addition and subtraction or multi- 
plication and division. 


isosceles triangle A triangle with at least two con- 
gruent sides. 
kilo- A prefix meaning one thousand. 


kilogram The basic unit of mass in the metric system, 
1000 grams. 


kilometre A unit of length that is 1000 metres. 


least common denominator The least common mul- 
tiple of the denominators of two or more fractions. 


For example, the I.c.d. of 2 and 3 is 12. 


least common multiple (LCM) The smallest non- 
zero number that is a multiple of each of two or 
more given numbers. The LCM of 4 and 6 is 12. 


y legs 


length The measure of a segment (or curve) in terms 
of a chosen unit. 


legs (of a right triangle) 
The perpendicular sides 
of a right triangle. 


line-segment graph A 
diagram used to show 
statistical informa- 
tion, particularly 
that of a continuous 
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litre The unit of capacity in the metric system. 1000 
cubic centimetres. 


lowest-terms (simplest) fraction A fraction is in 
lowest terms if the numerator and denominator of 
the fraction have no common factor other than 1. 


mean See arithmetic mean. 


means. The second and third terms in a proportion 
written in the form a:b =c:d. See extremes. 


median (of a set) The middle number of a set con- 
taining an odd number of elements that are arranged 
in order. If a set contains an even number of ele- 
ments, the average of the two middle numbers is 
the median. 


median (of a triangle) The segment from the vertex 
to the midpoint of the opposite side of a triangle. 


metre The basic unit of length in the metric system 
approximately 1650763.73 times the wave length of 
the orange-red spectral emission line of krypton-86. 


metric system A system of measurement in which 
the metre, the litre, and the kilogram are the basic 
units of length, capacity, and mass. 


midpoint (middle point) A point which divides a seg- 
ment into two congruent segments. 


milli- A prefix meaning one thousandth. 


minute A unit of angular measure that is go of a 
degree. 

mixed decimal numeral A combination of a decimal 
and a fraction such as0.44 and read as‘‘four and 
one-third tenths.” 

mixed numeral A numeral such as 48 indicating the 
sum of a whole number and a fractional number; 
43 =445. 

mode The most frequently occurring element of 
a set. There may be more than one mode of a set. 


multiple A first number is a multiple of a second 
number if there is a whole number that multiplies 
by the second number to give the first number. 
For example, 24 is a multiple of 4 and 6 since — 
4x6= 24. 





multiplication An operation that combines a first 
number (factor) and a second number (factor) to 
give another number (this result is called the 
product of the two factors). 


multiplicative inverse See reciprocal. 


negative integers The set of numbers 
eal eh ae 


nonagon A 9-sided polygon. 


number pair An ordered pair of numbers such as 
(3, 4) often co-ordinates of a point in a plane. 


numeral A symbol for a number. 


numerator For each fraction §, a is the numerator. 


oblique prism A prism in 
which the base is not 
perpendicular to its 
lateral edges. 





Oblique prism Right prism 


obtuse angle An angle greater than a right angle 
and smaller than a straight angle. 
octagon An 8-sided polygon. 


octahedron A polyhedron 
having eight faces. Each 
face of a regular octahedron 
is an equilateral triangle. 





odd number Any number in the set 
Hilen Ss Ou recat 


one principle For any number a,a 1=a. 
See identity principle for multiplication. 


one-to-one correspondence Two sets S and 7 are 
in one-to-one correspondence if there is a match- 
ing so that each element in S is matched with 
exactly one element in 7, and vice versa. 


operation A binary operation like “multiplication” 
associates each order paired of numbers with one 
number. Usually we speak of the four fundamental 
operations: addition, subtraction, multiplication, 
and division. 


opposites principle For any integera,a+ a-—0O. 


origin The intersection of the co-ordinate axes; the 
point associated with the number pair (0,0). 


outcome A possible result in a probability 
experiment. 


parallel lines Lines in the same plane which do not 
intersect. 


parallelogram A quadrilateral whose opposite sides 
are parallel. 


pentagon A 5-sided polygon. 


percent Literally means ‘per hundred’. A symbol 
such as 3% is an abbreviation for ‘3 per 100” or 


100 - 


perimeter The distance around a polygon. 


period Each set of three digits in a numeral. In the 
numeral 421 365 761 409, there are 421 billions, 
365 millions, 761 thousands, and 409 units. 


perpendicular bisector A 
line which bisects a 
segment as well as being 
perpendicular to it. 







A 


perpendicular lines Two intersecting lines that form 
right angles. 


pi (7) The ratio of the circumference of a circle to 
its diameter. 7 ~ 3.14. 

pictograph A diagram POPULATION 

used to show statistical CityA RRRF 

information with the use City B £ 

of pictures. 


City C RRRRR 


& — 1000 people 





plane figure A set of points in one plane. 


point of tangency Ilfaline 


F f ate Point of 
and circle intersect in just 
: : : tangenc 
one point, the intersection 9 y 
is the point of tangency. a 


polygon A closed plane figure whose boundary is 
made up of segments. 


polygonal path A path consisting 
of a union of segments which 


are connected end to end. 


polyhedron A space figure each of whose faces is 
a polygonal region. 


positive integer Any number in the set {1, 2,3,...}. 


power In the statement a= b", a is the n'? power 
of b. For example, for 1000 - 10°, 1000 is the third 
power of 10. 


precision The more precise of two measures is the 
measure with the smaller relative error. 


prime factorization An expression of a composite 
number as a product of prime factors. 


prime number A whole number greater than 1 whose 
only factors are itself and 1. 


prism A 3-dimensional (space) figure whose bases 
are congruent polygonal regions in parallel planes 
and whose faces are parallelograms. 


probability The ratio of the number of times a cer- 
tain outcome can occur to the number of total 
possible outcomes. 


Product The number a_ b which results from apply- 
ing the multiplication operation to the numbers 
a and b. 


Proportion An equation stating that two ratios are 


equal:a:b=c:dor, § 


protractor An instrument for measuring angles. 


pyramid A 3-dimensional 
(space) figure with a 
polygonal base and 
triangular lateral faces. 





Pythagorean Theorem In any 
right triangle, the sum 
of the areas of the 


: c 
squares on the legs is a 
equal to the area of 
the square on the D 


hypoten ; 
BP CEASE a*?+ b?=c? 


quadrilateral A 4-sided polygon. 


quotient The number a= b (or b = a) which results 
from applying the division operation to the num- 
bers a and b. 


radian A unit of angular measure. A central angle 
of a circle subtended by an arc whose length is 
equal to the radius; approximately 57.3°; exactly 
(180 = z)°. 
A 


radius Any segment from the , 
Radius OA 


centre of acircle toa 
point on the circle. 


ratio The ratio of two numbers a and b is their 
quotient, >. 


rational number The quotient of two integers, the 
divisor not being zero. 





ray A half-line together A B 
with the point deter- *——~* a 
mining it (endpoint). Ray AB or AB 


reciprocal lf a - b— 1, each of the numbers a and b 
is the reciprocal (multiplicative inverse) of the 
other. Each non-zero real number has a unique 
reciprocal. Zero has no reciprocal. 

reflection A rigid motion 
that maps the points of 
a plane onto itself. If P Py 
point P is reflected in ~ 
a line with a reflection 
image P:, then the line 


is the perpendicular 
bisector of PP. 


rectangle A parallelogram 
with four right angles. 


region All the points in the part of a plane bounded 
by a simple closed curve. 


The interior of 
a quadrilateral 
is a region. 


This curve forms two regions. 


regular polygon A polygon that 
is equiangular and equilateral; 
for example, a square. 





relative error The ratio of the greatest possible 
error of a measurement to the measurement itself. 
For example, if a measurement is given as 10 centi- 
metres to the nearest centimetre and the greatest 
possible error is 0.5 centimetre, then the relative 
error is the ratio of 0.5 to 10 or 5%. 


remainder In whole-number division, if dividend D 
is divided by divisor d and the relation D=(q-d)+r 
is obtained where 0< r< d, the r is called the re- 
mainder. Note that r= 0 if d is a factor of D (see 
dividend). Also, the difference in a subtraction 
problem. 


repeating decimal A decimal whose digits can be 
grouped from some point on in repeating periods. 
Examples: 0.333 ...; 0.2727... .; 4.273149149 .... 
In these examples, the repeating decimals have 
(respectively) periods of 1, 2, and 3 digits and can 
be written as 0.3, 0.27, and 4.273149. 


a 


right angle An angle whose measure is 90°. 


rhombus An equilateral 
parallelogram which is 
not a square. 


rigid motion A transformation of the points of the 
plane that preserves all distances. 


Roman numerals The numerals |, V, X, L, C, D, M, 
and combinations of the numerals used in the 
Roman numeration system. 


rotation A rigid motion in which the points of the 
plane are turned about a fixed point. 


rounding A process of replacing a number by an 
approximation (another number) with fewer sig- 
nificant digits. For example, rounding 456 789 to 
the nearest thousand would be 457 000. 


sample space The set of all possible outcomes of 
an experiment. 


scale drawing A drawing of an object made so that 
distances in the drawing are proportional to actual 
distances. A scale of 1:10 indicates that distances 


in the drawing are 7 of the actual distances. 


scalene triangle A triangle with no pair of congru- 
ent sides. 


scientific notation A notation used for writing any 
number as the product of a power of ten and a 
number between 1 and 10 (including 1). 


second A unit of anaular measure that is a ofa 
minute. 


segment A set of points A B 
consisting of two points o————e 


A and B and all points Segment AB or AB 
between them. 


semicircle An arc that is exactly half a circle. One 
of two arcs cut off by a diameter. 


set A group or collection of objects. 


skew lines Lines that are not in the same plane. 
They do not intersect, yet they are not parallel. 


space The set of all points. This term usually de- 
notes a 3-dimensional quality. We also refer to a 
plane as 2-dimensional space and a line as a 
1-dimensional space. 


space figure A geometric figure whose points are 


not all in the same plane. 


od 


statistics The science of analyzing numerical 
information. 


sphere The set of all points 
in space at a fixed distance 
from a given point. 


straightedge An unmarked ruler. 


subset Set A is a subset of set B if every element 


of A belongs to B. 


A 
subtend Literally means ‘'to 


be opposite to’. For 

example, central angles 

and inscribed angles ina 

circle are said to subtend 

the arcs they cut off. B 


Also, chard: anciercs AB subtends 2 AOB or 
ina circle subtend the AB issubtended by. AOS 
angles of a circle. y 

subtraction The operation that is the inverse of the 
addition operation. 


SPAuaarA 
AP ArS 
filo — 6 
5+6=11< 44 ite 
sum The number a+ b which results when the oper- 
ation of addition is applied to the numbers a and b. 


supplementary angles Two angies whose measures 
have a sum of 180°. 


surface area The total area of the polygonal regions 
(faces) of a polyhedron. 


symmetric figure A plane figure which can be 
divided into two congruent parts by a line (of 
symmetry). ‘ A B 









tangent A line which 
intersects a circle in 
just one point. 


AB is tangent to 
circle O at pointA. 


terminating decimal A decimal such as 0.5, 1.0, 1.24, 
0.0307, and so on, that represents the quotient of 
a whole number and a power of 10: 


05=5, 1.24=4 307 








+34 0.0307 = 30 


tessellation A repeated pattern of geometric figures 
which will completely ‘‘cover a plane” without any 


gaps or overlapping. 
tetrahedron A polyhedron having 4 faces. I 
translation A rigid motion in which each point of 


the plane is moved the same distance and in the 
same direction. 


trapezoid A quadrilateral 
with a pair of parallel 
sides. 


bases, or 
parallel sides 


triangle A 3-sided polygon. 


union lf A and B are sets, then the union of A and B 
(A U B) ts the set consisting of all elements that 
belong to at least one of the two sets. 


unit The object adopted as a standard of measure- 
ment. For length, we choose a unit segment; for 
area, we choose a unit square; and for volume, 
a cube. 


variable A symbol, usually a letter, used to repre- 
sent any number in a given set. For example, we 
may say: ‘If x is a whole number, then 2 - x is an 
even number.” 


vertex A point that two rays 
of an angle have in common. 
Also, the common point of 
any two sides of a polygon. vertex 





vertical angles Two pairs of 
angles formed by two inter- 
secting lines. 


volume The measure of a space figure in terms of 
a chosen unit. 


whole numbers Any number in the set 
(OMIM2 RS) atata 


zero principle The principle which states that for 
any number a, a + 0 =a. Also, see identity element 
for addition. 
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Abacus, A-7 
Abundant number, A-81 
Acceleration, B-7 
Acute angle, C-20 
Addend, missing 
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integers, D-10 
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decimals, B-70 
fractional numbers, B-—22 
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whole numbers, A-38 
Adjacent angles, C-20 
Altitude 
of parallelogram, C-46 
of triangle, C-48, C-97 
Angle(s), C-14 
acute, C-20 
adjacent, C—20 
bisector, C—58 
central, C-104 
complementary, C-60 
congruent, C-86 
copying, C-92 
corresponding, C-86 
exterior of, C-14 
inscribed, C-104 
interior of, C-14 
measuring, C-—58 
obtuse, C-20 
rays of, C-14 
right, C-18 
straight, C-14 
sums of angle measures, C-60 
supplementary, C-20, C-60 
unit, C-58 
vertex of, C-14 
vertical, C-20 
Approximation 
whole numbers, A-12 
decimals and fractions, B-81, 
B-87 
of m (pi), C-108, D-44 
Arc, C-104 
Are, C-45 
Area, C-36, C-44 
of circle, C-110 
of ellipse, C-115 
of parallelogram, C-46 
of rectangle, C-46 
surface, C-54 
of triangle, C—48 
Arithmetic mean (average), D-54 
Associative (grouping) Principle 
for additon of fractional 
numbers, B-28 
for addition of integers, D-4 


for addition of whole numbers, 


A-38 


for multiplication of fractional 
numbers, B—42 
for multiplication of whole 
numbers, A-38 
Average, D-54 
Axes, co-ordinate, D-—22 


Babylonian numeration system, 
A-25 
Balance (equilibrium), B-60 
Bar graphs, D-48 
Base 
and exponents, A-8 
of parallelogram, C-46 
of triangle, C-48 
of polyhedrons, C-116 
other than ten, A-16, A-18 
ten, A-6 
Base eight, A-18 
add, subtract, A-20 
multiply, divide, A-22 
Basic principles 
for fractional numbers 
addition, B-28 
multiplication, B—42 
for integers 
addition, D-4 
multiplication, D-14 
for whole numbers 
addition, A-38 
multiplication, A-38 
Bisect, C-—50 
Bisecting an angle, C-90 
Bisector, angle, C-58 
Bisector, perpendicular, C-96 


Capacity (metric), C-56 
Centre 
of circle, C-102 
of rotation, C-74 
Centi-, B-72, C-38 
Centimetre, B—16 
Central angle, C-104 
Centroid, C-69 
Chance, D-34 
Chord, C-102 
Circle(s), C-102 
arc, C-104 
area of, C-110 
circumference of, C-108 
circumscribed, C-97, C-103 
diameter of, C-102 
exterior of, C-102 
graph, D-53 
inscribed, C-103 
interior of, C-102 
pi (77), C-108 
radius of, C-102 
and tangents, C-106 
with circumscribed polygons, 
C-103 
with inscribed polygons, C-103 
Circumcentre, C-97 
Circumference, C-108 


Circumscribed polygons, C-97 
Closed curve, simple, C-31 
Common denominator, least, B-24 
Common factor, greatest (GCF), 
A-88 
Common multiple, least (LCM), 
A-90 
Commutative (order) principle 
for addition of fractional 
numbers, B-—28 
for addition of integers, D-4 
for addition of whole numbers, 
A-38 
for multiplication of fractional 
numbers, B—42 
for multiplication of integers, 
D-14 
for multiplication of whole 
numbers, A-38 
Comparing fractional numbers, 
B-12 
Comparing segments, C-10 
Compass, C-92 
Complementary angles, C-60 
Complex fraction, B-54 
Composite number, A-82 
Concave polygons, C-26 
Cone, C-120 
Congruent 
angles, C-86 
segments, C-8 
triangles, C-86 
Construction 
bisecting an angle, C-90, C-92 
copying an angle, C-92 
copying a triangle, C-94 
perpendiculars, C-90, C-96 
perpendicular bisectors, C-90, 
C-97 
Convex polygons, C-26 
Co-ordinate axes, D-22 
Co-ordinates, C-68, D-22 
Copying angles, C-92 
Copying triangles, C-94 
Correspondence, one-to-one, A-2 
Corresponding 
angles, C-86 
points, C-86 
sides, C-86 
vertices, C-86 
Cross products, B-10 
Cross sections, C-122 
Cube, unit, C-36 
Curve, simple closed, C-31 
Cylinder, C-116 


Data, D-—46 

Deca-, B-72, C-38 

Decagon, C-31 

Decametre, B-72 

Deci-, B-72, C-38 

Decimal (s) 
adding, B-70 
approximation, B-81, B-87 


dividing, B-82 
equivalent, B—70 
estimation, B-78 
and fractions, B-86 
inequalities, B-68 
multiplying, B-74 
numeration system, A-6, B-66 
and percent, B-108, B-112 
and place value, B—66 
point, B-66 
repeating, B-88 
rounding, B-79 
scientific notation, B-92 
subtracting, B-70 
terminating, B-—88 
Decimetre, B-17, B-72 
Deficient number, A-81 
Degree, C-58 
Denominator, B-2 
least common, B-24 
Diagonal, C-30 
Diameter, C-—102 
Difference, A-46 
Digits, A-6 
Distributive (multiplication- 
addition) principle 
for fractional numbers, B-42 
for integers, D-14 
using mixed numerals, B—46 
for whole numbers, A—40 
Dividend, A-52 
Division 
in base eight, A-22 
with decimals, B-82 
of fractional numbers, B-—50 
of integers, D-18 
short, A-52 
of whole numbers, A-52 
Divisor, A-52 
using large divisors, A—54 
Dodecahedron, C-118 


Eccentricity of an ellipse, C-115 
Edge, C-116 
Egyptian numeration system, A-25 
Elements of a set, A-2 
Ellipse, C-114 
area of, C-115 
eccentricity of, C-115 
focal points, C-114 
major axis, C-115 
minor axis, C-115 
Empty set, A-2 
Endpoint, C-12 
Equal sets, A-3 
Equality 
of fractional numbers, B-10 
of ratios, B—100 
of whole numbers, A-15 
Equally likely outcomes, D-30 
Equation(s) 
solving, A-64 


writing, A-60 
Equilateral triangle, C-24 
Equilibrium (balance), B-60 
Equivalent 

decimals, B—70 

fractions, B-4 

sets, A-2 
Error 

greatest possible, C-42 

relative, C-43 
Estimating 

with decimals, B-78 

large products, A-50 

quotients, A-54 
Euler's Theorem, C-119 
Even number, A-78 
Expanded notation 


decimals, B-67 
bases other than ten, A-18 
whole numbers, A-6 
Exponents, A-8 
Extremes, B-100 


Face (of a polyhedron), C-116 
Factor(s), A-80 
greatest common, A-88 
missing, A-32, B-50 
prime, A-84 
trees, A—80 
Factorial, D-19 
Factorization, prime, A-84 
Flow chart, A-30 
inverse, A-62 
and writing equations, A-60 
and solving equations, A-62 
Fractional number(s), B-8 
addition of, B—22 
division of, B—52 
equality of, B-10 
graphs of, B-32 
inequalities of, B-12 
multiplication of, B—42 
names for, B-2, B-66 
order of, B-14 
subtraction of, B—-22 
Fraction(s), B-2 
complex, B-54 
and decimals, B-86 
equivalent, B-4 
improper, B-26 
lowest-terms, B-6 
and percent, B-108 
and ratios, B-98 
unit, B—40 
Frequency, D-58 
Fulcrum, B-60 
Function(s) 
graphing, B-32 
machine, A-34 


Geometry 
angles, C-14 


circles, C-102 
constructions, 
see Constructions 
cross sections, C-122 
ellipse, C-114 
lines 
parallel, C-4 
perpendicular, C-18, C-96 
planes, C-6 
points, C-2 
polygons, C—30 
polyhedrons, C-116, C-118 


Pythagorean Theorem, C-50 
rays, C-14 
reflections, C-16, C-78 
rotations, C-74 
segments, C-8 
space figures, C-116 
tessellations, C-82 
translations, C-70 
triangles, C-22 
Googol, A-8 
Gram, B-16, B-72 
Graphing 
fractional number pairs, B-32 
integer pairs, D-22 
Graphs 
bar, D-48 
circle, D—53 
frequency distribution, D-58 
line-segment, D-50 
picture (picto-), D-52 
Greatest common factor (GCF), 
A-88 
Greatest possible error, C-42 
Grouping Principle, see 
Associative Principle 


Half-line, C-12 
Half-plane, C-12 
Hectare, B-17, C-45 
Hecto-, B-72, C-38 
Height, see Altitude 
Heptagon, C-31 
Hexaflexagon, C-34 
Hexagon, C-31 
Hypotenuse, C-50 


Icosahedron, C-118 
Identity element, A-38 

for addition, A-38 

for multiplication, A-38 
Image 

reflection, C-16, C-78 

rotation, C-74 

translation (slide), C-70 
Incentre, C-93 
Inequalities 

of fractional numbers, B-12, 

B-68 
of integers, D-20 
of whole numbers, A-14 


Improper fractions, B-2 


Input 
flow chart, A-30 
graph, B-32 


Inscribed angle, C-—104 
Inscribed circle, C—-103 
Inscribed polygon, C-103 
Integers, D-2 
addition of, D-6 
division of, D-18 
graphing integer pairs, D-22 
inequalities, D—-20 
multiplication of, D-16 
negative, D-2 
opposites, D-2 
Opposite Principle, D-4 
positive, D-2 
subtraction of, D-12 
Interest, B-118 
Intersecting lines, C—4 
Intersection of sets, A-4 
Inverse flow chart, A-62 
Inverse, multiplicative, B—48 
Inverse operations, A-32 
Inverse relation, A-38 
Isoceles triangle, C-24 


Kilo-, B-72, C-38 


Lattice multiplication, A-69 
Least common denominator, 
B-24 
Least common multiple (LCM) 
A-90, B-24 
Legs, of a right triangle, C-50 
Length, B-72, C-36, C-38 
Line(s), C-2 
half-, C-12 
intersecting, C-4 
parallel, C-4 
perpendicular, C-18, C-96 
skew, C-4 
Line-segment graphs, D-50 
Lowest-terms fractions, B-6 


Magic hexagon, D-21 
Magic squares 

base eight, A-21 

fractions, B-61 

large numbers, D-47 

whole numbers, B-89 
Mayan numeration system, A-25 
Mean, arithmetic (average), D-54 
Means, B-100 
Measure, angle, C-58 
Measurement, C-36 

accuracy in, C-43 

of angles, C-58 

of area, C-36 

of circles, C-102 

greatest possible error of, C-42 

of length, C-36 

metric system of, B-16, B-72, 

C-38 


of perimeter, C—40 
precision in, C-—43 
Pythagorean Theorem, C-50 
using ratio and proportion in, 
B-104 
relative error of, C-43 
scale drawings in, B-—106 
of triangles, C-50 
units of, B—72, C-38 
of volume, C-36 
Median 
of a set of numbers, D-56 
of a triangle, C-69 
Metre, B-16, B-72, C-38 
Metric system, B-16, B-72, B-93, 
C-38 
Midpoint, C-9 
Milli-, B—72, C-38 
Minute, C-60 
Missing addend, A-32, D-10 
Missing factor, A-32, B-50, D-18 
Mixed decimal numerals, B-90 
Mixed numerals, B-26 
Mode, D-58 
Multiple(s), A-78 
least common, A-90 
Multiplication 
base eight, A-22 
basic principles for fractional 
numbers, B-42 
basic principles for integers, 
D-14 
basic principles for whole 
numbers, A-38 
lattice, A-69 
peasant, B-38 
using decimals, B-74 
Multiplication-addition principle, 
see Distributive principle 
Multiplicative inverse (reciprocal), 
B-48 


Negative numbers, D-2 
Nim, game of, A-28 
Noncircular rollers, B-64 
Nonagon, C-31 


Notation 
scientific, A-11, B-92 
set, A-2 

Number(s) 
abundant, A-81 
bases, A-16 


composite, A-82 
deficient, A-81 
even, A-78 
fractional, B-8 
odd, A-78 

pair, B-32, D-22 
perfect, A-81 
prime, A-82 
square, B-23 
triangular, B-23 
whole, A-6 





Number line 
fractional numbers, B-14 
integers, D-20 
Number theory, A-77 
Numeral(s) 
Babylonian, A-25 
Egyptian, A-25 
Mayan, A-25 
mixed decimal, B-90 
mixed, B-26 
Roman, A-24 
Numeration system 
base eight, A-18 
decimal (base ten), A-6, B-66 
Numerator, B-2 


Oblique cylinder, C-116 
prism, C-116 
Obtuse angle, C-20 
Octagon, C-31 
Octahedron, C-116, C-118 
Odd number, A-78 
One principle 
for multiplication of fractional 
numbers, B—42 
for multiplication of integers, 
D-14 
for multiplication of whole 
numbers, A-38 
One-to-one correspondence, A-2 
Operations, basic (whole 
numbers), A-32 
and parentheses, A—36 
Opposites, D-2 
Opposites principle, D—4 
Order of fractional numbers, B-18 
Order principle, see Commutative 
principle 
Origin, D-22 
Outcome, D-30 
Output 
flow chart, A-30 
graph, B-32 


Parallel lines, C-4 
Parallelogram, C-28 

area of, C—46 
Peasant multiplication, B-38 
Pentagon, C-31 
Percent, B-108 

and decimals, B-108, B-112 

estimation, B-122 

and fractions, B—108 
Perfect number, A-81 
Perimeter, C—40 

of rectangle, C-41 

of triangle, C-41 
Period, A-6 
Perpendicular bisector, C—96 
Perpendicular lines, C-18, C-96 
Pi (7) 

ratio C + d, C-108 

value by probability, D-44 
Picture (picto-) graphs, D-52 


Place value, A-6 
base other than ten, A-18 
base ten, A-6, B-66 
Plane, C-6 
half-, C-12 
Platonic solids, C-118 
Point pairs, C-68 
Point(s), C-2 
corresponding, C-86 
decimal, B-66 
locating, C-68 
of tangency, C-106 
Polygonal path, C-—40 
Polygons, C-30 
circumscribed, C-97, C-103 
inscribed, C-103 
regular, C—30 
Polyhedron, C-116 
regular convex, C-118 
Positive integers, D-2 
Power(s), A-8 
dividing by, A-46 
of eight, A-18 
of ten, A-8 
multiplying with, A-10, A-46, 
B-76 
Precision in measurement, C-43 
Prefixes (metric), B-72, C-38 
Prime factorization, A-84 
Prime number, A-82 
twin, A-83 
Principles, see Basic Principles 
Prisms, C-116 
Probability, D-32 
Product(s), A-48 
cross-, B-10 
special, A-46 
Proper fraction, B-2 
Proportion, B—100 
Protractor, C-58 
Pyramid, C-116 
Pythagorean Theorem, C-50 


Quadrilateral, C-28 
Quotient(s), A-52 
special, A-46 


Radius, C-102 
Ratio(s), B-98 
of circumference to diameter, 
C-108 
comparing, B-100 
equality of, B—100 
and proportion, B—100 
in measurement, B-104 
simplest terms, B-100 
Rays, C-14 
Reciprocals, B-—48 
Rectangle, C-28 
area of, C-46 
Reflections, C-16, C-78 
Regular polygon, C-30 
polyhedrons, C-118 
Relative error, C-43 


Remainder, A-52 
Repeating decimals, B-88 
Rhombus, C-28 
Right angle, C-18 
Right circular cone, C-120 
Right prism, C-116 
Right triangle, C-24, C-50 
Roman numerals, A-24 
Rotations, C-74 
Rounding 

decimals, B-79 

whole numbers, A-12 


Sales tax, B-116 
Sample, D-38 
Sample spaces, B-32 
Scale drawings, B-106 
Scalene triangle, C-24 
Scientific notation, A-11, B-92 
Second, C-60 
Segments, C-8 
comparing, C-10 
congruent, C-8 
Semicircle, C-104 
Set(s), A-2 
empty, A-2 
equal, A-3 
equivalent, A-2 
intersection of, A-4 
notation, A-2 
union of, A-4 
Shoemaker's Knife, C-113 
Short division, A-52 
Simple closed curve, C-31 


Simplest-terms 
fraction, B-6 
ratio, B—100 
Skew lines, C-4 
Slide image (Translation), C-70 
Soma Puzzle, C-52 
Space figure, C-116 
Sphere, C-122 
Square, C-28 
Square numbers, B-—23 
Square root, C-50 
Statistics, D-46 
Straight angle, C-14 
Straightedge, C-92 
Subset, A-2 
Subtend, C-104 
Subtraction 
base eight, A-20 
decimals, B-70 
fractional numbers, B-22 
integers, D-12 
whole numbers, A-42 
Sum, A-40 
of angle measures, C-60 
Supplementary angles, C-20, 
C-60 
Surface area, C-54 
Symmetry 
reflectional, C-76 


rotational, C-74 
translational, C-16 


Tangent, C-106 
Tangram Puzzle, B—114, C-88 
Terminating decimals, B-88 
Tessellations, C-82 
Tetrahedron, C-118 
Translations, C-70 
Trapezoid, C-28 
Triangle(s), C-22 

altitude of, C-48, C-97 

angles of, C-22, C-86 

area of, C-48 

base of, C—48 

congruent, C-86 

copying, C-94 

equilateral, C-24 

isosceles, C-24 

right, C-24 

scalene, C-24 

sides of, C-22 

vertices of, C-22 
Triangular array, A-35 
Triangular numbers, B-23 
Triangular pyramid, C-116 
Twin primes, A-83 


Union of sets, A-4 
Unit(s) 
angle, C-58 
cube, C-36 
segment, C-36 
square, C-36, C-44 
Unit fraction, B—40 
principles for multiplication of, 
B-42 


Variable, A-60 
Vertex 
of an angle, C-14 
of a triangle, C-22 
Vertical angles, C-20 
Volume, C-36, C-52 
of cone, C-121 
of cylinder, C-120 
of prism, C-120 
of pyramid, C-121 
of rectangular solid, C-52 


Whole number(s) 
addition of, A-38, A-42 
division of, A-52 
inequalities, A-14 
multiplication of, A-48 
subtraction of, A-42 


Zero principle 
for addition of fractional 
numbers, B-28 
for addition of integers, D-4 
for addition of whole numbers, 
A-38 


2 or i; ea?! 7 







































» a 


iene : —— ee 


OoueaQe Bf A ret sus vert ese? : 
cae S649 0-4 ow) eeed 
aie We tty 64) pratt 
f«, art 
ir eee <1 ite setitetS 
wuts Q R..Ueanles iaio@ \ 


eveigs ol i frei: 
o~. nits Mote 
i aD ‘ winder, ie 7 
= Media ie 

sera? to pelea on a 

4 st «@ 6 pevay tn (ote rt ' 
Hanes (eee 2 ALiO4ADs Gea inenicegl 
' ' . 7 }) : tte te 7 ao 

: m4 7 

‘ ‘ — | — a 
Wane, Cale-O . sopniys oun 
Coie Bt rai 
wren r, A ¢ ~{4) & 


‘ 4 i 
ie “u4 : a4 ‘S 


a: ud A jv 
’ : r ‘ + hecuta) Vite 
_ / af ' wal O-homn 
at te tar: Ge 'o Moltesligidi 1 
>- af . SS husibic A-76)~-8 evedenn 
} PRET Lea GED high 
‘ . ‘ iwwetw 

wile Casreparty euinaciedle 

! rity pore BEER I 
anni) = a uetrwrgedian | one-t ol 
R np des ; oi owt Sime ip 2m + 
z ; ‘14 ~ CsA hee 
a4 . Wet ondew ay DY 
‘hhe numbers Ano S-Q he 
efoube i ‘ee phoning seteagn 

“4 2 £2 we A Srvd XI LAO 
9G) winnie th leet ehhanig 


"919 Vuttinleden (Varadan 
Fi je by ep oerG) 


> 4 hors “4 ieenioun eanaaial 
“i i anty4 aan 


“teeing qa 

















* " - eOntwe fyi s 
J ” oF-é Jt wt) ¢ pe - 
) seb mayun. 4 
t 4 
j ! t » hd sor—) aw Hoel Neola Mh-8 
tiie) ree lo seahinse f-R taloliah ea 
Res gd -O0O8 WeivEnssoa) | & Medua nied? olewhatmactis Yo , eda 
edu u le ies 
7 - ted + ' ¢ ~ CHl 2 , _ erie 
levedreve alti rita Thre weyr* ¢ Gui 68? jg@nbdemes lb 
Lb eA to rt nD! is ‘ a cig peg hy ‘ 2°90m4) Om wil. of conaa 
- WAS-A 1 pormed ORM heat east a- ‘We B .neinogerg ona oaeie 
ae bt Aeolian wwe = fS-a adiiln eomieetl Measure Sure Oredinanseue 


A beA ho tole eid 12" pages he UN OOD -EMame! feotcunia 
bind Na IONE SOA ewornuey Bhai Lope » dian a Me a 
. ' hr ¥ rel oe. 













- 
nad 
2 


wituring Ges © (62 sylugewury at 


iernayh ast Vcr hel idiby, «cr = “65 jolt 1H ye 
i a Hate a @ = ~~ 
a) ugetd 6 NGAbhn ti ¥ 


senor lo oO ven jate=6. pe 
Vem 





Answers 


ANSWERS 


UNIT A: MODULE 1 


A-2 DISCUSSING THE IDEAS 


1. {1,3} 2.A No B Answers may vary. Example: the 
set of women premiers. 3Asetis a subset of another set 
when all elements of the first set are elements of the second 
set. 4. Answers may vary. Example: A = {2, 4, 6}, 
= 14,2 St 


A-3 USING THE IDEAS 
1. ie e, f}, {d, e}, {e, t}, {d, ft}, {d}, fe}, {Ff}, 
2.A +1, 2, 3, 4, 5, 6, 7} 
B {4999, 5000, 5001, 5002, 5003} 
C {T, U,V, W, x, Y,Z} D {March, May} 
E {1,2,3,4,6,12} 3.A @ B {February} C © 
D® 4.A 23 B Yes 5.A Yes B Yes. 
Think ART, THE, ARM, AT, IT, MET, I, ME, RITE, TIC, A, 
AH, AM, RIM, AIM, ATE, ARE, ARC, HE, RIME 


A-4 DISCUSSING THE IDEAS 
1.43 B8 C2 2.A {a,b,c,d,e,f,g, h} 
B {d,g} 3.A{1,2,3,4,5,6,7} B {3,4} 
4. {m,n,o,x,y,z} 5.A {1, 2,3, 4} The union is M. 
B {2, 3, 4} The intersection is N. 


A-5 USING THE IDEAS 

1.A {a,b,c,d,e} B {b,c,d,e, f} 

1a, b,cud,e,f,g} Dec.d 6; "Eby Fst) 
,d,e,f} H {e} I {b,e,f,g} J {fe} 2AT 
HF 3.A Yes 


-~mouoDoogoa 


A-6 DISCUSSING THE IDEAS 

lem O v2) <a) (Sa 10) (Glee OO) (Zen O00) 
3. (2 x 10000) + (3 x 1000) + (7 x 100) + (4 x 10) +6 
4.A 2;9 8B. Five hundred forty seven billion, two 
hundred eight million, seven hundred ninety three 
thousand, one hundred sixty five. 


A-7 USING THE IDEAS 

1.B ten thousands; 10000 C hundred millions; 
100000000 D hundreds; 100 €E thousands; 1000 
F ten millions; 10000000 2.A (3 x 100) + (5 x 10) + 8 
B (4 x 1000) + (5 x 100) + (6 x 10) +2 C (5 x 10000) + 
(3 x 1000) + (7 x 100) + (2x 10) +9 D (7 x 10000) + 
(3 x 100) + (6 x 10) + 4 E (4 x 100000) + (5 x 10000) + 
(8 x 1000) + (2 x 100) + (9 x 10) + 7 F (6 x 1000000) + 
(2 x 100000) + (8 x 100) + (7 x 10) +6 
G (2 x 10000000) + (4 x 1000000) + (3 x 100000) + 
(6 x 10000) + (4 x 1000) + (2 x 100) H (6 x 100000000) 
+ (4 x 10000000) + (7 x 1000000) + (8 x 100000) + 
(7 x 10000) 3.A 974 B 8675 C 53427 D 305894 


4. A 300000000 B 7000000000 000 000 000 000 
C 140000000000000000 5.A 136153324 
B 412114194 C 405030317 


A-8 DISCUSSING THE IDEAS 

1. 100; The number of times the digit 0 appears is equal 
to the number of tens which would have to be multiplied 
together in order to make a googol. 2.A 4;10000 B 5; 
100000 C 6;1000000 3.A second Bé third 
C fourth D one hundredth 


A-9 USING THE IDEAS 

1A 102" (B 107 CC 108 25 A 3 Bi 6)C 19 D100 
3.,Ay 1029B 10?) C7102 3 De102 Ese Eaol2 
G 10'7 H 1072 4.A 100 B 1000 C 10000 
D 100000 E 1000000 F 10000000 G 100000000 
H 1000000000 1! 10000000000 J 100000000000 
5. A 1000; 10° B 10000; 104 C 100000; 105 
6.A 10000 B 1000000 C 1000000 D 100000000 
E 900 F 42000 G 870000 H 6800000 1! 300000 
J 470000000 7.A 10;10' B 1000; 10% C 1000; 10° 
8. 1 


A-10 DISCUSSING THE IDEAS 


1. Carol; 6000 has 3 zeros 2. 10° 3.A 9-103 
B 8-10' C 2-10 D 3-105 4.A 60000 B 9000 
C 7000000 D4 


A-11 USING THE IDEAS 
Al 9? 102 9 Bed 102 55 Cra 10259 D3: 1102 Eo 10s 
Ec O, 9G 7102 SHS: 1018 Sal) 8371 022s 27 ARGO 000 
B 30000000 C 40000000000 D 700000 
E 100000000 F 6 G 2000000 H 900 1 5000 
J 8000000000 K 6000000000000 000 
L 300000 000 000 000 000 000 000 
3. A 310° (B 6-102 © 5:10" Di 510% 
E 2-102) F 4-109 G 99-1018 H 6-10'5 1 2-108 
Think 1. Answers may vary (approximately 72) 
2.A 10 days B 26 years 


A-12 DISCUSSING THE IDEAS 


1. Answers may vary 2. 300000 3. 5000 4. The4in 
the hundred’s place would give an answer of 5000. 


A-14 DISCUSSING THE IDEAS 


1. Answers may vary. Example: the arrow always points 
tothe smallest number. 2. The 5 and the 3 are in the same 
place. Since5 > 3,thenB>A. 3.999 4.100 5.A < 
BS Cu= Diz E= .F 


A-15 USING THE IDEAS 

SAS B= C= 1D > VES (FSG <a 
[= 225A) 73) 75 B89 = 93m C1452 442 

D 3574 > 3534 E 8878 < 8888 F 6491 < 6492 

G 4672 > 4592 H 1000>999 10<364 3.A < 
B= C> D< E= F< 4.A 999900 

B 999000 C 900000 D 990000 E 999999899 








F 500000000 G 52000846 H 8000000059 
| 7087346 J 456472863 K 27137 5. 114; older 
Think 1. F 2. 19 years 


A-16 DISCUSSING THE IDEAS 

1. 0,1, 2,3,4,5,6 2. ones, sixes, six-sixes 3. 1,9 
4.A 14.4.means1sixand4 B 27..)means 2 eights and 7 
C 30,,, means 3 fives D 101(ie,) means 1 hundred and 1 
E 121,,) means 1 nine, 2 threes and 1 


A-17 USING THE IDEAS 


AZ Bec Geom Daitee or 23.) °G 30 
H 26 110 J20 2.A 4 B 5g C 6s D 12%) 
E 13) F 14 3.A 32 B 135. C 571. D 233(4) 
E 302;, F 110., 4. 56 


A-18 DISCUSSING THE IDEAS 
1.A ten thousands 8B four-thousand-ninety-sixes 
2: Ae) Brse*Crt 2D 1814, “3: Al (S88) 7 
B (1-8) + (6:8) +7 C (4787) + (1-8) +6 D (5-82) +6 


A-19 USING THE IDEAS 


1.A 56, B 124, C 200, 2.A ones B eights 
C sixty foursiafteSAue SByoe.€ 7 D6) JES Ar 0 
4. A 23, Bi 36 C 72@ \D 76 E 55%). F 60%) 
5.A 115.4, B 146, C 143 D 225, E 327; 
F 77f@y 6. AC(8°81) 495  B, (1-82) 44(2-8) 55 
C (7-87) + (4-8) +0 D (3-82) + (4-8) +6 
E (4-82) + (0-8) +7 F (6-82)+ (2:8) +3 7. A 290) 
B 85,10) Cc 480,10) D 230,10) E 263, 10)F 403,10) 
8.A 60) B 130, C 300... D 71002. E 101000) 
9.A 1802 B 2970 C 2235 D 1377 E 4029 F 4095 


A-20 DISCUSSING THE IDEAS 


1.15, 2.A 75 B110 3.A 64 B7% Cle 
D 68) 


A-21 USING THE IDEAS 


1A Aade Bate Colts Dole, GE Osun Biola 
GuSTeeM Gl tied! GcicntlieiivmeKeadO2 atl elie 
Mal 10s, aN 25S er On 47 AaueP 187 dan Qat230e 
BAe ise sA. Mane PE Avian Gne Oe) DLO Eeeei 
Eins. Agee Boo eC oe oD 40, 1h BE tea 
G 7%» H 7% 1 6) J 6s) K 1g L 7%) 4. A 13) 
B 31, C 34%, D 25 E 37%) F le G 12%) 
H 246,.) 


Think 





A-22 DISCUSSING THE IDEAS 


1. 5s)" 4c) = 24g, 2. 34) 4. A 3) B 6s) 5. A Si) 
B 4) C4 D 6.x 


A-23 USING THE IDEAS 

1. A 96,,,° B50, C 62. D 71 E 70 F 132() 
Giisae, Hees2 74) ed a2 Wee KAS2 7) le 4 116;5) 
2.A 3 B 4° °C 5a .D 7m. E 46 F 66, G dia 
H 6, 3. 40,8); 100.4); 200,g); 400.4); 1000,); 2000,,); 4000,,); 
10000,, 4. Less 5.A 367,,, B 1004,,.. C 3650 
D=32:032,, 6A 75, B 262,, C 214, D 5%.) 

Think 1. Base 3 


A-24 ROMAN NUMERALS 


1.A6 B51 C15 D116 E60 F 150 G 110 
H 105 1600 J 517 K 1100 L 1500 2A4 B9 
C 40 D90 E 400 F900 3.A lll BvVi C XI 
D XXXIV E XXXVIIl_ F XIX G XXXXIX H CXXVI 
| DXXIX J CCCXL K MCCCLXXIl L MMCMLXVIII 
4.A 262 B 545 C 444 D 437 E 959 F 2051 
G 1492 H 1976 5.A 1, Il, Ill, IV, V, VI, VII, VIII, IX, X 
B XV, XVI, XVII, XVIII, XIX, XX C XL, XLI, XLII, XLII, XLIV, 
XLV, XLVI, XLVII, XLVII, XLIX, L D CXX, CXXI, CXXIl, 
CXXIIl, CXXIV, CXXV, CXXVI, CXXVII, CXXVIII, CXXIX, 
CXXX E CCCXCV, CCCXCVI, CCCXCVII, CCCXCVIII, 
CCCXCIX, CD F CMXC, CMXCI, CMXCIl, CMXCIII, 
CMXCIV, CMXCV, CMXCVI, CMXCVII, CMXCVIII, CMXCIX, 
M 6.A CXXVIl B MCD C CCXXxXill 7.A XxX! 

B DXVIl C CDI 8. MMCCCXL 


A-25 OTHER ANCIENT NUMERALS 
1.A3 B42 C111 D 2325 €E 31230 
F 3420300 G 1010101 H 203076 


2.A AI! B ANAM © 9999NNIKIII 
Die Bear A F hon 
G $999999999NNNNNAN IMI 


lit 1 OF A FOS SINT 
SPF TELL LOOOONINIIIN 


3.A 5 B24 C 48 D 59 


4.AYYYY B ra 
APY Y 


qj 


© << gh ihy abr ap 


YY Y < 
VA Y < 


E eee hb some a 
5A SB th O48 D222" E739 


A-26 REVIEWING THE IDEAS 

1.A {0,1,2,3,4,5,6,8} B {2,4} 2. (7 x 1000) + 
(3 x 100)+(6x 10)+9 3A9 B2C3 D6 EQ 
F4 4.98537 5.E 6.A 4 B 10000 7. 105 
8. 100000; 105 9.A 4000 B 7000000000 C5 
10. 4x 105 11.A 7856500 B 7856000 C 7900000 
D 8000000 12.A< B= C> 13. 999999 
14.A 20. B24) C 40, 15.A5 B3 C53 
16.A 12, B 4 C 62 D 5 17.A 14) B 4.) 
C 137, D 504 18.A 167 B 1709 19.A DCXXIX 
B MCMLXXXIV 


UNIT A: MODULE 2 


A-30 DISCUSSING THE IDEAS 
1.A multiply by6 B subtract 4 


2 4 > +1 7 °5 => 2 


3.A replace the 3 with 0; 240 B add 1 to the tens’ digit; 
520 C rounds to nearest ten. 


A-31 USING THE IDEAS 
1B 59. C 10000) D 41 ES 2:76 





3.A (Oey eS cl} > 9 > +12 > =6 


B 0 - +12 > +6 > 9 > +8 





Cc 0 Sa see sete} Ss HS) > 6 





DB O -> :9 —~+ +12 ~+~ +6 — +8 
E oOo -> +8 —~ 9 —> +6 — +12 


F oO > +6 > +8 ~ +12 > -9 


A-32 DISCUSSING THE IDEAS 


1. yes 2.A sum;10 B addend;4 C addend; 4 
D addend;5 3.A factor;4 B product; 35 
C factor;6 D product; 56 


A-33 USING THE IDEAS 
1.Aa=9 Bn=1 Cb=9 Dm=12 Ea=8 
=13 Gy=8 Hq=15 If=0 Jn=12 

Sr =s8 2A 7 BIG 16° 9)1D'8) E 
HoGainy SARI 2.5 Bese €r27, De SE 
HS |2 WS eK se lo, 747A Ge B 
Env Feo GeossHiOml ft S.A 


A ODO 
o7 7 


i 
7 
6 
5 BQ C 36 


A-34 USING THE IDEAS 


IFAS OB 165 C13) (D7 VE At7 e25AM it B 10 
CoA DV SEMI2 53. ApS Be4 C OseD 7 E.2 
4. Using a number as an addend 3 times gives the same 
result as multiplying the number by 3. 5. Dividingn into 3 
parts (n + 3) isthe same as finding how many 3’s you can 
subtract from n. 


A-35 USING THE IDEAS 

1. A 45 B27 Cr63y D9) jE 90 EF 1aetG O 

H 900 2.A 16 B4 C 24 3.A7 B4 C 10 
D13 4A8 B2 C9 D60 E5 5. f(n)=n+4 
6. f(n)=2:n 7. f(n)=n+7 8. f(n)=n2+n 


Think 1 ee 
+1 2 yaa Pt 

124 , ORE 
1331 8 23 
14641 16 24 
15101051 30 eee 
1615 201561 64 «28 
fr 7a2ties 35 21 7am 27 


A-36 DISCUSSING THE IDEAS 
1. (9-3) +2=8:9-(3+2)=4 2. no 3. no 
4A 215 B 115 C 38 D 245 E 20 eF 19 


A-37 USING THE IDEAS 


TA 245 Bol .C.6—.D 15 ES Smareo 227A ane 

Bi Co D7 | E14. Gols. Goo HO ess 

J13 KO L32 M6 N6 O6 P7 Q@2 R5 
3.A 33 B4 C10 D31 E63 F 43 4.A 4 

B is Ci22) Di28) Exto Fis SG. 142 HeSe iG 
JO K4 L2 M6 NY OS 5.A5 B2 C10 
D2 ES JF 7 


A-38 DISCUSSING THE IDEAS 


1.A Answers may vary. Example: the order in which 
numbers are added (or multiplied) does not alter the 
answer. B 12+ 34 = 34+ 12 = 46 
C 9:12=12:9=108 2.A yes B (5-4)-2=5-(4-2) = 40 
3. (5:20):39 = 3900 4.a+0=a;a-O=a;a-—a=0 
5.a-1=a;a+1=a;a+a=1 6. Ifa is not zero, 

0-a =O then0=+a=0. lf we saya +0 =b then0-b=0 
and not a, so we cannot divide by zero. 


A-39 USING THE IDEAS 


1.A commutative B commutative C associative 
D commutative E commutative F commutative 
2.A 26° Br5st “CC 26 D8 E 3264 MF 6 PSs AR47 
B 179 C 1356 D 1653 E 130 F 4100 G 3700 
H 9700 193000 4.A0 B92 CO D1 E 92 
Fi G12 H12 10 5. No;no 6.8B;C 7.A Atleast 
one of the whole numbers is zero. B Both numbers are 1 
(or —1) 

Think 201; 38 


A-40 DISCUSSING THE IDEAS 

1. 20-(34 + 9) = (20-34) + (20:9) 2. 4.5 is the product 
of the number of rows and the number of columns. The five 
columns can be grouped into two sections of 2 and 3, and 
the same result is found by finding the sum of 4-2 and 4:3; 
n=4 3.A find the sum of 6+3;n=9 8B find the 
number that gives 13 when added to 6;n =7 


A-41 USING THE IDEAS 

Ta*(e) es (B19 ¢ (Ajo [Ele (Bier [E) 
2-A°2 BS C 6°°3. ATO” Be Gas Dei” E35 
F 78 G150 H 619 I 438 J 999 4. 4000 cubes 





5.Aac Bsr Cn Dm Ey F (f-g) + (f-h) 
Ga:(n+m) H b-(s +s) or(b+b):-s 


A-42 DISCUSSING THE IDEAS 

1. When adding two numbers, the most that can be 
carried over is2(9+ 9=18)7+9=160r7+9+1=17 
2. When adding three numbers, the most that can be 
carried over is 2(9 + 9+9=27)8+5+3=21 or 
o-5s-67 =220r8 p+ 8+ 223 3. 7—4=30r 
if a10was borrowed:6-4=2 4. 7or6 
5. commutative and associative principles 
6.A subtract B addition 


A-43 USING THE IDEAS 

1A 89 B 123 C790 D 1001 E 10163 F 784 
G 1774 H 3383 1 19663 J 180201 K 194 L 6506 
M 31704 2.A 52 B24 C 82 D 85 E 358 
F 2563 G 2904 H 3662 I 3854 J 666556 
3.A 9774 km B 3948 km C 2814 km _ D 3035 km 
4. A; 5184 km_ 5. 13890 km 

Think 37; 19 


A-44 NORTH AMERICA 

1. 628430 km? 2. 30354 km? 3. 26632000 people 
4.A 7771000 B 782000 5. 21927399 
6. 300041000 7. 110955000 


A-45 MONEY PROBLEMS 

1. $4.55 2. $4.31 3. $339 4. $14368 5. $669.95 
6. $57.65 7. $2.54 8. $3.65 

Think No 


A-46 DISCUSSING THE IDEA 


1.A addizero B add2zeros;add3zeros 2. a= 10; 
6 =100;c =1200 3.1200 4. 80; 20 


A-47 USING THE IDEAS 


1.A 50 B70 C 800 D 20 E 600 F 300 G 90 
H 40 | 700 J 500 K 9000 L 40000 2.A 100; 700 
B 700; 700 C 1000; 4000 D 4000; 4000 3.A 400 
B 300 C 6000 D 7000 E 800 F 1500 G 1200 
H 2400 I 2000 J 2400 K 60000 L 2100 M 4000 
N 27000 O 48000 4.A 60 B40 C70 D 80 
E50 5.A 20 B60 C 30 D 30 E 200 F 4 
6.A 50 B 2000 C 20 D 30 E90 F 70 
1. AO Of == Bax, 1010) 16 401103 2D) <3 = 10° 
ER Ce Oar coral O> eh Gis Osc 52x 110° 
Teor OF te Oe | Ka Oe Le axe Ot 


A-48 DISCUSSING THE IDEAS 
1. 329 4. 50 and 742; 37 100; 635068 


A-49 USING THE IDEAS 

1.A 4320 B 103680 C 37843200 D 2649024000 
2. 1080 3. 93750 4. 2750 5. 3300 6. 4080 7. 70 
8.A 1376 B 1728 C 1566 D 16192 E 21588 


F 10672 G 217422 H 155975 1 187488 J 303064 
K 2781592 L 40673656 


9A 71 By 99 C 359 D 476 








_54 _ 23 77 999 
284 297 2513 ‘4284 
355 | 198 2513 4284 
3834 2277 27643 4284 
475524 


A-50 DISCUSSING THE IDEAS 


1. Answers mayvary 2.A 80 B 30 C 200 D 600 
E 100 F 900 G 6000 H 6000 3.B 24000 
C 120000 4.A 490 B 1600 C 5600 D 12000 


A-51 USING THE IDEAS 


1.A 320 B 720 C 180 D 400 E 540 2.A 4800 
B 6000 C 2800 D 4500 E 6300 3.A 800 B 4000 
C 1400 D 4000 E 4800 4.A 720 B 4500 
C $12.00 D 5200 E 1800 F 18000 5.A 50 B 80 
C60 D20 E70 F50 G90 H70 6A4 BE 
Cobm Dy se sEsse rave Gel Hee? IN6 

Think The result will be anine-digit number, each digit o1 
which is the selected number. Thus, if 7 is the selected 
number and 123 456 789 is multiplied by 9 x 7 or 63 the 
product is 777777777. 


A-52 DISCUSSING THE IDEA 

1.A 200 B 30;6 C 236 D smaller E The quotient 
was multiplied by the divisor. 2.A 415,R1 B 776, R5 
C 471 D 986, R3 


A-53 USING THE IDEAS 


1.A 48,R2 B 34,R8 C 742,R3 D 729,R1 E 456, 
R1 F 2641,R1 G 6823 H 143 1 4115 J 20406 
K 255,R5 L 17692,R3 M 7325,R3 N 1792143 
O 12345679 P 62000,R1 2. 54 3.96 4. 111; Rl 
5.A 6;68908 B 2: 4269 C 4;5204 D 3; 38657 
6SA> 289*B 26% C°O. 6" DP2,9 7. 5313 = 23=231 
Think a=9,b=-1,c =0 


A-54 DISCUSSING THE IDEAS 


1.A 2,3 C 23 D 53 E multiply 23 x 67 then add 
53 2. 24,R27 3.A4 B3 C7 D2 4.A 46(A);33, 
R13(B); 69, R37(C); 30, R11(D) B perhaps in C 
C perhapsinD 5.A2 B 8 


A-55 USING THE IDEAS 


1.A 29,R13 B 152,R18 C 27,R73 D 1451, R38 
E 60,R7 F 928, R37 G 33, R27 H 795, R41 | 91, 
R52 J 84 K 68,R1 L 30,R17 2.A 46,R297 B 68, 
R156 C 42,R690 D 143 E 229, R323 F 728, R186 
G 1226, R390 H 75, R541 | 271, R184 


Short Stories 
19944) (2545935783945 35) 5778 6.420000, 7.9 
8. 5 


A-56 REVIEWING THE IDEAS 
1.0 2.13-6=7 3. 104+8=13;104+13=8 
4.A 40 B56 C72 D18 E48 F4 
5.A [5) "8 [8] -c D 
E FD] «ac B&B) 
6.A 152 B81 C56 7.A 1660 B 282464 
8.A 824 B 14787 9.A 140 B 3000 C60 D 90 
10.A 3200 B 18000 11.A 4602 B 156384 
12.A 186,R18 B 146,R52 13.A 6154 B 43 
C 555 D 413 


UNIT A: MODULE 3 


A-60 DISCUSSING THE IDEAS 


1fAy Bx Ct 2¢ 3. A427 =28 
B3:n-1=11 


A-61 USING THE IDEAS 

1.An+417=31 Bt-6=42 Cr-9.=72 

D 56+q=8 Ez-2:3=24 Fp+7-7=43 
G 6-8-—c=18 Hi7-x-2=14 2.An+7=19 
Bn-38=29 Cn-8=96 D 2:n+17=35 
3.A (0 —4)-5=15 B (9+n)-6 = 120 

C n—-(19 +12) =11 


A-62 DISCUSSING THE IDEAS 

1. The instructions for flow chart A are the opposite of 
those for B. 2. Flowchart B starts with the results of flow 
chart B and ends with the beginning input of A. 
3. Substitute the output number for n in the equation 
12 toad 4.18 —11)-2 =n 514 


A-63 USING THE IDEAS 
1. 1500 >~ -24 + +36 > nr 
2. 2 2 +20 > -7 > +n 
3. 245 > +9 — -14 > +48 >= n 


4. ex. 1 n-36 + 2-4 = 1500: n = 41 
Cxe 220) 2 nh 34. 
ex. 3 (n — 48 + 14)-7 = 245: n = 69 
STANOS BEG Crs D722 


6.A n -— +427 > -12 — 5760 


B 5760 — +12 — —-427—> n ;n=58 


A-64 WRITING AND SOLVING EQUATIONS 
1.Bx-3=24;x=8 Cy+35=71,y =36 

D z:13=130;z=10 E (r+6)-7=49;r=1 
F¢-—9)+4=3;t=21 G W+7)-3-—2=25;w=2 
2,A536 (Bey SC D Ge E.s) FSG Sahin 
13 J6 

Think A+ B+ 


A-65 SOLVING WORD PROBLEMS WITH EQUATIONS 
2.n+19=153;n = 134 3. 63:n =441:n =7 

4. 10-n —10 =100;n =11 5. 2:n +1 =73n —3 

6. 4n =23-3;n=5 7. (n+ 6):-4=40;n =4 

8. 4:n-47=1;n =12 9. 2:n+2:12=40;n =8 

10. n + 2 — 30 = 14; n = 88 


Think trip 1 trip 2 


OMe 


9g 
trip 3 d trip 4 


gg 


gz 
Cc 
f 
Cc 
= 9 


A-66 DISCUSSING THE IDEAS 

1.A 1. B It uses.a litre of gasoline every 6 kilometres 
2.A 2 B How much money Kathy had before she went 
shopping 3.A How many students the bus will carry. 
B How many adult and/or student tickets were sold 
4. A There is only one penny in the set. B The original 
number is an odd number less than 10. 


A-67 USING THE IDEAS 


1. 12 years 2. 1497km 3. 25765 4. 42 5.1m/74 
cm 6. notenoughinformation 7. 1818 8. notenough 
information 9. 8 10. not enough information 
11. 128159176 

Think 5Sdimes, 1 nickel, 4 pennies (or) 1 quarter, 1 dime, 
4 nickels, 4 pennies 


A-68 DISCUSSING THE IDEAS 


1. About700000 2. Estimate the time to be 5hr andthe 
distance 4000 km; 800 km/h. 3. $8.00; Find the number 
halfway between 59c and $1.00 and multiply it by 10. 

4. Estimations help to speed up calculations and to check 
work. 5. $5700 


A-69 USING THE IDEAS 


1.1100 2.90 3. 400 4. 5000 5.6 6. 30 
Think 4662; 162192 


A-70 DISCUSSING THE IDEAS 

1. The only drawing showing 4 parts is B. 2. The 
drawings help to visualize the problem and to check the 
answer. 3.A 12+ 12+ xxx =40;x=8cm B 20cm 
C 20-12=8cm D 2n+2-:12=40;n=8 4.A The 
distance between city A and city C is 275 km, and the 
distance between city Aand city Bis 169km. B Example: 
find the distance between city B and city C; 106 km. 


A-71 USING THE IDEAS 

1.84cm 2.17m 3.4cm 4.9 5. 30 km/h; 20 
km/h 6to11 Answers will vary. Suggestions follow: 
6. How much did the groceries cost? $6.73 7. Find the 
width of the box. 32 cm 8. How much does the x-marked 
box weigh? 12kg 9. How long are pieces A and B? A 34 


cm, B 29cm _ 10. How wide is each quarter? 28 cm 
11. Where will the cars meet? 180 km from A 


A-72 DISCUSSING THE IDEAS 
1. 9 hours is the sum of the time spent working alone. 


2. It will be more than 3 but less than 6 hours. 3.A 7 
B 576 C 60 


A-73 USING THE IDEAS 

enue eA eo Cmea Cre 5. 420K 6.516) a75 59 
8. 14 min 

Think 36 


A-74 REVIEWING THE IDEAS 
Inia = 4) av — 0 


Pe 0) re a On al 


3. 28 4.) (nv=)8)"7 =563n = 11 S2A™4B, 15.°C, 14 
6. 388 7. C 8. Howlongwillit take to drive from Ato B? 
8 hours 9.A 800g B 900000 C $270 

10. length =n +4or16cm;w =12cm B 12m;24m 
11. 65m 12. 64 


UNIT A: MODULE 4 


A-78 DISCUSSING THE IDEAS 

1. A 2. yes 3. If anumber can be evenly divided by 2 
itis even; if notitisodd. 4. 9,12,15,18, 24,27 5. yes; 
3-17 =51 6. 0,5, 10, 15; 0, 7, 14, 21 


A-79 USING THE IDEAS 

1.A odd B even C odd D odd €E even F even 
G odd H odd | even J even 2.A even 8B even 
C odd D odd E even F even 3.A 3,6,9, 12, 15, 18, 


21, 24,27,30 Byes C yes 4.A 5,10, 15, 20, 25, 30, 35, 


40,45,50 B15 5.A yes Byes C no D yes 
E yes F no 


A-80 DISCUSSING THE IDEAS 


AS Valea 4 Om Gul Ss Om Dini a 2. 5110 
Ea lial Sie 2a Onn Ge 2. an dures sOnOu lay 10, 
24, 48 are all the factors of 48 5. yes; 136 + 8 = 17, RO 
A-81 USING THE IDEAS 

lyAe te o2oe Bly fel longo Gane ito, 143 Dl oo, 
27 E 1,2,3,4,6,8,12,24° F 1,2,4,5, 10, 20, 25, 50; 100 
2. Answers will vary. A 2 B3 C 2,5,10 D 5,2 
EB Si2no Re2 a 212,014 Go2are,010,0 aA Ueno 4, 
612 B 173)5) 15" C 1925455) 87102040) D) 15273; '6, 9; 
ASP Este lo, 20) Fo i273). Giiy 2. oy 0, 0; 10; loj,rcO 
Hiiip2 4eonl6e Ip iio, 9527 edml, 2.0810n25,00m K 1729 
L 1,2,4,8,32,64 4. 2,3,5,7 5.A yes B yes C no 
D yes Eno F yes 


Think A abundant B deficient C perfect 
D abundant E deficient F deficient G deficient 


A-82 DISCUSSING THE IDEAS 

1. Art) BAG 825 2539 5)75M, 1347719) #3. ‘yesh 
4.A 4 B composite 5.A neither; it has only one factor 
and itis not greater than 1. B neither; it has more than 2 
factors but is less than 1. 


A-83 USING THE IDEAS 

W253 5 fed ty Sho 7enl 9N28929;31 1375 41543; 472.53,.59, 
61,67, 71,73, 79,83,89,97 2. A 4 Bo73'33. 1:4;.2,3 
5. Answers will vary. 5, 7; 11, 13; 17, 19; 29, 31; 41, 43; 
71,73 6.A 2,5 B No, since the difference of 3 must be 
obtained from an even and an odd number and 2 is the only 
even prime. 7.A 2nd number B 289,151 8.A 11, 13, 
17, 23, 31, 41, 53, 67, 88,101 B prime C no 

Think 1. 22=11+4 11, 24=11+ 13, 26=13 +13, 
28 = 1d + 17, 80 = 11 +19, 32 =3 + 29, 34 = 174,17, 
36 = 13+ 23,38 = 19 + 19, 40 = 11 + 29, 42 =11431 
(42 = 5 + 37 and 42 = 13 + 29 and 42 = 19 + 23), 
44 = 13 + 31, 46 = 23 + 23, 48 = 11 + 37, 50 = 13 + 37 
Each sum is not necessarily unique. See ‘42.”’ 
2. 200 = 197 +3 


A-84 DISCUSSING THE IDEAS 


1. They are prime numbers. 2.A 2-2:3-5 
B 2:2:2:3 3.A 126 B 297 C 1001 


A-85 USING THE IDEAS 
Areas Bree) cpr Cr3i319 | D553; 
Pie Shieh Sh Wanchai) 

Silas) eee Te 17 
(2: DE2 Oe 2a: 
3° 1 2°2-5-5 J 

4. 00 B 42 C 10 455 E 4114 
ih 31 


8 13125 J 1311 K 4514 


3- 
3° De 
PAGS} Al 
40 99 H 
44100 5. 210 

Think 1. 2,4 2.3,6 3.4,8 4.6,12 5. 4,6 
6. 4,6 7. 200 


F 
E 
C 2-2:3:3 
H 3°3:3-3 
[E20 Sef 
F 405 G8 
L 


A-86 DISCUSSING THE IDEAS 


1. The top row are always prime numbers. 2. 32 = 29; 
Shhache Cyt 7 IN OS fs) Beoke eo BesBots, |b) ie 
E 52.32 


A-87 USING THE IDEAS 

1.A 42° B 95 (C103 D 158 E 22-34 “F.43.5% 
2.A 16:16=256 B 4:4:4-4 = 256 
C 2:2-2.242-2-2°2.= 256 
D 9-9— 8) JEV3:3-3-3— "61 Fai 
13-13-13 = 2197 H 2-2-2-3:-3-4 = 288 
qed =A 4 45453-3254 = 1152 “35 A 29-5 
22.33 © 35 D 23-53 E 24-32 4.A 125 B 27 
3125 D 64 E169 F 1024 G 729 H 4096 
165536 J1 K 23 L6 5.A 72 B 2500 C 189 
D 128 E 100000 F 900 G 1001 H 7744 6.A no; 
23-32 B no; 23:33 C yes D no;3-11:19 E no; 11% 
F no; 23-32-5 Gno;7:11:13 H yes 7.A 70 
B 1300 C 4500 D 2200 E 6000 F 147000 


G 
I 

B 
Cc 


G 230000 H 142000 1! 505000 J 1540000 

K 210000 L 9000000 8.A 7007 8B 11011 

C 13013 D 77077 E 17017 F 53053 G 253253 
H 1002001 


A-88 DISCUSSING THE IDEAS 
Ae NOM 268 sanGO 


A-89 USING THE IDEAS 


12 34 K1 L7 M20 N 2 O 24 Pi7 
RescORS SON 90 52056) Olimar Ole GomlcnO0) 
(or) 60, 300 (or)... 

Think 3,7, 11,15, 19, 23, 27, 31, 35, 39, 43, 47, 51, 55, 59, 
SSE ONE ly Han eh eek 2 


1.A 1,2,3,4,6,12 B 1,2,4,5,10,20 C1,2,4 D4 
Av 24791420 Brljo; 7,000.06 1.7) (Di ed. tO 
5) Dec E10) IFe3 Gre” Heol 10" J0S0m Kets 
355 457A 5)  Beor C.D 12 9 Esc0e Fr te Gr 
5 

9 


2. 
Cc 
E 
H 
Q 


A-90 DISCUSSING THE IDEAS 

1. 56 2.A 3,6,9, 12, 15, 18, 21, 24, 27, 30,33,36 B 4, 
8, 12, 16, 20, 24, 28, 32,36 C 12,24,36 D12 3.A 18 
B28 C60 D 24 E 35 


A-91 USING THE IDEAS 

1.A 2, 4,6, 8, 10, 12, 14, 16, 18, 20,22,24 B 3,6,9, 12, 
15, ABZ Z4 eG, 6wle 18524 Dion e2nAmioms Beco 
Cwi4> D2 (E0243 FE 24 1G730) MHS) le7Oe JP 10 
K 75 L 48 M12 N 1200 O60 3.A4 B6 
C10 D224 E24 F15 G40 H16 148 J 60 
4.A 30 B12 C12 D8 E12 F6 G 24 H 30 
160 J120 5.A 30 B60 C 84 D/72 E 36 
6.A 22-32 B 33-52 C 23-32 D 22-3-52 E 22-32-5 
F 33-53-7-:11 7.A 240s or4min B 2400s or 40 
min 


A-92 REVIEWING THE IDEAS 


1.A Any number that is 2 times a whole number is an 
even number. B Any number that is 1 more than an even 
number isanoddnumber. 2.A 1,2,7,14 B 1,2,3,4,5, 
6; 10; 15; 20530; 60 C 1, 253,5,6; 7, 10, 30, 35, 42):705 1.05; 
210 3. 5808 = 48=121,RO 4.A 2 B composite 
C no Dono 5.A yes Byes C yes Dno E no 
Fno Gno Hno fino J yes Kno L no 
Pere) Wales) 250) (eS Pion are! 

CRO MN aAg 2235p Otc OcmEIGE 2. Oo mnD ben. 


Nae 


i=) 
o> 

w © 

[*) 


OWAN 2. a Bn2oe eGo DO o24- sae aOs 

B 2253: 5.4 Ce2t se D a2? cca bees De 

1 O15, 27g 45;0130— Bi 14557, 20,99, 
5 


Cio E6 F 26 


- ON 
Bio's 


12, 18,24 BO, 
24 D 12 


moaansa2o@ 


A-94 CUMULATIVE REVIEW 
1.A {0,1,2,3,5,7,8,11} B {0,5} 2A9 B7 


C8 3.9351 4.3 5. 100000 6. 8.0 x 108 

7.A 6746300 B 6750000 8.A< B> 9.A 14 
B 16, C 24;, 10.A 13 B 7% 11. CXXVI 
12.74 13.6 14.n-8=14;n-14=8 

15. n ele 9 wel 


9 n 
16.A f(n) B f(n)=2n +1 


12 

7 

24 

2 

50 

177A 2 BS C4 D7 £6 18.A 5" B35 (C7 
19.A 1487 B 576 20.A 370 B 72000 C 50 

D 80 21. B 22.A 1817 B 1963590 23.A 22, R25 
B 39, R103 24. n-4+ 8=40 


ve OWS 2 pw [3 


25. 40 — -8 > +4 > on 


26.8 27. 8n-—17=39,n=7 28. 1500000 

29. 130cm 30. 0,4,8,12,16 31. 1,2,3,4,6,8, 12,24 
32,221, 33. (2. 18,59) 34. 2 Xo eo 

35. 22-32-53 36. 32:5 37. 720000 38.A 3 B'8 
39.A 45 B 104 C 60 


UNIT B: MODULE 1 


B-2 DISCUSSING THE IDEAS 

TLAVSOPBMIN2! SES 29537 AS 2B F 
4.A proper B improper C improper D proper 
E proper F improper G improper H improper 


B-3 USING THE IDEAS 


TiAtzBerer Css (Din! 2:As) (BizaeCise De. 
Es 3.Ay Brits 4A BR Ci 5AKR BH 
Cz Dat TES: Fa 


B-4 DISCUSSING THE IDEAS 
1.A yes Byes Cno 2.A%BxH CH D¥ 
3. equivalent 


B-5 USING THE IDEAS 


1A4%2 BS? Ci#z# Det 2AB BHR 

C# D# E28 F# G2 H¥#¥ 17 JH K # 
3.A {12,1434} B {t, & a} C (38,38, 5} 

D {4% %} Ei} Fis s&s} G {4,4} 
H {#, $38} 1 {34,4538} J {8 28} OK ff, 48, 3} 
L {18,3338} 4A8% B32? CH DZ EX <% 
Think 2 


B-6 DISCUSSING THE IDEAS 


1.3 2A% Bee 3AE Bi C3 DZ EN 
Fx% Gi 


B-7 USING THE IDEAS 
1.0 9° BC FP DR) EFM ae THIS 


z 


o< 
(o) 
no 
m 
i 
fe) oe 
we 
Imraan 
ole <= 
ob Oo < 
n 


n 
za 
a 
& 
Muy Oke 


J 
Cc D 
lyes Jy 
3. B 
D 





oO) 


A 3 7 
OE oF SG 1 
Sr AYO, 12,50, 20m B6e40721n20G27, 40, 81,64 D 15, 
60, 48,90 E 14, 121, 49, 143 

Think 2 seconds 


B-8 DISCUSSING THE IDEAS 





1. both 2.x = y=%z2=% 3. A=%; B=} C=1% 


B-9 USING THE IDEAS 


























6. A=2;B=3;C=7;D=8;E=¥% 





B-10 DISCUSSING THE IDEAS 


1. yes 2.A yes Bono C yes D yes E no 
3.A 15) Bra pce 


B-11 USING THE IDEAS 

1.B,D,G,H,| 2.A= B= C= D# 
! J K L 3 
APR Gri T° 1 oF 
B14C8 D2 E 20 
SoH sai J6 5.A yes Bono 








E + 
-AT 
JF 
F9 


io] oT 


Think It is impossible. Each letter in a shaded square 
must be moved to an unshaded square, but there are only 
four unshaded squares and five letters in the shaded 
squares. Thus, there will always be one letter (A, C, E, G, or 
|) which cannot be moved according to the rules. 


B-12 DISCUSSING THE IDEAS 


1G e 29h =) Beer aG—F% De 43..A t4 BF 
4A) Bx <y “SA (1B 5 C zi Dit ES FR 
B-13 USING THE IDEAS 

1.A3,4,4<} B 10,15,3<3? C 27, 28,3<% 

D 14,15,4<3 E 30,28,3>75 F 35,36,4<# 

G 30,33,8<% H 30,21,4>4 2A< B> Cx< 
Dsey ERS Fi SG WS <i KS Ls 
M = ANOS) SrA BeieeCe) De Et Fs 
(eye dal Ul 4 K 3 * Mw N& 


L 
Think 1. a 2: 74) 28 (51, 63955, ov) 


B-14 DISCUSSING THE IDEAS 
1. yes, #} 2. 8or% 3. yes 5.AZB B# 


B-15 USING THE IDEAS 


1.4 2.A% Bsmaller Ci DZ 3.A34<3<} 
Bi<<? C#<3<3 Dt<t<i ERSiss 

Fete ae Aes oF iG io D id "Eo" Fir 
G1°H43 5.Az Bares 6.34 7:3 8B.AFE B?# 
9. 13, 3 4, %, 3, 4,3,% 10. no 


B-16 COMPARISONS IN THE METRIC SYSTEM 
1. joobsos «2. tho «03. 4 (4. ton «5. tooo) (8. t0b00 
B-17 FRACTIONAL NUMBER PROBLEMS 


1.2% 2.78 3.2 4. % 5. 2km 6.8B 7. T-bone 
steak 8. # 


B-18 REVIEWING THE IDEAS 











TASS ae Bistia mC Sern ne. Altp. ifid) aBeia; aa, os 
Citi, 8 Dw#%, % EB3,%,8 3.A3 B4 CQ 
Die eeE is abs 7, 5 H10 4.A3 BZ C% DZ 
Ea Fo G4 Het? land Gta Ko eo 2a oA, 
B=%,C=¥¥,D=3,E=4,F =3,G=3,H=3,1=% 
BAS B12 Cis '‘DLjJ2. E90 _F.18 72.A < 
BS C= D= E> Fz &.A2>%4 BIS C9 
Cee Ub Thi chiles Pe S46 

UNIT B: MODULE 2 

B-22 DISCUSSING THE IDEAS 

1.A Put the 0 on the top slide over 3 then read the 
fraction under on slide B. Bi 2.A4,% Bi 3.4 
4.Azi Bz 

B-23 USING THE IDEAS 

1e+¢=F% |]AS BZ C2:.D} EF Fi G2 
Hise 1 Ge we  iKee WL 4eesb A 205s 1B 10)3'* Caos 
4.A 4,11 B6,5 C 18,19 D 36,29 E 8,13 
Eei2 21 GGG; H 18,13 122,27 5.A¥ B? 
Cz Di Eee s, GY Wa alec BG Kee 
L% 6. (a@+c)+b 


Think 1. 15, 21, 28, 36,45 2. 25, 36, 49, 64, 81 
2. The answer is a square number. 


B-24 DISCUSSING THE IDEAS 

1. 24 2.A 8, 16, 24, 32, 40, 48, 56,64,72,80 B 14, 28, 
42, 56, 70, 84, 98, 112,126,140 C 56 D 56 
3.A #43=+4% B Find the prime factorization of 18 and 24, 
then find the LCM, 43 


B-25 USING THE IDEAS 


1.A 80,160 B80 C 80 D# 2.A9 B 24 
30 D 24 E 36 F 56 G15 H 100 48 
36 L 48 3.A 135 B135 C # OD 
Coe Ee eer et Gene “1 
Lit Mi NG 3 5.AE BY 
5 Fi GI HR IY J¥ 

th FR Gi 


L 


ge 
NS 


J 
A 
36 


lo 


oO 
ln 
ESTA) 
oO 


4. 
J 
C# 

A 


Sie 


A 


x 
xem _ 
nO 


D 
J 


B-26 DISCUSSING THE IDEAS 

1. The numerator is equal to one added to twice the 
denominator of the preceding fraction, the denominator is 
equal to the sum of the numerator and denominator of the 
preceding fraction. 2.A 5,5,1% B1,1,73 3.A 2 
B 5; C 5% D 33} E44 F1 G43 4.A3% B% 
Coe DE te he Ges 


ole. 22 


B-27 USING THE IDEAS 
1.A 2; B22? C2y D6, E 

93 18% J 1 K 53 L 34 2 
Ste P73) Q 33° Rit 2A BY Ce 
= SE eG Hoo 

2 





Ww 


129 C yes, astraight line 3.A 2%, 23,2; B yes 


Ss 


Food 


, B-33 USING THE IDEAS 
1. 


AN © 
yo > 


=x 

~N 

ee i 9 | 
i=) 





Think n = 73; quotient is 4. 





B-28 DISCUSSING THE IDEAS 


1.A commutative principle B associative principle 
2 ae aide ci eran erase 3. Alzero) principle 2 
4. A associative principle (§ + 4) +%4= 13 8B zero 
principle C associative and commutative principle 
(2+ 6) +(4 +3) =9 5. Rewrite each addend with a LCD, 
then add and reduce the sum to lowest terms. 6. Rewrite 
each number with a LCD. Subtract the numbers, and write 
the answer in lowest terms. 2 




















B-29 USING THE IDEAS ay 
1A; B11? C1} D1 E1% FIGs H$ 
2A1% Bik C1% Diy Elys F 18 56 

H 283 1100 J 82} K 7433 L 404% 3.A B 
C 64 D® E13} F128 G53 H 52 15 3 
K 10% L 13% 4. 23 5. 3 block 

Think 1.% 2.3 3.4 4.2 5. % 0 ! 





EQ t 
~ 
Pio ea 





an = 
a Oe 


2 


a 














SECT 
Bo 


B-30 PAPER PROBLEMS 

Measurements may vary. Example: 1. 99cm 

2. 35%cm 3. 6$cm,213cm 4. 91cm 5. 83cm 6. 75 
cm; 67cm_ 7. less 











B-31 1500-METRE OLYMPIC RECORDS 

1. Arnold Jackson in 1912 2. 6.6seconds 3. Harry 
Larva ran the 1500 m in 0.4 seconds less than Paavo 
Nurmi. 4. Lightbody ran 29.1 seconds slower than 
Vasala. 5. Kipchoge Keino 6. 1.7 seconds 









































B-32 DISCUSSING THE IDEAS 
1. yes; astraight line 2.A f(2) = 2h; f(3) = 25; (1) = 2; 
f(12) = 13, f(2) = 1 








Think 9:00 am 


B-34 INVESTIGATING THE IDEAS 


1. yes 2. yes 3. rounds off to the next highest whole 
number 4.A 3 B7 C4 D117 E11 5.A 6,5 
B In Ayou round off the sum only, whereas in B you round 
off the addends as well as the sum. 


B-35 USING THE IDEAS 





(fAel 9 Bet eCe2 IDs?) iE 2 Eos 2;A 1 Bd 
Crs Disa Ev3o 60 3. Ae19" Be Cc 1 =p 2 
ER OCRRE O43 5:45 6.56 972.5 .8.A = — 
B=,=> C= = 99.A 1} B23} Cno 

10. 

Think [7 ]) 

B-36 REVIEWING THE IDEAS 

1A44+5=9 B2+2=44 C4#+$=1 

Dias Por — 4 2nA0F OB 3 PCs) De ES F 2) 1Gi3s 
H7 3:A12 B12 4A BCs D# 
SIAN Biles Gos me 2 Ee ES 6; Ae2s Sis: 
C4 D3, E9R F 440 7.A 42 B43 C14 
D113 8.A112 B 583 9.A 77% B 14% “10.A 13 
Bi Cals eiDeitae tit Ages By? C17 12, 11% 


UNIT B: MODULE 3 


B-40 DISCUSSING THE IDEAS 
qe 2 Ale 0B 2 Ae Oe 


B-41 USING THE IDEAS 


Ags Boae2. ALS —5 B 4 aay iC 5:3 — 25 
C8s=1, 3At Ba C2 Ds En F a 

G too Hoo Ia Jw 4A Bi Cl 

2 lacy Pada “Meron bisywia geo 

5A 3200 S102. Bias 100.=10 Cop-14'— 7. 

Di 54. — Oe Eanco2 4. oP 5 — a Gis 04.3.0 

H 4:20'= las:20=2 Jx:100=4 67 

Think end of the 7th day 


B-42 DISCUSSING THE IDEAS 

1.Ac,% Baya Cw, D a2 E 4,40 
F 24,20 2.A associative B unit fraction C unit 
fraction 3. associative and commutative 4.A 1 BO 
5.A% BH CO DO EO Fil 6A? BE=3 


B-43 USING THE IDEAS 


TAs B44 Ca Dx Es Fo 2.A4 Ba 
Oe Wd 1S ey de aie Cio lO UO phe y 
Bi 3D® EX FR Gwe Hw 4A BS 


C7 5A} Bu Ce D1 EG Fits G et 
Hos) Vor I 6A 2 Bos C ae" Dae Ee Fs 
Gat Hoi 77As) BGC 100" "DS, ESF 55 
G x 

Think 211 


B-44 DISCUSSING THE IDEAS 
75 2. 7:3 3. 5-3-3 4. 1st step — unit fraction 
principle 2nd step — associative principle 3rd step — 


unit fraction principle 4th step — unit fraction principle 
SAG Bas C7) Des Es Fa 


B-45 USING THE IDEAS 

1A% Be CH D1s E 5 43 
1138 Jie Kite Li M 12% ae 
Q iy R 1081/10000 S$ % Ta-c/b-d 
B23 C 3% D 34; E 543 F10 G 29 
155 J 30 K16L170 3.AYGQ Bi 
Ei; F? Gwe Hs 18% Js 

Think 120 


B-46 DISCUSSING THE IDEAS 

1. Multiplying the 6 by the 4 andthe3bythe4 2. Add 
the results of 3-5and4-3. 3. Find 13-*+ and change result 
to improper fraction. 


B-47 USING THE IDEAS 

1.A 48 B6 C 28; D 76} E 2633 F 913 
G 2093 H 14623 1 187; J 30428 2.A 25 B 173 
C12; D5s3 E1% F 5} G63 H 83 1 6? J 6 
3. 42cm 4. $30 5. 183hours 6. 1643cm?2 7. $6 
8. 13 blocks 9. $3.57 


B-48 DISCUSSING THE IDEAS 


1.A 8 B 4 2. No, division by zero is not defined in our 
number system. 3.A 34,7 Bi%C0O D1 E171 
4. Invert the fraction. If it is a mixed fraction, change it to an 
improper fraction before inverting. 


B-49 USING THE IDEAS 
BATE Baz "Crt IDF; CE, 2. 


1 Fo 
2A% Be Cee De E44 F 4 G0 Hlats 
3.A4 B7 C3} D} E 7} F10 4.A 4 B10 
C6 D3, E20 «F 5. AU2eB 5 aCGr20% D' 8* |E%s 
F 6. 2 V72A 15 8B) 4599C™ 8D ae°SE 4 “FLO 


can O: 
Think 99 


B-50 DISCUSSING THE IDEAS 


1. Divide the two numerators and the two 
denominators. 2.1+3=3 3.A #+%#=3,3+4=3 


BAtS=hAt9=5 CHtF=hwtEH=3 
: mo ay se : p= ot! . D ga 3 
Distt &+9=3 AALT+E=3 Bhwsh=3 
: = — 5 ve 
CHl+$=4 DEA+#=1'5A% Bi CH DF 


B-51 USING THE IDEAS 
1.A34 Bi C% DF 2A4+3=3,3+4=3 











Bwts=8 +2 =3 CPF =3 Fri H=3 
DH+2=#8+%=3 3A B? C3} D1t ER 
F? G3} H1} 4AZ38+73=2 BH +¢=% CF 
BEP=s OF ets EG as = 7 Pee, 
4+4=8 G5;ts+%~=5 Hi H+F=3 1 F; 
B+5=3 JRG+3 =i KER+H=% Lb 13+3=1 
SYA 72 Balt (C2) Di Ee lee Ge lec omnis 
do Koa) Ea 

Think 9 


B-52 DISCUSSING THE IDEAS 

1. step 1 — multiplying 3 by 2:5/2-5 or 1; step 2 — using 
the associative properly; step 3 — dividing numerator by 2 
and denominator by 5; step 4 — rewriting fraction as the 
product of two fractions; step 5 — multiplying the two 
fractions 2.A reciprocals B Invert the divisor and 
multiply; 3.4+3=7-3= 4. reciprocal 5.A 


2 Lee 7 L723 51 Se 10 3 
BBR CY Tab is 28 D +- 3 Fo 8 








TAs Ba C4 DD? E12 Fe Gio Hs I$ 
ae ioe (ese Wise te @G Pe ere ts 
Si Ti 2A% Bi CH D¥ EX FE GH 
HY 1% J1% K30 L4MwtN5 OF P2 
3.10 4. 720km 5. 433 6. 3 


1.A4 B?.2A%.B% 3.A3% Ba? C Shy 
Dif 4.A2+3 Bi=% CHr% D+} 5AS 
B 2 Ci;310 Di+4=2- ¥=H8=2 


cnhm 
we 
ee 
=] 
bee 


Po 
“N 
ol 


B-56 FRACTIONAL NUMBER FUNCTIONS 
3B 2 C% D0} Et? Fs) Gs “oH = 13 
J Ks L150 2.A1 By C D% E® 
3.A % B22? C 8 D2 0 B # 
Cit Dit EG: S.A 6 al = 
6 B 


I= 
m 
= 
ND pe 


B-57 PROBLEM SOLVING — DIVISION 


1.16 2.8 3.13 4. 193%3cm 5. 1053}km/h 
6. 54 km/h 7. 80km/h 8. 4 hours 9. 2}cm 10. 8 
11.4 12. % 13. 3 


B-58 THE NORTHWEST TERRITORIES 


1. 10100000 km? 2. 104000 3. 19130 km2 
4. 547000 km? 5. 17563 6. 1675400 km2 7. 6360 km 


B-59 THE PROVINCES 

1.A Quebec B Prince Edward Island C Ontario 
D Prince Edward Island 2.A Prince Edward Island 
B Newfoundland 3. Answers will vary. Example: make a 
graph or chart that ranks the provinces in order of their 
size? their population? 


B-60 DISCUSSING THE IDEAS 
1. x = 28:15+=120r35 2.A 4-x=8-6 B12 3. X 
4. A,C 


B-61 USING THE IDEAS 

1.A 50-x = 80-10;16 B 83-20 = 12-x; 143 
2.A 48-44=9:m; 24 B7:n=6:21;18 3. 224cm 
4. 13g 5. 60cm 





UNIT B: MODULE 4 


B-66 DISCUSSING THE IDEAS 


1.A 1000 B 100 2. 0.001 3.A 237 B 0.237 
4.A % B5/10000 C 1% 


B-67 USING THE IDEAS 


1.A hundreds; 4-100 B hundredths; 3-75 
C thousands; 9:1000 D thousandths; 5-is55 E ten 
thousandths; 8-y0s00 F hundred thousandths; 4-to0000 
G millionths; 7-t500000  2.A 0.9 BO0.17 C 0.247 
D 0.03 E 0.018 F 0.1637 3.A 7%4 B i C 94% 
D +863 E 27485 F 8:38 4.A 8.4 B 21.23 C 0.69 
D 8.472 E 15.407 F 29.2152 G 614.03 H 50.047 
| 50.0471 J 0.37019 K 4.000612 L 25.005607 
5.A:6% B 17% C 53 D1 E 20 F 81445 
G 91958 «=H 40:88 «I OOS «6CN 286133 «CK «O27 A883 
L 38800 «6. A 1 B2 C3 7.A (3-10') + (5:10) + 
(4-1/10") + (2:1/107) B (1-10°) + (2:1/101) + (5-1/102) + 
(4: 1/103) C (5-102) + (6-101) + (2-10°) + (3-1/10") + 
(4:1/10?) D (5-10?) + (3-10°) + (2:1/10') + (8:1/103) 
E (3-1/102) + (7-1/104) FF (2-10') + (7-10°) + (6:1/10') + 
(4:1/107) G (8-10) + (3-1/10') + (7-1/102) + (4-1/103) 
H (9-102) + (7-10') + (3-10°) + (5:1/10') + (6: 1/10?) 
| (8-102) + (6-10") + (7-1/102) + (9- 1/108) 
J (5:1/10') + (6- 1/10) 





B-68 DISCUSSING THE IDEAS 


1.D 2°B°3;A =<  B< C’yes ‘4°A yes "B no 
5cA,— BeS C= Di NE >) PF” 6. BYA,C,E.D 


V 


Vx 
N 


E> 
G> 
= A las 





B-70 DISCUSSING THE IDEAS 


1. Decimal points should be lined up fda to = tooo 
C 1591 3. decimal in wrong position A to = 1 
C 48.463 D 48.463 + 8.937 = 57.400 


B-71 USING THE IDEAS 


Agi OOmn Bxe2s/ le 0.04 @ Da7-ol E 192 
F148 G014 H 236.463 2.A 11.84 B 15.12 
C565 D 2432 E 43.34 F983 3.A 89.712 
B 76.619 C 23.565 D 32.673 E 44.8 F 58.077 
G 90.857 H 2.061 4.A 31.48 B79 C 3.52 
D 39.84 E 436.8108 F 23.3 G 44.778 H 4.442 
1 206.203 J 124.738 K 1.0122 L 14.54 M 99.99 
N 1.7558 O 0.163 P 0.009 @ 99.99 R 9.99989 

Think A 2208; 2208 B 4416; 4416 


B-72 DISCUSSING THE IDEAS 


1.A decametre B centigram C millimetre 
D decilite 2.A 3 B 0.25 C 341 D120 E2 F 23 


B-73 USING THE IDEAS 


1.A 10 B 100 C 1000 eo E ito F tt G 10 
H 10 Wao Jitoe K so) LS Matt Nig, O29 
2.A 1000 Bio © 100 Dy E 1000 F ido 
3.82.4 64. 9151)95.A 0.13 B 139864205 


B-74 DISCUSSING THE IDEAS 
1.A 0.24 B 0.1134 2. 29.202 


B-75 USING THE IDEAS 

1.A 0.12 B 0.025 C048 D 0.035 E 0.072 
F 0.0048 G 0.21 H 0.0054 1 0.000028 J 0.000015 
2. A 112.6. B 8:7..C 16:2. D 44.1. .E 99 F 1.224 
G 4.543 H 0.1066 I 2.4843 J 18.0404 K 0.68341 
L 6.43112 M 0.197566 N 0.37944 O 1.83998 


B-75 SHORT STORIES — THE HUMAN BODY 


1. F401S6e2. E28) E356 24:625) 4 O16 ph Sil 24222 
6.959.625) 87.012 1/40 


B-76 DISCUSSING THE IDEAS 


1.A 1.2 BaA292;A 0128012 3.B42193; 
4219.3; 421.93; 4.2193; 0.42193; 0.042193 C 40; 4; 0.4; 


0.004; 0.0004; 0.00004 D 264380; 26 438; 2643.8; 26.438; 
2.6438; 0.26438 E 6394712.5; 639471.25; 63947.125; 
639.47125; 63.947125; 6.3947125 


B-77 USING THE IDEAS 


1.A85 B64 C 90.37 D503 E 270 F 2910 
G 5468 H 3140 | 820 J 93.58 K 9358 L 9358 
2.A 456.2 B 49.6 C 8437 D937 E 846.2 
F 76.2 G 376 H 840 1 53762 J 563 K 88.91 
L 5.7 3.A 0.83 B 2.517 C 43.208 D 3.27 
E 0.426 F 0.0579 G 0.9643 H 0.08756 I 6.6842 
J 0.105 K 0.039 L 0.0082 4.A 156.2 B 0.0726 
C 84.274 D 0.8397 E 0.83 F 0.677 G 0.8464 
H 0.0074 

Think $1.19 


B-78 DISCUSSING THE IDEAS 


2A7 B12 C7;12 3.A 23.8 B 238 4. 0.96 
5. 0.24 


B-79 USING THE IDEAS 


1.A63 B 342 C10 D5 E60 2.A 30 B 56 
C 60 D 217 E 240 F 261 G 5841 H 203 
3.A24 B14 C4 D24 E25 F36 4.A 0.21 
B 0.48 C18 D024 E 0.27 F 0.56 5.A 544 
B 1000 C 1540 D5 E50 F3 G 4500 H 5000 
1945 J 40000 K6 L12 M096 N9QY7 O 4.62 


B-80 ESTIMATING BODY HEIGHTS 
1. 166cm 2. 160cm 3. 169cm 


B-81 PLANET MASSES 


Ube aie [eP SRO se eas Pherae TOO” ek Bed eps oti Os 
An GG alO2S aS. sie 1.023) Om male ek OOS 


B-82 DISCUSSING THE IDEAS 
1. multiply 2.A 7.31 


B-83 USING THE IDEAS 


1.A33.8 B337 C379 D65 E 0.008 F 0.6 
G 0.37 H0.25 2.A 74 B 0.07 C 1.35 D 437 
E 2690 F 0.936 G 530 H25 1446 J7 K 17 
L 0.09 M 61.8 N 9460 O 2.77 P 217.4 Q 3.7 
R610 S$ 84 T 990 U051 V3.9 W064 X 410 
3.A 0.38 B 4.65 C 47.05 D 49.46 E 5.21 
F 6805.13 G 0.81 H 5148.25 10.44 J 0.84 
K 0.58 L 0.01 

Think 


B-84 SHORT STORIES — SPACE TRAVEL 


A: 7.89) 2: G1-GaR3s 68004 655 5567.4 16. 725 
7.7.5 8 9.5 9.A 8640 B 127008 10. 62.4 
11. 5.02 12. 78 13. 3.4593 


B-86 DISCUSSING THE IDEAS 
1.0.8 2.0875 4.0.12 5. no 6. 0.3333... 


B-87 USING THE IDEAS 
1.A 46:0.46 B 8:08 C 28:0.28 D 115;0.115 

E 18:0.018 F 256:0.256 G 75;0.75 H 136; 0.136 

| 2875; 0.2875 2.A 0.625 B 0.24 C 13.5 D 0.0625 

E 0.225 F 0.0875 3.A 06 B 0.25 C 0.875 

D 0.6875 E035 F076 G054 H15 1 0.725 

J 0.5375 K 0.66 L 0.91875 M 0.035 N 0.0225 

O 1.138 P 0.16 Q@ 0.744 R049 $08 T 0.7712 

4.A 0.34 B~007 C 0.06 D~0.04 E ~0.14 

F ~0.073 G ~0.126 H~0.14 1 ~0.06 J ~0.36 
~0.18 L 0.206 M ~0.614 N 0.184 O ~0.072 

P ~0.779 Q@554 R008 $0.36 T 0.38 

U ~0.79 V ~0.076 W 0.168 X ~0.63 Y ~0.57 

5. A n = 2.99999 (x ~ 3) Bn = 15.9999 (x ~ }§ 

C n = 1.99998 (x ~ 2) 


B-88 DISCUSSING THE IDEAS 

1.0 2. repeats 3.A no 8B repeating 
4. B=0.833...; 0.83 D=0.571428571428...; 
0.571428 





B-89 USING THE IDEAS 
1.A 0.666... B 0.166... C 0.6363... 

D 0.111... E 0.185 F 0.8333... G 0.3636... 

H 0.054054 1 0.4666... J 0.384615 K 0.142857 

L 0.555... M 0.41666... N 0.2941176470588235 

2.4 0.67 B 017 C063 DO11 E019 F 0.83 

G 0.36 H 0.05 10.47 J038 K 014 L 0.56 

M 0.42 N 0.29 3.A 0.23 B 0.412 C 0.617 

D 

1 











0.2067 E 63.7 F 5.612 G. 0.01 H 0.43 
ONZOSie ASANO! 77 90! 2) eC re 48GGe 
D 0.213213... E 0.8333... F 56.24999... 

G 0.78927892... H 3.000... I 0.4646... 

J 8.6333... 5.A 0.1 B 0.01 C 0.001 D 0.0001 
E 0.00001 6.A 0.7 B 0.08 C 0.005 D 0.0002 

E 0.0100001000 7. 3% 8. 0.123456789 

Think 








9 


Ea 
jaa fia] | a | 


2. sum = 34 





B-90 DISCUSSING THE IDEAS 


1.06% 2.061% 3.3 4.A =0.663 B = 0.663 
C = 0.663 


B-91 USING THE IDEAS 
1.A 0.73 B 0.16} C 0.0373 D 0.66% E 0.785} 
F 0.832 2.A 0.83; 0.833; 0.8333 B 0.1%; 0.183; 0.1873 
C 0.45; 0.443; 0.444¢ D 2.13; 2.163; 2.1664 E 0.43: 0.42: 
0.4285 F 0.23; 0.273;0.2773 3.A% Bxrts Ci D4 
dios OF % 64. X = 0.23; y = 0.33;2 = 0.43 5. x =]; 
y¥=4,2=% 


Think 1. 104cm? 2. 105cm? 3. The 8 x 13 
rectangle does not fit the 5 x 21 rectangle exactly. 


B-92 SCIENTIFIC NOTATION — DECIMALS 

1.A37 B10? C 6.843 D 4756 E48 F 104 
G 583.726 H 9.46321 1 10° J 3700000 
2.A 7x 102 2B 9 107) (C8 x 107) D7 1G 
E6x10° F1x105 3.A 36x 10° B 8.64 x 104 
C 2.55 x 10° D 3.1556 x 107 E 2 x 109 
F 7.82 x 109 G 5.24 x 10'° H6x 10'S 4.A 4320 
B 54000 C 616 D 700000 E 82000000000 
F 153000000 G 59000000 H 1.02 


B-93 COMPARING UNITS WITHIN THE METRIC SYSTEM 
1. 1800 2.A 1000 B 1000 Cis 3. 25g 

4. 1030g 5.A 680g B 1.47 6. 33.12 kg 

7. 51.8 ml 


B-94 REVIEWING THE IDEAS 
1A4 B3 C6 D5 E7 Fi 2. 5.376 

3. 72:83 4. 753.28 5. (2 x 101) + (6 x 10°) + 

(3 x 1/10") + (7 x 1/102) + (4 x 1/103) + (5 x 1/104) 

6.A= B< C> D< 7.A 17.09 B 527.385 

8.A 60.6 B 14.359 9.A 3.43 B 0.000171 

C 0.2568 D 15.437 10.A 57.36 B 85.6 C 5428 

D 8.754 E956 F 0.0876 11.A 58 B 57.6 

C 57.56 D 57.565 12.A 400 B 396.75028 

13. A 0.347 B 0.7514857 C 47.5 14.A 734 B 83.6 

C $9.95 D9 15.A 08 BO085 C 0.28125 

16.A 0.81 B 0.82 17. 0.57} 18. 1.49 x 108 

19.4 1000 Bi ci D1 


UNIT B: MODULE 5 


B-98 DISCUSSING THE IDEAS 
2.A32 Bw CH 


B-99 USING THE IDEAS 
6.5 a 7adto me S-mao 9: coud Ow sepelila 38) 
Think 


B-100 DISCUSSING THE IDEAS 


2.A i Byes 3.33 4.A yes B same record 
C no 5.A means 6, 4; extremes 3,8 B extremes 


B-101 USING THE IDEAS 


1.A3 B4to5 C 5:3 D#? E 9to5 2.A means5, 
6; extremes 2,15 B means 4, 7; extremes 1, 28 
C means 3, 20; extremes 5,12 D means 8, 200; extremes 


5e S20) SHAwe 4 =252°6'— 125) Br 22 = 24: 
12424 Cesulor—'45".59! = 45" D8"5:— 40° 
OS 4S es ORAS ONS tml On 4 elena iA eee hy 112i: 
4:12=3:9 5A 4214-4 Ba=at GAR aa 
CH= 7.A 44 B yes 

Think 1. 4/20/80; 10/8/80; 8/10/80; 5/16/80 





B-102 DISCUSSING THE IDEAS 
2.48 3.128 4.5 5.A 24/N B c 40 


B-103 USING THE IDEAS 

1p AL OMB om GaO bar: E20 F4 G3 H 141 

a Ni24N = 803: 255 = N= 807 N= 32 
206) Ni Ni ="38) 6D: rae N/72: N = 486 

z “= 9/N: N = 450 7. %=N/210; N = 60 

Aga 4 xoxo — wl OMe e105) xe ke Gee — 115" 

OD ea DOs pe— Om eee 42x exe — 30 

3=119/x;x =85 9.A 5000 8B 3000 


B-104 DISCUSSING THE IDEAS 
2.8% Cr Ds EY Fe 3.A% Bi 
Cu D# E: F$ 


B-105 USING THE IDEAS 
1.A 100;¢ B 10; *¥ 


? 
E10;% F100; 2A% B¥ Ci Dw E xo 
Fr G+ H# 1% 3A? BY C7 DG EL 
Fi Gro His 1} J& KH LE 4A} 
Ba Cif Di E MH F Huis 
Think N=25 1, 4225 2. 5625 3. 7225 4. 9025 


B-106 DISCUSSING THE IDEAS 
2,.A 75 B10 3.19 4.A 100 B 0.25mm 


B-107 USING THE IDEAS 

1.A Venus B Earth C Mars D Mercury 2. 7.77 
3.A 320km B 640km C 640km 4.A 28 B 28 
5.A 55 B 0.2 


B-108 DISCUSSING THE IDEAS 

2.B 16% C 8% 3.A ‘41 out of 100” or +o or 0.41 
Bb 4A th=%& Bt Cris-a DYh=% 
Eth=+ Fih-% 5. 23% 


B-109 USING THE IDEAS 
1.417% B 29% C 14% D11% E 10% F 9% 

G 1% H 97% 1 66% J 75% K 100% L 125% 
2.A 0.23 B094 € 0.25 DO2 E012 F 0.1 

G 0.09 H 0.03 10.02 J001 K0O95 L 1.02 
3.A 27% B 35% C 66% D 60% E 11% F 8% 
G 4% H1% 140% J 30% K 100% L 116% 
4.A%% Bids C % Dido Ets F tis G it 


His | J te KW L iw 5.B 60% C 35;0.35; 


35% D 100; 1.00; 100% 
Think 36 boys; 60 girls 


B-110 DISCUSSING THE IDEAS 
2.6 3.no 4.A $1.20 B $1.80 5.A 25% less than 
original price B $45.00 


B-111 USING THE IDEAS 

1.A 20 B35 C10 D62 E85 F 46 Gi 
H3 14 2.A 45 B 14456 C128 D 85.4 
E 428.22 F 1569 G 9.876 H 1.062 | 2.78 
3.A $740 B $24.75 C $35.98 D $9.65 E $2.34 
F $300 G $9.21 H $0.21 1 $25.64 J $67.27 
4.A $22.50 B $52.50 5. $172.70 6. 72000 
7. $272.00 8. $56.00 9. $20.00 


B-112 DISCUSSING THE IDEAS 
2.A 2.00 Bc 3. 0.005 4. 0.96 


B-113 USING THE IDEAS 

1.40.11 B0.24 C081 D1.01 E 1.23 F 0.01 
G 0.07 H0O.04 115 J40 K 25 L 10.0 
M 0.0003 N 0.1235 O 0.426 P0125 Q 0.342 
R 0.0342 S§ 0.005 T 0.001 U 0.875 V 0.025 
W 0.125 X 0.0325 2.A 29.4 B 165 C60 D 250 
E 15.6 F 2.718 G 150 H 4.25 152 3. 80 
4. $7.50 5.A $0.81 B $54.81 6. $30 7. 3 hours 19 
minutes 

Think 1. yes 2. no 3. 26+2=2R2 


B-114 DISCUSSING THE IDEAS 


1.A 50% B 25% 2.A 50% B 125% 3. 6.25% 
5. 12.5% 
6. 


B-115 USING THE IDEAS 


2. 25% 3. 50% 4. 623% 5. 623% 6. 373% 
7. 373% 8. 183% 


B-116 DISCUSSING THE IDEAS 
2. $6.30 3. $18.75 + ($18.75 x 0.07) = $20.06 


B-117 USING THE IDEAS 


1. $294 2.A $4.00 B $84.00 3. $19.80 
4. $34.45 5.A $0.24 B $23.64 6. $5.50; $27.50 
7. $25.44 8. $110.16 

Think Lost $60.00 


B-118 DISCUSSING THE IDEAS 
3. $40.00 4. $120.00 5. $30.00 


B-119 USING THE IDEAS 

1.A $12.00 B $42.00 C $25.00 D $32.00 
E $12.00 F $16.00 G $14.00 H $54.00 1 $25.00 
J $16.50 K $87.50 L $9.00 2.A $35.50 B $224.00 
C $1008.00 D $8600.00 E $40.50 F $16.53 
3.A 12% B 18% C 36% D 30% E 15% F 9% 
4.A 1% B15% C€ 3% Di%% E i% F 2.5% 
5. $36.00 6.A bankB B $10.00 7.A $6.75 
B $156.75 8. $1631.25 


B-120 DISCUSSING THE IDEAS 


2.A 0.45 B04 C 04375 3.A 45% B 40% 
C 43.75% 4.A 45% B 40% C 43.75% 


B-121 USING THE IDEAS 
1.A 20% B 30% C 50% D 80% E1% F 27% 
G 9% H 25% 17.5% 2. 50% 3. 40% 4. 20% 
5. 60% 6.7% 7. 80% 8.B 509% C 19.4% 
D 82.7% E 133.3% F 258% G 25.1% H 9% 
9.A yes B 33.8% 10.A 0.289 B5 C 0.283 


B-122 DISCUSSING THE IDEAS 


2. 52% 3. less 5.A 40 B 420 C 140 
6. 8700000 7. 60% 


B-123 USING THE IDEAS 

1.A 75% B 30% C 90% D 50% 2.A 25% 
B 55% C 75% OD 35% 3.A North America 
B Europe C 30% 4.B 5.A $125 B $150 
Gress DeS200") EP $2255 6,As10™ Bal2.=C 3-7, 
D45 E 34 F 66 G 16.7 

Think 4kg 


B-124 REVIEWING THE IDEAS 


‘nvN Beey (sh Baby (eh 7/ ess ie) cies) PL, Ee) Tee 
extremes 3,40 3.A8 B45 C9 D115 4.A 3 
4 hs ? D#? 5. 620by950cm 6.A 0.23 B 0.06 
D 0.015 E 0.0001 F 0.00003 7.A 35% 
C 125% D 500% E 70% F09% 8.A 34 
He Ci Ds Es F am 9.A 25% B 60% 
C 70% D 30% E 37.5% F 0.2% 10.A 36.54 
B 25.47% C 43.77 D 300 11.A $0.98 B $14.98 
12.A $14 B $81 C $27 D $10 13. 15% 


14. 42.9% 15. 8% 16. schools 60%; police and streets 


17%; misc. 6% 17. 18. A $100 B $250 


B-126 CUMULATIVE REVIEW 


C 6.09 25.A 25.338 B 324.206 26.A 2.87 

B 65.626 27.A 0.744 B 327.484 28.A 3.8 B 3900 
29. 0.4 30. 0.83 31.3 32. 3to5 33.A 0.27 

B 1.15 C0.08 34.A 89% B 90% C 3% 35.Ai 
Bw Cz 36.A 40% B 75% C 62.5% 37. 96.3 
38. $19.80 39. $49.50 40. 30% 


UNIT C: MODULE 1 


C-2 DISCUSSING THE IDEAS 
1.13 4. uncountable 5. RT;ST;SR;TS 6. no 


C-3 USING THE IDEAS 


2.3 4.A 4 BAD;ED CAB;BC DC EA 
PhS Os Wh 7 We 
Think Three colors are not enough. 





C-4 DISCUSSING THE IDEAS 
1. no; AC and BD intersect 4.A yes B no 


C-5 USING THE IDEAS 


1.10 2.C;3 3. AE|IBF; AE|IDH; AE\ICG; BFIIDH; 
BF\|CG; DH||CG; AB\|EF; AB||GH; ABCD; EF||GH; EF\ICD; 
GH|CD 4. Answers may vary. Example: AE and BD 








5. yes 
Think 





C-6 DISCUSSING THE IDEAS 
1. line 2.3 3.7 4. yes 


C-7 USING THE IDEAS 


325A D> BIE C’A (DE ERG Ff GsCaHrs 
4. 





5. DCB; ABC; ADB 6. 10 


C-8 DISCUSSING THE IDEAS 


1. A segment has end points. 3. Answers may vary. 
4. lJ = UV; MN = OP; KL = ST; QR = WX 





C-9 USING THE IDEAS 





6.A1 B3 C6 D110 7. BM, = AM,; BM, =CM,; 
CM; = DM,; AM, = DM, 
Think 





C-10 DISCUSSING THE IDEAS 
1. yes 2.A RS <TV BEF <GH CMN>PQ 


3. AC; AE; AK; CE; CK; EK _ 4. Answers may vary. 
Example: AC <AK; CE <AK; EK <AK 5.A > B= 


Crs 








C-11 USING THE IDEAS 


14A.C BA GC DEB EB 2AF BE CxG 
DF ED FE 3.A AB =EF BAB>EF 

C AB <EF 4. ST>UV:;ST <YZ; ST = WX; UV < YZ; 
UV < Wx: YZ>WX 5.A 40 B30 C20 D10 





C-12 DISCUSSING THE IDEAS 


1. Answers may vary. Example: mid point on football 
field. 2. no 3. Answers may vary. Example: compass 
needle 4. no 


C-13 USING THE IDEAS 


1.B yes Cno;yes 2.D2 3.AY BV CX 
DV EW 4.D inside the triangle 


C-14 DISCUSSING THE IDEAS 


1.A 2.A 24X<ZY BZR=ZS C ZM>ZN 
3. A_set of points on C-side of AB / set of points on B-side 
of AC 


C-15 USING THE IDEAS 


1.A SRandST BS C /S;/2;/RST 2. /KML; 
JJML 3.A< B> Cz= 4A2 B< C> 
5.A /AQB B /AQB C /AQC OD /BQC 6.A interior 
of 42 B interiors of £1, 22 and 23 and rays of £2 


C-16 DISCUSSING THE IDEAS 
1. yes 3. yes 


T-D-Z N 


C-17 USING THE IDEAS 


1AS BT CR DD EU 2.A yes B yes 
C no Dyes Eno F yes 


as 
_ 
Ae 


C no Dono 


C-18 DISCUSSING THE IDEAS 
1. yes 4. ZUSV; ZRSV; ZUST; ZRST 


C-19 USING THE IDEAS 


1.B;D 2.C parallel 
Think 





C-20 DISCUSSING THE IDEAS 


1. A not same vertex 8B interiors overlap 2. ZBAE 
and ZEAC; ZBAD and ZDAC  3.A yes 4. yes 
5.A acute B adjacent or supplementary 


C-21 USING THE IDEAS 


1.A 24 and 25; 25 and 21; 21 and 22; 22 and 23; /3 and 
24 B. 24 and /1; 24 and 22; £5 and /2; 25 and 23; 21 and 
£3 2.A supplementary B vertical C supplementary 
D vertical E supplementary 3.A /1and/3 B /2and 
23; 21 and 22 4.A 21 8B 25;24;722 C z3 D none 
5.A obtuse B obtuse C acute D acute E acute 
F obtuse 

Think 





C-22 DISCUSSING THE IDEAS 
fl OCI) OL CMmonCMeanOmasANS ib eSe oO. no 


C-23 USING THE IDEAS 


1.C ARTS; ATRS; ATSR; ASRT 2. AABC; AACE; 
ACDE; AADE; AABE 


3.A 


4. 
Dee 
A G 
Think 77 


C-24 DISCUSSING THE IDEAS 


1.C 2.no 3.1 4.3 5.B opposite the right 
angle 6. no 


C-25 USING THE IDEAS 
1.A isosceles B right C scalene D isosceles 
right 2. right angle with adjacent sides congruent 
Think AABC AIJE AABE ACJE ACDF 
ACFI AJEH AABF ACFE ACDE 
ACIE AJHD AFBC  AFJE AAEF 
AFIJ AEHB AAJF AEDB AADE 
AFGJ AHDB AADJ AEDJ AFDB 
AAFG AADC AADF AEJB AFBE 
AAGD ACDB ADJF ABJD AIDE 
AJGD AAEC ACFJ ADEF AIFD 
AFEG AEGD AFEH AFDH AAJC 
AABJ ACJB 


C-26 DISCUSSING THE IDEAS 
2. no 3. false 


4.A B 
C-27 USING THE IDEAS 


1.A convex B convex C concave D convex 
E concave F convex G concave H convex 





3. A convex 


B B A 


SN 
/ D 
U 


é 
Think A 10°C B 20°C C 30°C D 5°C E 40°C 


C-28 DISCUSSING THE IDEAS 
1. convex 3. yes 


y 


4. no 


C-29 USING THE IDEAS 


1.A trapezoid; parallelogram; rectangle; square; 
rhombus’ B parallelogram; rectangle; square; rhombus 
C rectangle; square D square; rhombus 
2.A rectangle B trapezoid C rhombus D square 
3. 





4. 2; } 
| 
ee ee SS SS eS ee eee 
1 
| 
1 
| 
<= a 
Be Se , 
7 > 
oe ie 
6 . ' 7, 


Think When the left side and front of the cube are 
spread flat (see figure), they form a rectangle. Thus, a 
straight line between the vertices will be the shortest 
distance. A 


C-30 DISCUSSING THE IDEAS 


1. yes 2.A equilateral triangle or equiangular 
triangle B square 
3.A B 


4.A no B2 


C-31 USING THE IDEAS 
ISTO ON 1A Ca 20a ee mlOGoe e2.Agsguare 
B triangle C rectangle D pentagon E trapezoid 


F hexagon 
3) D E 
F 
A & 
H 
J af 
4. 3; ADGJ; CMOE; KMO! 
Think 


C-32 REVIEWING THE IDEAS 

1.M;AB;AC;BC 2.C 3. AB =CE; BC=AE; 
CE =CD;AB=CD 4A MN BCD <PQ 
5.A half-line B half-plane 6. AB; BC; CB; BA 
7. LJIKM; <JKL; ZMKL 8. yes 9.A;C 10.A parallel 
B skew C perpendicular 11.A /AQD B /AQB; 
ZAQC C 4DQC;/CQB D/DQB 12.A 1 and 23 
B /1 and 22; /2 and /3 13.A right B isosceles 
C equilateral D scalene 14. A 15.A ABFD; ABFD 
B BCGF C EFJIH D EFKJIH 











UNIT C: MODULE 2 


C-36 DISCUSSING THE IDEAS 
3. approximately 9} x 114 (or) about 108 units 4. 8 
cubic units 


C-37 USING THE IDEAS 

1.A length B volume C area D length E area 
F volume 2.A area B volume C length 
D volume E length F area 3.A 4units B 7dunits 


C 8hunits D 3units 4.A 6units B 4units C 7 
units 5.A 12 units B 18units C 36units 6. 96 


C-38 DISCUSSING THE IDEAS 


3.A 1000 B10 Crs Dido Ev F 100 
4.A 4 B43 C043 D 0.043 


C-39 USING THE IDEAS 

1.4 100 B10 C10 D100 E1000 F 20 G3 
H5 18 J 230 K 700 L10 2.A 53mm; 5.3 cm 
B 60mm;6cm C 37mm;3.7cm D 25mm; 2.5cm 
4.A 562m b. 134m C0.85m D 0.67m 
E 0.288m F 2.222m G18.7m H 1750m 
1! 1000.053m 5.A 10 B 100 C 1000 D 10000 
E 100000 F 1000000 


C-40 DISCUSSING THE IDEAS 

1. 12cm _ 2. Find the sum of the lengths of the four 
sides. 3.A 28cm B 84m 4. P=3:-s; P =5:s; 
P= 6:s 


C-41 USING THE IDEAS 
1.14cm 2.A 28 B40 C12 D 38 3.A 49 
B 23; C 23.4 4.2;2:2 5.A 38 B14.4 C 69 
6. 11 and 1 or10and 20r9 and 3 or8and4or7 and5or6 
and 6 


Think large region: 10 units; star: 10 units 


C-42 DISCUSSING THE IDEAS 
2.A no B yes C no 


C-44 DISCUSSING THE IDEAS 


2.A 100cm? B 10000cm? 3.A 15sq. units B 15 
sq. units C 32 sq. units 


C-43 USING THE IDEAS 


1.4 45km,3.5km B195m,18.5m C 37.5cm, 
36.5cm D19.5mm,185mm_ E 12.5cm, 11.5cm 
F 154.5dm,1535dm 2.A 3+2+2+5=12cm B 34 
+ 24+ 16+52=126 C 6mm _ 3. No. Because it is 
greater than 500000 km more. 5. 0.5 trillion km 
6.A 0.125 B 0.03125 C 0.02 D 0.02778 


C-45 USING THE IDEAS 

1.A6cm? B 3cm? C 6cm2 2.A 19 B19 
Casi Dio Ea Op Fees = Ghote Hele) elon fe 
3. 100sq.m 4. 100ares 5. 100hectares 6. 9975000 
km? 


C-46 DISCUSSING THE IDEAS 


1. yes 2.A8 B4 C 32 DA=I/-w 3.A 28 sq. 
units B 28sq. units C 28sq. units 4. A=b-h 


C-47 USING THE IDEAS 


1.A 36 sq. units B 393 sq. units C 16.38 sq. units 
2.A 25 sq. units B 24% sq. units C 22.5 sq. units 
3.A 35 sq. units B 13.5 sq. units C 47.7 sq. units 
4. 15.3m? 5. $228.74 6. $87.50 7. $48 


C-48 DISCUSSING THE IDEAS 


1. the triangle area =4rectangle area 2.A 12 B6 
C32 D116 E 22 3.A4 BA=%3-6:4 C12 4. 73% 


C-49 USING THE IDEAS 


1.A 20 B 172% C17.05 2.A6 B94 C 10.85 
3. 12.5sq.units 4. $18.14 5.A 37800mm? B 63m? 
C 4m? D 8.82 cm? 

6. $ > -b > -h eA 


think [a]8 [eB]e [c]3-@+ )-n 


C-50 DISCUSSING THE IDEAS 
1. yes 2.a2=3,b=4,c=5 3. 16 sq. units; 4 units 





C-51 USING THE IDEAS 
it 





G0OWD> 


144 81 225 15 


C-52 DISCUSSING THE IDEAS 


1. 27 2.A multiplyh-w-/ B. 28 C 28 D4 
E112 3.A 72 B 3the volume of the box 


C-53 USING THE IDEAS 


1.72 2.45 3.68.25 4.51.7 5.595 6. 123 
7. 1153 8. 130.83 9. 77.26 10.90 11. 45 12. 45 
13. A 60 cubic centimeters B 4 times 

Think 32000 km 


C-54 DISCUSSING THE IDEAS 


1.A15 B10 C6 D62 2.A4 B 18 3. length 
height and width of room 4. volume = 15, surface 
area = 46 


C-55 USING THE IDEAS 


1.A1,6 B 2,10 C 3,14 D4,18 2.A 8,24 
B 16,40 C 45,78 D 64,96 3.A 5040 cm? 





B 1984cm? 4.A 4.743cm3 B 19.18 dm2 
5.A 60,100 B 16.2,46.44 C 36},87 6.A the same 
number of units are still on the surface B any one of the 
corner cubes can be removed 

Think / =6 units, w = 6 units, h = 6 units 


C-56 DISCUSSING THE IDEAS 


1. 1000 cm? 2.A woo Bicm? 3.A 1000 Bw 
Cito D100 Exyts F10 4.405 B 2.749 C 72 
D 3.8 5. 30ml 


C-57 USING THE IDEAS 


1.A 96m! B 306ml C 56.96ml 2.A 0.096 
C 0.0306 C 0.05696 3.1kl 4.A 25g B 1000g 
C 1000000g 5. 1.416/ 6. $6.09, $316.68 7. $7.14 
Think (1) Fill the 9-/ pail and then pour 4 litres into the 
4-1 pail. (2) Dump out the 4-/ pail and pour 4 litres more 
from the 9-/ pail into the 4-/ pail. (3) Again, dump out the 
4-/ pail and pour the 1 litre pail from the 9-/ pail to the 4-/ 
pail. (4) Refill the 9-/ pail and then pour into the 4+ pail 
until full. Thus the 9-/ pail will have 6 / remaining. 


C-58 DISCUSSING THE IDEAS 

2. to 3. ZAOB = 50°, ZBOC = 30°, ZAOC = 80°; yes 
4. Their sum is 180. 5. Their sum is 180° or a straight 
angle. 


C-59 USING THE IDEAS 

1A 25>" B 62°) C90° *D 1355 "E1552 FF 180° 
G 37° H 65° 1£110° J 130° K 155° L 28° M 73° 
N 93° O7118°) P45" 9Q 65> Ri 90° ~S 20° FT 45° 
Ur25> Ve 18> 
2 


rier emre 
tenes 
Bie ttt) 


3.A 55° B 68° C 60° D 74° E 55° F 125° 


C-60 DISCUSSING THE IDEAS 

1A% Bi Ci Dw EX Fa Gro H ao 
2. 65’ = 1°5’ 3. 118°72’; 63°27’ 4. 48°30’ 
5. 1)1.6°20'17" 


C-61 USING THE IDEAS 

1.A 81°43’ B 73°32’ C 27°2'’ 2. A 58°43’ 
B 122°28’ C 96°52’ 3.A 75°51'53” B 123°50’25" 
C 155°24'25" D 135° 4.A 105°43'15” B 28°13'44" 
C 65°58'29"97 D 99758411" 5A 522 B 62°11 
C 47°43'22” D 31°59'11" E 46°59'11" 6.A 124° 
B 74°40' C 95°33’21" D 54°1'17” E 175°59’2" 


C-62 DISCUSSING THE IDEAS 


1. Itis equaltoastraight angle. 2. 180° — (70° + 50°) = 
60° 3. 360° 


C-63 USING THE IDEAS 


1.A 20° B 121° C 90° D 47°43’ E 57°40’ 
F 52°55’ 92: 60° 3: 7B = 120°50’, /C = 59°10’, 
2D = 120°50' 4.A 180° B 180° C 360° 5.A 180° 
B 180% "C 180>") D540 » 6° 720°) 7: 1180°(nm — 2) 


C-64 REVIEWING THE IDEAS 

1. AB = 25mm, BC =17mm,AC = 30mm 2. 72mm 
3.A 100 B10 C01 O23 E 0.47 F 5000 
4.84cm,7.5cm 5.A7 B27 C 18% D 18.6 
6.10 7. 280m? 8. 286 sqm? 9. 1000 10. 64 
11. 2X = 55°, ZY = 115° 12. A 75°51'19" B 124°18'1”" 
13. A 45°42'35” B 68°32'44" 14.A 90° B 129°29' 
C 39°29' 15. 76°18’ 16. 20°47’ 


C-68 DISCUSSING THE IDEAS 

1. (4,6) 2. (9,9) 3. yes; example (7,7), (3,7) 4.A 5 
B 5 C (5,0), (5,1), (0,1) 5.A (3,9), (5,3), (7,7) B four 
times as large 


C-69 USING THE IDEAS 

1. (0,4), (2,8), (8,6), (10,2) 2. (1,6), (5,7), (9,4), (5,3) 
3. (4,5), (6,5) 4. 53,53 5. (1,1), (9,4), (7,8) 6. (5,23), 
(8,6), (4,43) 
7 










































oO ~- ne OHANBAS 


123495¢173 4% 
8. 53, 44 


C-70 DISCUSSING THE IDEAS 

1. The position of the hexagon is moved but the size and 
shape are the same. 2. Answers will vary. Example: 
subtract 2 from the first number and add 3 to the second 
number in the pair. 3. yes 5.A yes B34 C left 3, 
down 4 


C-71 USING THE IDEAS 


1.A B 
3 3 
uf U 
3 6 
5 s 
4 y 
3 F 
os 2 
{ t 
° ° 





Oo ~NhRPFWONG 





2.A right 4,down2 8B right 2,up1 C left 3, down 3 
3. parallel 


C-72 DISCUSSING THE IDEAS 


1. right 2, down 2; up 3; left 3, down 3 
2.A 





oF ~PUABRONM~O 


B right5 C no 


C-73 USING THE IDEAS 
1. 


TP wee ust 3 0 







































































C-74 DISCUSSING THE IDEAS 

1. (5,5) 2.A R(1,2); Q(9,5) B. yes 3. yes 
4. A P(8,7); Q(5,1); R(2,9) B P(7,2); Q(1,5); R(9,8) 
C P(2,3); Q(5,9); R(8,1) 


C-75 USING THE IDEAS 

1.A (1,1) B (2,7) © (6,8) D (8,6) E (7,2) 
F (5,5) 2. P’(1,9); Q’(7,8); R’(8,4); $’(6,2); T’(2,3) 
3. P’(9,9); Q’(8,3); R’(4,2); $'(2,4); T(3,8) 4. A’(1,7); 
B’(0,4); C’(3,5); D’(8,2); E'(4,0); F'(5,2); G’(6,6); H'(2,1): 
(3,8); 0'(4,4) 5. A’(7,7); B’(4,8); C’(5,5); D’(2,0); E’(0,4); 
F'(2,3); G’(6,2); H’(1,6); (8,5) 6. A’(7,1); B'(8,4); C’(5,3); 
D’(0,6); E’(4,8); F’(3,6); G’(2,2); H’(6,7); I'(5,0); O'(4,4) 
7. A A(1,5); B(3,7); C(6,6) B A(7,5); B(5,7); C(2,6) C no 


C-76 DISCUSSING THE IDEAS 


1. square, equilateral triangle, rhombus, rectangle 
Pe il Sh 2 


C-77 USING THE IDEAS 


1A2B4 C204 2A4 B2 C4 D4 
3. A B Cc D 


(4,7) (7,4) (4,1) (1,4) 
(7,4) (4,1) (1,4) (4,7) 
(4,1) (1,4) (4,7) (7,4) 
(1,4) (4,7) (7,4) (4,1) 
Think 96, 98 


BW De ale 


C-78 DISCUSSING THE IDEAS 


1. A same size and shape but different position on grid 
B yes 2. no 3. The turn is not the same as the 
reflection. 


C-79 USING THE IDEAS 
1.A 














9 ~NwYQ PW ROVWI*AS 





B A‘(2,3); B’(3,2); C’(4,3); D’(3,4 
2 








=~ BP e#¥ Oe 1, 223 



























































D yes if O is used as point of reflection E Yes, rotation of 
+ turn clockwise. 


C-80 DISCUSSING THE IDEAS 
1. no 2.A (9,4) B R(4,9); Q"(1,3) 3. yes 


C-81 USING THE IDEAS 
1. 
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B reflection through line halfway between r and s 
Think BY, 10 revolutions; C7, 40 revolutions 


C-82 DISCUSSING THE IDEAS 
1. yes 4.C 


C-83 USING THE IDEAS 
Think yes 


C-84 DISCUSSING THE IDEAS 


Ae TKO 
Pe 


3.A yes, 180° rotation BB 4.A translational 
B translational, rotational, reflectional C reflectional, 
translational, rotational 


C-85 USING THE IDEAS 


1. rotational, translational, reflectional 
2. translational, reflectional 3. translational, 
reflectional 4. translational 5. rotational, translational, 
reflectional 6. rotational, translational, reflectional 


C-86 DISCUSSING THE IDEAS 


1. yes 2.A reflection inline B y= 10). i ole, ~ 4 
C>F 3.R->Q,T—>E,S—>K 4. BC =EF,AC =DF, 
ZB =ZE, 40 =ZF 


C-87 USING THE IDEAS 

1.436 B/A=J/Y,/B =/X,/C =/Z C AB =YX, 
BC =XZ,AC =YZ 2.A AB =MK, BC =HK, 
CA =HM B /A =/M, /B = LK, /C = /H 3.A AB =PQ, 
BC =QR,CA=PR B A =~/P, /B ~/Q,/C ~ /R 
4. A reflection image in linen B i turn about point O 
C translation of right 6 down 5 5. ARST = AJKL, 
ARST = ALNM, ARST = AEDF 











C-88 DISCUSSING THE IDEAS 


1. yes 2. 2smalltriangles 3. 2 small triangles 
4. yes; the two small triangles 5. 2 small triangles 


MSs 


7. yes, use square and 2 small triangles 


C-89 USING THE IDEAS 


ae 





laws 





ae 
x 


C-90 INVESTIGATING THE IDEAS 





C-91 USING THE IDEAS 


Reflection constructions are left to the student 
Think DCXXIl; 51 


C-92 DISCUSSING THE IDEAS 

1. a. Label a point B’ on your paper b. Draw a straight 
line through B’ c. make an arc using B as vertex 
d. keeping same opening of compass make a similar arc 
using B' as vertex e. measure opening of AC and 
measure same opening using C’ as vertex of arc making 
A'C’ f. draw B’A’ 





C-93 USING THE IDEAS 
1.B,C 


So te LA 





C-94 DISCUSSING THE IDEAS 
1. Construction left to the student. 2. equilateral 
triangle 3. & 4. construction left to the student 


C-95 USING THE IDEAS 

1 to 4. Constructions left to the students. 5. Yes; for 
example segments with lengths 6 cm, 2 cm, 3 cm. 
6. Answers will vary. 


C-96 DISCUSSING THE IDEAS 
1.B right angles C AM =MB_ 2,3. Construction is 
left to the student. 


C-97 USING THE IDEAS 





altitudes PS, RT, QU 
6. A | 
B e 
7. y 
O is the circumcentre 


C-98 REVIEWING THE IDEAS 
1. A(1,2); B(3,4); C(3,1) 2. A’(3,3); B’(5,5); C’(5,2) 
3. A(2,7); B(4,5); C(1,5) 4. A’(6,7); B'(4,5); C’'(7,5) 5. A 


6. B 7. congruent 8. ARST = ACBA 9.A JK =GE; 





EF: JL =GF B lJ =/(G;/K =/E; (L =/F 


Zs 
a 


AD bisects BAC 


Cc 
lie : | 
A B 
B 
A 8 


KL 
10. 


@ | 


12. 


UNIT C: MODULE 4 


C-102 DISCUSSING THE IDEAS 


1. answers willvary 2.A infinite B yes 3. twicethe 
radii 4. yes; endpoints are on the circle 5.A 24cm 
B exterior 


C-103 USING THE IDEAS 
1.B 6cm D yes 2. rectangle 3. square 


Aes 
Bere 


C-104 DISCUSSING THE IDEAS 


1.A ZAOC, 22 B ZABC, 41 2. a part of acircle 
3. A inscribed B BC CBC 4. diameter 5. twice 


C-105 USING THE IDEAS 


1.A 4AOB, COD, BOC, DOA 8B /BAC, /ACD 
C /BAC, BOC D /COD 2.A /AOE 8B /BOC 
B /BEC D/COE E /COE FAB G BCD 
HOZCED? 35A\'902 9B) 90° SCeright™ 47AG50° Bals2: 
C 108° D 16° 

Think arc, angle, centre, diameter, chord, circle, 
subtend, inscribed 


C-106 DISCUSSING THE IDEAS 
1.A one B perpendicular 2. 4 3. Find which line is 
perpendicular to PO. 4.B yes 


C-107 USING THE IDEAS 
1.A perpendicular B perpendicular 2. t,s,n; no 


ae 


Us 


C-108 DISCUSSING THE IDEAS 
1.8 3.14 2.A 314 Byes 3.C=a-d 4. d=c/r 


C-109 USING THE IDEAS 

1.A94.22cm B15.7cm C 5.966cm D 50.24 cm 
E 33.912cm 2.A 44 Bi11C33 D5 E 6 
F 13} 3.A5cm B12.1mm C27m D04m 
E 006m 4.17.8cm 5.A 207m B 20.7m C 248.4 
m D 483 revolutions 6.A 6cm B8cm C7cm 
D62.8mm _ E 7.2 cm 


C-110 DISCUSSING THE IDEAS 


1.A yes B onlysthesectorslieonthe base 3.A A= 
mr? = 3.14-22 = 12.56 cm? 


C-111 USING THE IDEAS 

1.A 28.26 cm2 B 254.34m? C 3.14m? D 11304 
mm2 E 78.5 cm? F 16.61 m2 G 1823.74 mm? 
H 1193.99 cm? 2. 342$cm? 3. 138.16m? 4.A 34¢ 
B $2.40 5. 78.5% 6. 78.5% 

Think square 


C-112 CIRCLE PROBLEMS 


1.6.28cm 2.1256cm 3.3.14 cm? 4. 9.42 cm? 
5. 400 6. 38m 7. 9.1m/s 8. 7.8m/s_ 9. 10273 m2 
10. 5247 m2 


C-113 THE SHOEMAKER’S KNIFE 


2. 18.84cm 3. 18.84cm 4. 56.52cm 5. 6.28 cm? 
6. 25.12 cm? 7. 25.12 cm? 8. rectangle 9.A no 
B quadrilateral 


C-114 DISCUSSING THE IDEAS 
2.A it gets wider B gets longer 


3. yes, — erN lines x and y are the lines of 


symmetry t 


C-115 USING THE IDEAS 


1.50mm 2.50mm 3.50mm 4. 50mm 
5. equal 6. 40mm 7. 1570mm? 8. 2 
Think 


C-116 DISCUSSING THE IDEAS 

1. It has 8 faces. 2. 8 faces, 12 edges, 6 vertices 
3. A The faces do not meet at right angles. B faces, 
edges are not equal to each other C The base isa 
pentagon. 4.A pyramid with asquare base B pyramid 
with atriangular base C pyramid with a hexagonal base 
D pyramid with an octagonal base 5. Answers will vary. 


C-117 USING THE IDEAS 
Models are left for the students to do. 


C-119 FACES, EDGES, AND VERTICES 

Uo 2 vb Meh vy 2 ch Che IZA, Wh & 
PES eh ihe be GEE he Ch eo Sh hl, 2 
7.8565 12; 1452582616) 10Nt2) 2a Saad ON amo mlidare 
HOON Lome ono mon 2062 

125 202 nCOno2 yo lowe 


C-120 DISCUSSING THE IDEAS 
Models are left to the students to make. 


C-121 USING THE IDEAS 


1.A 36cm? B 158.4cm3 C 189.9 cm3 
2.A 12cm? B 52.8cm3 C 63.4cm3 3.A 785 cm 
B 615.4cm3 C 6.4cm3 D 20.2cm3 €E 232.6 cm3 
F 134365310 mm? 4.A 262cm? 8B 1.05 cm3 
C 26.2cm? D0.4cm3 E 16.3m?3 F 14243 mm3 


C-122 DISCUSSING THE IDEAS 


1.A HZ, B yes 


2.A rectangle 3.A triangle B square C circle 


C-123 USING THE IDEAS 


" Seas 


C-124 REVIEWING THE IDEAS 


1.A BOC Bradius C AB DAC E /AOC 
F ZABC G 50° 2. /AOB=90° 3.53cm 4. 3.14 
5. 66cm 6. 38.5cm? 7. equal 8. B 9.A circle 
B square pyramid C cone OD tetrahedron E cube 
F circular cylinder G trianguiar prism H hexagonal 
prism 10.412 B8 C18 D2 11.A 378cm3 
B 126cm? 12.A 301.4 B 100.5 13. B 


C-126 CUMULATIVE REVIEW 

1. XY, ¥Z,XZ 2. B 3.A parallel B intersecting 
C skew 4.C_ 5. half plane 6. DE =FG;EG =EF 
7. ZKRP, ZPRS, 4KRS_ 8.R 9.A acute 8B vertical 


C straight D obtuse E supplementary 

F perpendicular 10.A equilateral B scalene 

C isoceles 11.A parallelogram 8B square 

C trapezoid D rectangle E hexagon F triangle 
12. no 13. 380,0.38 14.A 54,180 B 58, 165 

C 36,48 15.10 16.A 120 B 164 17.A 125° 

B /DBC_ 18.A 180°21'45" B 38°27'48" 19. 42°32’ 
20. A(1,2); B(2,4); C(3,1) 21. A(5,5); B(6,7); C(7,4) 
22. A(7,6); B(6,4); C(5,7) 23. A’(7,2); B’(6,4); C’(5,1) 
24. AvC 25) 7 R= 1X S VY. = ZaRS, = XY; 
ST =YZ;RT =XZ 26. equal 27.A /ACB B /AOB 
C 20° 28. tangent 29. 5 faces; 5 vertices; 8 edges 
30.A 188.4cm B 2826cm?2 31.A 70cm? 

B 141.3cm% C 2.2cm? D 62.8cm3 32. B 





UNIT D: MODULE 1 


D-2 DISCUSSING THE IDEAS 


2.) One top 2 sn A =f Bi-21) C2) D 19 
E47, E.0 


D-3 USING THE IDEAS 


TELA =) UE} 7h te Sey fey eh [a ey ara (ey ag 
H)—59)* 1) 86) J) —586 KK 1079) “E*— 1687943 

M 5936 N —100 O 863650 2.A -5 B3 C -2 
D4) Es 4eFe 2G) Ol H ONS SeiKe4 LE 0 
Si Aoi Bees 1G tol DD —o 


4.A 
— + ___ 9 —_.__»-_____¢. —_4—___»—__—_ 
pe eae Oe al Aes 

B 

3 -3 

a -2 

) or =a) 

6 (e) 

-I ! 

By Zz 

~>d 3 


D-4 DISCUSSING THE IDEAS 

1.3 2.0 3.0 4. Opposites Principle 5. Zero 
Principle A2 B-—5 C —-7 D8 6.A Commutative 
Principle B Opposites Principle C Associative 
Principle 


D-5 USING THE IDEAS 

17 As OBO ClOmDUOe Ee oun Om Ged 

H -76 2.Aa=0;b=0 Ba=0;b=0 Ca=0; 
b'=0) Dial 8; b= 8 EB a == 7/2:b = 72 

F a =—963:5=—963 3.A—-8 B17 C —58 

D 867 E -1083 4.Aa=2;b=2 Ba=6,b=6 
GCa=-3;b)=-3 Da=—26;b——26 5.A 0 
Be=/aeGe— oo DelZnsEs— OF 0 mGi6r aH —& 

1 BeGiAvai—= 05) —0 .Boa = —8.b)——6 (Cra 17; 
bisa ae aAe ane 10a G 45D 15) Ese6e sro 


D-6 DISCUSSING THE IDEAS 
Us @ Pash eloronene Sh v4" Ge zh Gh ar 


D-7 USING THE IDEAS 

1.A $6 richer B $9poorer C $3richer 2.A 15° 
above 0° B 19° below0° C 4° above 0° 3.A 2 units 
right B 8unitsleft C 3unitsright 4.4 1 B 2 
Cos D4 EGF a6 9 5./A\ 0) Bes C16) D8) E 2 
ie =e} fe) 910) Tn) sy haley i) Sa) SS) Tbe Si 
Mi ZN Oe Os) Pe Oe 20m Rue o) soe 
1 @) UP =r Wei) WARY O80 eek AA 746 i762 





D-8 DISCUSSING THE IDEAS 

1: $5100 poorer 2. —3 35A —4 B —5 C —4 
D-1 4. 4° below0® 5.A -7 B-1 C -6 
6. positive 7. negative 8. by which numeral is greater 
9. opposites 10. The integer other than zero. 


D-9 USING THE IDEAS 

1.A $3poorer B $4poorer C $2poorer 2.A 3 
units left B 5 units left C 13 units left 3.A 2° below 
0° B 3° below0° C 5° below0° 4.A —-4 B —-1 











(ety la) 1k dp eh ie SO epee hat! be al 
Bee Ch pee ane e 4 Pe On Ga Samiti 
[Satie Keo 0M eNe oe Oo Peo) 
QUO REA S 7 eile 0% Us6R Veo We los ex 28 


Ye =7/ 


D-10 DISCUSSING THE IDEAS 

1.Bn+4=3 Cn+—2=—-9 Dn+—5=—3 
2,A) bebe =o all 2 oA 1 BO 
4.An+-2=8 8B 10 


D-11 USING THE IDEAS 

1A4 B-11 C9 D-6 2.An+-5=4;n=9 
Bn+-9==-4;n=5 C 8+n =-8;n = —-16 

D =64- n= 1e nH S2Ap—4 Belin Ce ieee 
E =] F=-3)G,7_ H.6. 18. .J —5 .K —2) EE —10 
M -4 N -4 O-7 P15 Q14 R-5 S§ -3 
lt lcm 4, Aunt —o — Sani l2.. Bale ile.— one 4 
below 0° C —-19+n =7;n = 26 

Think 1.6 2.0 3.6 4. 12 








D-12 DISCUSSING THE IDEAS 

2. yes; =7 — 2= —9 because —9 4 2 = —7; 11— -—3 = 4 
because4+-3=1 3.A —-5 B4 C-1 4.A 2 
Beil) °C —7 “Dis Ets Fr 13 4Gri 


D-13 USING THE IDEAS 
Al 2. Base GeO a Ditoe Ea Fae 2. A 10 











[ey ey Cer eh leh Shee Leplthin [ Ele (eh SS Lah ache Lal 
U4 Kee a Maa Ne i Or Po 
(Oy A) ey SS ap steiew Up Stele WY Sar LA 
Xe 2a OTAGO Bt 4a Ce 10) seb see 0 
Fe Om GlOsnilOMsi—O misc | Koon LelOn IM) 2 
Ne =o) ters p =o) eek nt =e Seale 


4.A-2 B=8 C8 D <Q SEMBn biemeiGeaie 
Hi3 1-5 JO K-14 L-8 M-10 N-4 
0-4 P-5 





D-14 DISCUSSING THE IDEAS 
in 12) 2° =1@, be [se 1Q (F =28 
2.A —3:—4=-4:-—-3 B (13-7)-—5=13-(7-—5) C yes; 
Commutative and Associative Principles 
Eh ((=2888)) 45 (HZ =) 





D-15 USING THE IDEAS 

1,A a= == —7)) Bla 1255) — — 12 Cra — 0; 
=0 Da=0°5—0 2)Asa=—6:b——6 Bia— —8; 
8 Ca=-10;b=-10 Da=~-—14;b=—14 
—116;b =—-116 Fa=-12;b=—12 
—20:b = -20 Ha=-—382;b=-32 3.A a=—6; 
6 Bra —— 1095 — 10) Car li bee 
a=-—24-b5=-—24 4.A 0;0;0;0;-6 B 0;0;0;0;6 
0; 0;0;0;20 5.A negative B positive 

Think first number = 346; second number = 37 . 








a 
a 


Il 








a0cTgOmcscs 


D-16 DISCUSSING THE IDEAS 
2. =12% 2=n) 3,A —24 B12) C12) D) 35 


D-17 USING THE IDEAS 

1.A4x-3=-12 B-2x-4=8 

C -8x3=-9 D6xi=6 2.A—20 B —15 
CeO DE oe EO mere ome Gem sl OmmeZO mde 25) 
KisO E3503, A 6 Baa C es 2ag Da aaea 
FcSG iO He Gomi com uncGn Ke Sl oe MinO 
N —42 0O 42 P -156 Q 156 R —168 S —169 
T 169 U —270 V —3800 W 3800 X —468000 
(NIN 2 (2) =e fe 2) jo) 2) [3 =—8 [F 2y () =e) 
His6 245930 Ke 1 1 55 Al 565 B30. 
Cl63e DAEs ce Fe Se Gioe | He 0m ae Jed 
6 6p 1 =8) 





D-18 DISCUSSING THE IDEAS 

2. yes; —12 + 3 = —4 because —4:3 = —12; 
—8 + 4 = —2 because —-2:'4=-8 3.A4 B -3 
© —-8 D8 4.A —-4 B3 C —5 


D-19 USING THE IDEAS 


1A) 4B 2 © —1 | DEAMSES—s 
Hojo) loty JS 8K ~6 46s M 














M-4 N-5 O -1 
2 3.A-5 B-3 C1 D=4 E 16 
3 10, J —4 K —16 L153 M —3 
—4" P 4. Q,-3. R77. 4. 4:=5 

Think (Answers will vary.) A 0 = (4-4) x4 
B38=4—-(424) C4=(4x4)=4 
D5=4+(4+4) E 12=(4+4)+4 

F 20=(4x4)+4 G 32=(4+4)x4 

H 64=(4x4)x4 2.A1=V4-(4=+4) 


B 
D 


6=(4+4)-V4 C 8=(4x 4)+V4 
25 = 41 + (4 = 4) 


D-20 DISCUSSING THE IDEAS 


Cc 


1.A1 B3 C-6 2.A greaterthan 8B less than 
greater than D lessthan E greater than F less 











than 3.A -1+2=1 B-5+5=0 C -6+13=7 


D 


~74+11=4 


D-21 USING THE IDEAS 


E 
F 
4 


D- 


D 


ey Ae i Cee A 
(a Se (OS pS SE 
CAT Ba EeaIM: NO 


= < 
A Ea EaG 


A 


AS Woy Te 5} 
6 S-§ 523 omit Ag Sne te 


asad SS <a Se J 
—C-Di-w, =e. 1G 


St tt? 
=2 -lerorel 62 


D1 -6 -S-4 3-2 


Bi 
4-3-1 ~~ -5 


ti) oe a oe eS 
ay -§ -¥-> -2 4 00 


A 


69-6 89-9 2 1 Son i a 3 





Cece acl cee OS . 


Think 


Q 
On) 
C96) 


22 DISCUSSING THE IDEAS 
1. (0,0) 2:A Gia4)_ B 5.6) Cal—20) 
(645°) eee (Or S) ee (G0) 










































































































































































4. Answers may vary, examples: (1,2); (3,4); (—5,—4); 


(—8,—7) 








D-23 USING THE IDEAS 


























avsver 
RESSePern 

























































































Think No! 1, 2, 4, 8, 16, 32, 64, 1.28, 2.56, 5.12,... 
Allowance for tenth week is $5.12. For the twentieth week it 


is $5242.88. 


D-24 DISCUSSING THE IDEAS 


1. yes; straightline 2.A (—3,—1);0, (—2,0); 1, (—1,1); 2, 























C Both are straight lines — the graph in part B is 1 less on 


the y-axis for all values of x. 

































































D-25 USING THE IDEAS 
hia. E} =6 © at) Yo) =e) (2 <2 la =) Go 
H 1 









































D3 E2 F1GO0OH1 

















































Del Exo SF iG 














C -4,-4 D44 E —4,0 
hl Ch —al@) 7) a 
=H0—10 [PAO=—2 CG Ssey=o~ fh) OE 





D-26 REVIEWING THE IDEAS 














1.A—5 B3 C —-27 D116 E 365 F —273 

G 5806 HO 2.AE BF CA DH EG FB 
Guero sAGOs Be cmeGe— 1255 D eit Eso Fo 6 
Geese HOM 1) =27" 4A —Se Be 5esCa—4. Da 3 
E=5 Fi15.A =3 B=-4 C=5 D-7 El 
F2 G6 H-2 14 6.A 72 B-36 C —84 

D —25 EE) 121 F 56" G 860 H —140) 13 

7 Ags) (Ba) aCe—9o SD GE 5 EF 1) 8A 4 
B4 €-4 D-6 E3 FO G8 H5 18 J-9 
K —49 2 1e295Ae = Be eC SD = Ee Fe 
GQ Hl 0 (33) (4:0) Gl 4) 


—_ 
st 


Function Rule 
N + (—4) 


3S iF =2 CHS il =e 





-4 -8 
-3 <7 
=2 ~6 
=] —5 
0 -4 
1 = 
2 =2 
3 = 
4 0 
5 1 
































UNIT D: MODULE 2 


D-30 DISCUSSING THE IDEAS 
1.A yes Byes 2. false 4. B 


D-31 USING THE IDEAS 

1.A 1,2,3,4 B equally likely 2.A A,B B not 
equally likely CA 3.A 1,2,3  B equally likely 
4.A red, blue B notequallylikely C red 5.A 4H; 3H, 
1T; 2H, 2T: 1H, 37; 4T B not equally likely C 2H, 2T 
6. A 4 up; 3 up 1 side; 2 up, 2 side; 1 up 3 side; 4 side 
B not equally likely C 2 up, 2 side 

Think (7+7+7)x7 


D-32 DISCUSSING THE IDEAS 


1.A6 B6 C6 2. Pair each letter with each 
number A1, A2, A3, A4, A5, A6, B1, B2, B3, etc. 3. 36 
4. {1,2,3,4,5,6} 5.A 4 B penny heads, dime tails 
C dime heads, penny tails 


D-33 USING THE IDEAS 
AAEM Mee Binle2)344,10;.0 siGrlieyoy tao 








2: Penny Nickel Dime 
H H H 
H H ¥ 
H Ali H 





A ja |x 
x |x |A 
4 |x |H 


IL i H 
T MT U 


3. 1A, 1B, 1C, 2A, 2B, 2C, 3A, 3B,3C,4A,4B,4C 4. {(H,1), 
(T,1), (H,2), (T,2), (H,3), (7,3), (H,4), (7,4), (H,5), (7,5), (H,6), 
(T,6)} 5.A 49 B 13 








D-34 DISCUSSING THE IDEAS 


1.B 20 C10 2.A 34 Bdchancein6é Ci 3.A1 
chance in2 Bt Ci1chancein2 Dt 4.A3 B1 


D-35 USING THE IDEAS 
1A2 B% C1 D3 2AE BZ CF B.A4 
Bye (CS ee DEO AV ACs IB occas 


D-36-37 PROBABILITY EXPERIMENTS 
1.0 25 2.B% 7.A 4 


D-38 DISCUSSING THE IDEAS 


1. 250 2.A 5 B multiplyby50 3.A4 B6 
C average them 5. 280; answers may vary 


D-39 USING THE IDEAS 
O00 21397007 an 16.500 so. 09 


Think B Cc 


A D 


D-40 DISCUSSING THE IDEAS 


1. yes 2. yes 3. Divide the number of students in 
school by10. 4.B 18 C18 


D-41 USING THE IDEAS 


1.A Mary Jacobs B Mary 70; Bob 30 2.A 600 
B 400 3.Asji5 B 1000 4.A 977040 B 722160 
C 424800 5. 28800 6. 150 


D-42 REVIEWING THE IDEAS 


qT Bee 2s (FH)s (Hit) (Ait) S27 AS25 Be 
Ay oso. Ay) Bee 3 7. A {(H,A), (H,B), (7,A), 
(eB)iee Be SUAS 2) 2-42 Gn4. 4e eB ZO MES WARGS 
B50 C 25 10. 4500000 


D-46 DISCUSSING THE IDEAS 


1. yes 2. alphabetically, numerically by lows (or) highs 
(or) by greater or lesser. differences 


D-47 USING THE IDEAS 

1.A tungsten B lead C aluminum D gold and 
copper 2.A General Motors B Hitachi C Exxon 
D Royal Dutch Shell 3. Shanghai, 10.7 million; Peking,, 
10 million; Tokyo, 8.85 million, New York, 7.9 million; 


London, 7.4 million 4.A Sears Tower, Chicago 442 m; 
World Trade Center, N.Y.C. 412 m; Empire State, N.Y.C. 
381 m; Standard Oil, Chicago 346 m; John Hancock Center, 
Chicago 337 m_ B Caspian Sea 365000 km?; Superior 
82000 km2; Aral Sea 62500 km2: Victoria 62000 km2; 
Huron 61000 km? C Everest 8850 m; K2 8610 m; 
Kangchenjunga 8590; Lhotse 8500 m; Kangchenjunoa 
Speak 8470 5. NATIONAL LEAGUE: Hack Wilson, 
Chicago 56 in 1930; Ralph Kiner, Pittsburgh and John Mize, 
N.Y. 51, in 1947; Ralph Kiner, Pittsburgh 54 in 1949; Willie 
Mays, N.Y. 51 in 1955; Willie Mays, San Francisco 52 in 1965 
— AMERICAN LEAGUE: Babe Ruth, N.Y. 54 in 1920, 59 in 
1921, 60 in 1927, 54 in 1928; Jimmy Fox, Philadelphia 58 in 
1932; Hank Greenberg, Detroit 58 in 1938; Mickey Mantle, 
N.Y. 52 in 1956; Roger Maris, N.Y. 61 in 1961 

Think yes 


D-48 DISCUSSING THE IDEAS 


1. bar graph 2. no 3. Bill, $1.25; Fred, $2.00; Bob, 
$1.50; Paul, $1.75 4. Bill’s graph because it has a larger 
scale 


D-49 USING THE IDEAS 

1. Nile: 6600; Amazon: 6400; Ob-Irtysh: 5500; Yangtze: 
5400: Huang: 4750 2.A 1900 = 900000; 
1910 = 1100000; 1920 = 1700000; 1930 = 2100000; 
1940 = 2200000; 1950 = 2000000; 1960 = 3700000; 
1970 = 5500000 B 4600000 C 1960-1970 
D 1940-1950 


wo 


Population sf Canado - 


(millions) 





OE 8 Bak Bel = S20 


~ ~ 


4. 37000000; 387 000 000 


D-50 DISCUSSING THE IDEAS 

IRA OE 162) Oe Se On 22 eis ese te eo oer olor 
2:26°:3:24° B 23° 2.A 10.5° B You must include at 
least the highest and lowest temperatures. 
3. 





Ce GN DHA VI ARSS 


AS Time ay 


D-51 USING THE IDEAS 

1. Jan: 6; Feb: 7; Mar: 9; Apr: 9; May: 8; June: 14; July: 
16; Aug: 15; Sept: 15; Oct: 13; Nov: 4; Dec: 5 2.A Nov; 
Dec B June; July; Aug; Sept; Oct 3.121 4.A 28° 
B 6°;3AM,5AM,6AM C 18° 
oD: 


Os 
= 
NS) 
= 
a 
3 
=> 
Cc 


D-52 PICTURE GRAPHS 


1. A 100 million people B German: 110 million; Hindu: 
150 million; Spanish: 200 million; Russian: 200 million; 
English: 320 million; Chinese: 600 million 2. A 1965 
B 1970 C 1970: 6.5 million; 1965: 11 million; 1960: 7 
million; 1955: 7 million 3. A Angel: 1000 m; Tugela: 
900 m; Yosemite: 700 m; Cuquenan 600 m; Sutherland: 
600m B 300m C 300m 


D-53 CIRCLE GRAPHS 
1. personal income tax 2. same as #1 
3. $4694778000 4. $2133990000;$569064000 5. Oto 
23 years 6.A 4098110 B 9706050 7. 1941210 
8. 1401985 


D-54 DISCUSSING THE IDEAS 
2. 61 3. probably about 86 


D-55 USING THE IDEAS 

Ay 306:4 8) 13.0 G.23-5) "D2 ce e066 6 4.4.39 
4. 85 5. $10036.00 6. 28¢(2¢ left over) 7. 94 
8. 2124.8 9. 369997 

Think Arnold: 1; Barbara: 3; Chris: 2 


D-56 DISCUSSING THE IDEAS 


1. List students and scores in order of scores. 
2.A 17 B 32 C 93 3. yes 


D-57 USING THE IDEAS 


1.446 B15 C9 D 3635 E 27 F 5.5 
2. 89.5 3.16 4. 83;6 5.1.57 6.49 


Think Then you have 
af ® 0 GD 


Cut this link A 


Cut link Number 3 so result is: 1st day — pay one link; 2nd 
day — pay two links, take back one; 3rd day — pay one link; 
4th day — pay four links, take back one and two; 5th day — 
pay one link; 6th day — pay two links, take back one; 7th 
day — pay one link. 





D-58 DISCUSSING THE IDEAS 


2. Sums Frequency Sums Frequency 
2 2 i, 19 
3 4 8 16 
4 5 9 2 
5 13 10 9 
6 15 11 3 
12 2 


D-59 USING THE IDEAS 


2. Outcome 
oF 
4+ Cains 
Tossed at 
same 
Time 





D-60 REVIEWING THE IDEAS 


1.A 2654 B Whitney 2. Baffin: 475000; Ellesmere: 
215000; Victoria: 210000; Newfoundland: 110000; Banks: 
60000 3. June: 13 cm; July: 10 cm; Aug.: 5 cm; Sept.: 

7 cm; Oct.: 10cm; Nov.: 10cm; Dec.: 15cm 4. 10 
5.A%Z B# Cz 6. 72¢ 7.A 38 B 825 8. 84 


SUPPLEMENTARY EXERCISES 


S-2 Set 1 
1.A.{a.b,¢,d,e,f}. BYaftc} *c faye) é)\d,et 


D {a,b,d}_ E {a,c,t,b,d} F {a} G {a,b,c,d,e} 
H@ 2.A {0,1,2,3,4,5,6,7,8,9} BO 

C {0,2,3,4,6,8,9} D {0,6} E {0,1,3,5,6,7,9} 
F {3,9} G {0,2,4,6,8} H {0,2,4,6,8} 

| {1,3,5,7,9} J @ K {0, 1,3, 4,5, 6,7, 8, 9} 

L {0,3,6,9} M {0,3,6,9} N {0,6} 

O {0, 2, 3, 4, 6, 8, 9} {0, 6} 

S-3 Set 2 


1.A 10* B 10° C 107 D 10° 2.A 1000 
B 100000 C10 D 1000000000 E 10000000 
F 10000000000 G 1000000 H 1 
| 1000000 000 000 000 
J 100000 000 000 000 000 000 000 
K 1000000000000 L 100000000 3.A 104 B 108 
Cc 10° D 10° E 108 F 108 G10§ H1 4.A 102 
B 10? C 10? D1 E108 F10 G 10? H 102 


S-3 Set 3 


1.A 300 B 800000 C 60000 D 9000000 
40000000 F 20000000000 G5 H 6000000000 
80 J 40000000000000 2.A 6-102 B 5-10! 
4-10? D 8-104 E 5-105 F 9-108 G 3-107 
5-10'3 3.A 4:10' B 3-10? C 2-104 D 9-103 
5:10 F 8-107 G 6-109 H 3-10'° | 2-105 
4: 


E 
! 
Cc 
H 
E 
J 4-108 K 9-10 L 5-1012 


S-4 Set 4 


1A NB E<s CG —- ER ws (G'S) (CH =< 
ee Ee KS OL A 99 B90 C900 D 999 
E 9000 F 9901 G 99000 H 99099 | 8889 

J 900000 K 989999 L 899999 


S-4 Set 5 


1.A 6 B 16, C 30 D 40, E 22. F 47.) 
G 70 H 72, 1 42, J 105, K 100. L103; 
M 337.5 N 561.4. O 526. P 700. Q 700.) 

Ri 1020.) 2:A 45, 5B Zan C tile, © Wig -D 7 
E412 eG SGae Hedy 1 158 del4 3) 
K 7 L336; 


S-4 Set 6 


TAL 146) §B 50g; Ci46.)) DI 74a) E70) JF eG 
G 1005 H 116) 1144 J 334) K 414) 
L 647(s) 2.A 3s) B 3s) Cc Six) D 6.) E 748) F «ay 
G 25) H 23.) 


S-5 Set 7 


ARGO Bees CeaD somes O2 a re24 GES 

H 138 1 22 J 42 K 26 L 21 M18 N 26 O6 
2,A\3)°B 6 © 5) DiS) E 6F Fe4) G 2 Hee lug 
J1 K6 L5 M 100 NO 


S-5 Set 8 


1.A 94 B 130 C 555 D 1593 E 3000 F 33182 
G 78 H 674 | 3357 J 21381 K 134552 L 11880 
2.A 240 B 1672 C189 D 2934 E776 F 30246 
G 4995 H 2898 | 188723 J 24290 K 22327 
L 876900 


S-6 Set 9 


mA 4 Beis SCe24e De 188m Ene2o Fs 72 
G 3391 H 2759 I 3389 J 2096 K 199 L 8453 
M 16109 N 53302 O 36564 P 1048 Q 199101 
R 386934 2.A 26 B 149 C677 D 629 E 8952 
F 9050 G 987 H 310180 I 798999 


S-6 Set 10 


1.A 70 B 900 C 6000 D 50000 E 300000 
F 4000000 G 300 H 3000 1! 30000 J 30000 
K 300000 L 300000 M 1200 N 15000 O 3600 
P 8000 Q 3500 R 4000 S$ 12000 T 10000 
U 60000 V 320000 W 120000 Y 3000000 
2, A040 9B 200 GC 320) 1D)G0) JE SOF a2. Gioe 4 
180 J 70 K70 L9 M20 N5 O30 P 80 
Q 800 R 400 S 30 T 300 U 300 V 6000 
W 2000 X 90000 


S-7 Set 11 


1.A 114 B 371 C702 D 948 E 1780 F 5920 
G 7677 H 2032 | 6615 J 67466 K 141624 
L 1292685 2.A 391 B 1127 C 2268 D 3536 
E 8342 F 7068 G 5229 H 59057 I 35742 
J 230615 K 810823 L 2745280 3.A 37975 
B 153180 C 134325 D 73440 E 49113 F 811801 
G 380492 H 327448 1 605394 J 1367782 
K 806400 L 3824557 


S-7 Set 12 
1.A 28 B32 C166 D 54 E 48 F 187 G 67 


=3 D 
ay 


H 137 156 J 295 K 495 L 534 M 361 N 689 
O 1554 2.A 16R3 B14R1 C 30R3 D 39R4 

E 38R6 F 66R1 G 23R3 H 66R3_ 1 87 RS 

J 2157 R3 K 349R1 L 860R1 M 834R1 

N 1519R1 O 2887 Ri 


S-8 Set 13 


1A 22R11 B Si Rit C 26R7 D111 R386 
E 25R20 F 63R56 G 81 R22 H 76R38 1 65 R67 
J 413 R46 K 525R70 L 1538R38 2.A 3R5 
B2R51 C 2R48 D6R1I72 E 4R81 F 8R146 
G 37 R718 H 20R40 I 147R177 J 474 R86 
K 1302 R584 L 429 


S-8 Set 14 

1I,A ne 165% IBS6ini— 96. Con 3 —=13 
Tee 18) Sa 1S = ae BS ay Ve (00 ae Ia)ae) = eh) 
2, A 45-17 = 31 (B 92m =108 "Con = 8i= 25 
DiS-7as — 18 Ey (n= 16))— 9'— 0) SF (n=. 8) 3'—160 
S-9 Set 15 

ib Wise 2c 2P 7s Bb = 7 = she ile! 

3. 165-18 =n;147cm 4. 371 + 7-n; 53 kilometers 
hr 5. (nee8) = 5) 110; 42.) 16 Sin’ =16923\cm 

fe. 963°: 288) km) 8.2823 =o 

9) Sn + 7 = 199; 64 108 2n 43 2(n +213) = 307'6'm; 9m 
At, 27 18 = 2754-1886 12. 2-30) 2-6'=nk 72m 
13. 38n = 4.52 — .26: $1.42 14. .79n + 63 = 3.79; 4 


S-10 Set 16 


1.é«A BK Shox 5} B PEGS) 
Nera. \e 
5x9 x7, 
Wh Ne 

45 42 
Cc 2 Dee re. D BE SoS) 
NN 7, NN, 
10 4 25 6 
NZ STF 
40 150 
E 5X eu ae, F Be 76 <8} 
SA Na WP ANI 
i) 4 By 
Ser Ne? 
60 105 
G SB) SI 2 SCS} H PRES PAG SOO 
SYA WA Ny WH 
9 6 6 15 
Ne/' 
54 90 
I 2 Xa 33965 J) 2x3 %42*2x5 
NG N% Ne Ng / 
14 15 6 4 5 
ae Swe; / 
210 24 5 
\ (he 
120 


S-14 Set 24 


DSO NES XEGine re 


K 








aoe gy # 
oF ax 
glo 
we Gg Te 
Ors 
2 IN 
io AY Me an Re 
ais: Sg 
s2>>27 
pe Cie a os 
© iS 
"=> 
= O mo 
an g, 2 
on 
aT 
x Oey 
ag F om 2g 
5,6 a"y 
ae 
HIN (€ wlN 
es 
a ce 
ae oe 
NY 3 
a So teh 
oD — OC 
st 
i 
N 
+ 
(op) +t 
NN Za 
© 
oO 
+7 


S-15 Set 25 





Fe223"5 


Bi325)8 €225328) Di22-3)) Ene 
H 25 15°97 J 3513 Ki23-5 LE 44 


N 24-5 0) 2°32-5 P 103 Q 2:38 


2.A 23 
G 31 


loo 


if 


L 783 
G 


Ala 
20 


1 


l2 i 


K 13138 L 331 


ae 
oO 


5 


J 2238 K 40% 
Ds €E 


| 3025 


B3n C 7 


9 
1 4700 


H 143} 





2.A 23 


G11 


M 3-17 
S) 2523 


R 93.32 


q 


4 


13 
24 


J 19 





H 223} 


Vie2- 357m Wie 53 me Xare= 


U 2-3°52 


S-11 Set 17 


T 22-52 


S-15 Set 26 





D3 


Ved N wnchey We) T=) pe Oe Const 1 


Cr4 Dis Ea Fes 
O 12 


5) K Seo M See Ne25 


1 


8 Des 335A, 2 Bet 
2 


1 


,2, 3, 4, 6,8, 12,24 B 1,2, 4,5, 8, 10, 20, 40 


2 
Ge 


H 
3 Q@5 R40 $ 30 T1 


2.A 1 
C 1,2 
GQ 
P 


S-16 Set 27 


S-11 Set 18 


lo ake 
wz o =e 
ue woo = 
a2zy 


oe oie 
aly aly 


xt 


oa 


ole 
a 


oe 
<q 


He BSN 
as [hs 


1.A 0, 4, 8, 12, 16, 20, 24, 28 


oi 


x 
a 


> 


K 
R 30 S 28 


Q 113 


A 
| 4¢ 


rin 


Nn 
om T~ @ 
ez 
Ho 
pa 
nIOo 


1 90 


“ 
Lo 
ao oO 
Nn 
hs x 
¢ 
a ° 
[= re) 
st 
N oO 
es) 
rot) + 
oO 
re 
oO Ww 
OID 1H 
— 
Sistameust 
vo oO 
KR -Ow 
Bileh oe 
one 
- o 
Owes 
one 5 
ee 
2 ie 
5 = a a <> oe 
oN meee) 
= fo} 1 IS) 
(NI aes 8) 
On 
: ~O 
odaon 
onan 


S-16 Set 28 


J 200 K 20 L18 M10 N60 O56 P 24 
Q 48 R80 S 30 T 150 


S-12 Set 19 


1 
6 


| 293% J 380 2.A 22 B 23 


jit 
2 


D 24 €E 12 


1.A 34 B20 C 353 


G 254;5 


F 36 


H 52:5 


G 1a 


F 24} 


C 125 D70 E 403 


2 
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oR 
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FA 
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Ne 
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Ww 
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oO 
ow 
- 
a 
wo aD 
(op) N 
ac . 
x 7) 
xe ” 
lo 
on & 
t 
2709 WN 
wo 
Ho ol 
- 0 
Ola 0 
~ als 
al 
ok 
u - 
oe a8 
ane 
ofS als oe 
ON 
a (eo) 
> 
own 
oo OF 
AY on ae 
wv 
Boe 
alo 3 
HIN 2o Slo 
(2) SHR 
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MAKING THE METRIC SYSTEM MEANINGFUL 


To make the metric system meaningful it is useful to under- 
stand something of the origin of weights and measures, the 
emergence of early decimal measurement systems, and the 
development of the modern metric system. Although the metric 
system is simply the application of the decimal number system to 
measurement based on the metre and other standard units, its 
usefulness has not been readily accepted universally. The struggle 
to develop a universal language of measurement has been long and 
difficult. 

It is a little known fact that even though our old measure- 
ment system is called the British Imperial or English measurement 
system, the British neither originated nor advocated this system 
in earlier days. The British used a system similar to metric nearly 
1500 years ago, abandoning it about 700 years ago only to go 
metric again in the 1970’s. 

How did measurement begin? Probably back in pre-history, 
one cave man showed another just how big the fish was which he 
caught (or which got away) by using his out-stretched arms: since 
then, man has used parts of his body for measuring. 

Ancient Egyptian history of measurement was recorded as a 
readable story with markings cut into rock used to keep track of 
the rise and fall of the Nile waters at floodtime. Every tenth line 
was emphasized, a measure roughly corresponding to the span of 
the hand. The units used in land surveying were as follows: 


10 zebos (fingerwidths) = 1 span 
10 spans (100 zebos) = 1 nent (armstretch) 
10 nents = | khet 


The builders of pyramids and temples used the cubit (length of 
the forearm). 

With the domestication of the Arabian camel, two Phoeni- 
cian ports, Tyre and Sidon, became thriving commercial centres 
where trade flourished for centuries. Camels made possible 
caravan routes from Babylon to Egypt. Since Egypt was an 
important customer, the Phoenicians adopted the Egyptian 
decimal system. One small modification was made in order to 
measure cloth—half a nent (armstretch) was used, a unit close to a 
yard. 
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The Phoenicians had established trading centres along the 
Mediterranean shores including Greece. Around the 3rd to 4th 
century contact was made with the northern tribes, particularly 
with the Goths who had moved south along the Black Sea into 
Greece. Odin whose name survives in our word ‘“‘Wednesday’’, was 
a mighty chieftain in Teutonic mythology, and guided his 
people from a semi-nomadic to a more settled way of life. It is 
said that he accepted the Phoenician way of measurement—only 
his “armstretch” unit was larger. And so the decimal measure- 
ment spread among the peoples known as Norse or German. 
Around this time portions of Britain were occupied by Roman 
legions who confined themselves mainly to the fortresses built 
along the defending walls. With the recall of the Roman soldiers 
Britan was left defenceless. 

This situation allowed the migrations to Britain to take 
place from the Sth to the 8th century A.D. Across the North Sea 
came the Angles, Saxons, Jutes, and Danes. They brought with 
them the decimal system of measurement. 

10 fingerwidths = | span-of-length 


10 spans = | armstretch 
10 armstretches = 1 chain 
10 chains = 1 furlong 


10 chains x 1 chain = 1 acre 
These measurements were suitable for surveying and building. 
The housewife used smaller units based on 10. 
10 one-half fingerwidths = 1 handbreadth 
(across knuckles) 
= 1 wand 
(half an armstretch) 

In most measurement systems, it is noteworthy that from 
the selected unit of length a cube is described which determines 
the unit of capacity or volume; the unit of mass is derived from 
the mass of cool water in this cube. For example, the capacity of 
a cubic handbreadth was called a measure-full. The mass of cool 
water in this cube gave the early Britons the basic mass unit called 
a measure-weight; the mass of a cubic wand of cool water was a 
tun-weight. Length received greater emphasis in this historical 
development because the derived units were determined by the 
unit of length and limited space. 


10 handbreadths 


However, about 700 years ago the foot was introduced to 
England from continental Europe. The foot did not originate 
with the English. The Romans used such a unit and they in turn 
had borrowed it from the Greeks who devised it in the first place. 

The Greeks worked out a system for fighting men using 
paces (double steps) as units. Romans used mille for a thousand 
paces, giving us the word mile. Some areas affected by Roman 
units were Italy, Spain and France while those retaining the units 
of the Gothic tribe were England, Germany and the Scandinavian 
countries. 

Around 1200 A.D., about 700 years after the fall of the 
Roman Empire, a new industrial era began in Europe. Trade 
increased, trade organizations were formed, fairs were established, 
and cathedrals were built. Unfortunately the measurement plan 
used was the “foot-length”. With the introduction of the indus- 
trial era in England, there too the foot-length and other related 
units were adopted. Since it was non-decimal it did not fit the 
simple Gothic system. No doubt many in Britain at the time were 
dismayed by this decision to allow the Roman units to be used. 

At the beginning of the 17th century, Simon Stevin, an 
inspector of dikes in the Low Countries, proposed a decimal 
measurement system, and shortly thereafter Father Gabriel 
Mouton suggested to the French Academy of Sciences a decimal 
system based on the circumference of the earth. 

By the 18th century in Europe, there were 280 measures 
called “foot”, all of different lengths. Imagine the quarrels and 
squabbles that this could cause. In the midst of this confusion 
people were clamouring for a simple system. One very important 
development in the U.S.A. captured the people’s attention: 
namely, the decimal coinage plan approved by Congress in 1786. 

10 mills = 1 cent 
10 cents =1 dime 
10 dimes = 1 dollar 

At this time Thomas Jefferson, as U.S. Secretary of State, 
prepared a unified system of weights and measures which was 
decimal in nature. He sub-divided the foot into 10 parts, larger 
units being formed by multiplying by 10. 

Meanwhile the scientists at the Academy of Sciences of 
Paris began to devise a fully decimalized measurement system to 
dovetail with the decimal number system. At this time certain 
mathematicians were proposing a duodecimal number system and 
advocating a duodecimalized measurement system to match. This 
idea failed; instead the idea of linking the measurement system to 
the place-value number system based on 10, flourished. 


In the 1790’s the French instructed a small group of out- 
standing scientists to measure the distance from Dunkirk to 
Barcelona and this information was used to calculate the distance 
from the North Pole to the Equator. This land measurement was 
chosen because it was the longest segment of land along a 
meridian in Europe. Assuming the earth to be perfectly round, 
one ten-millionth of this arc was designated as the metre (greek 
metron—a measure). 

Beginning with the metre, larger and smaller units were 
formed based on the decimal number system, i.e. multiples and 
sub-multiples of ten with the appropriate prefix. 

















PREFIX SYMBOL MULTIPLYING FACTOR 

i “Sele 
kilo k 1000 = 102 

Greek < hecto h 100 = 102 
deca da 10 = 101 
deci d On—10ne 

Latin centi c 0.01 = 1052 
milli m 


0.001 = 10° 





Some of the common metric units used in most daily 
situations are derived from the metre, gram and litre and these 
are: 














QUANTITY UNIT SYMBOL 
Length millimetre 
centimetre 
metre 
kilometre 
Capacity millilitre 
litre | 
kilolitre 
Mass gram 
kilogram 
tonne 
Volume cubic centimetre 
cubic metre 
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FLOURISHED FOR CENTURIES 


It is remarkable how near the modern metric system is to 
the early decimal system. The wand of old was only 0.5 cm 
longer than the metre. Had the early system remained, little 
change would have been necessary in order to bring the old into 
the new. However, the metric system as proposed by France 
gained ready acceptance in certain Latin American and European 
countries. Germany adopted the metric system after defeating the 
French in the war of 1870-1871. The British however, in 1871, 
rejected the proposal to convert to the metric system by de- 
feating the Bill in the House of Commons by a mere five votes. 

Since Napoleonic times the original metric system has 
undergone changes and in 1960 the General Conference on 
Weights and Measures (Conférence Générale des Poids et 
Mesures) adopted the name Systéme International d’Unites 
(International System of Units) abbreviated SI. The SI system is 
an extension and refinement of the traditional systems (CGS and 
MKS) and superior because it is a rationalized, coherent, and 
simplified metric system. 

The base units of SI are seven independent units: metre 
(length), kilogram (mass), second (time), ampere (electric 
current), kelvin (temperature), candela (luminous intensity), and 
mole (amount of substance). All other derived units are defined 
in terms of these units. 


Barcelona 























QUANTITY UNIT SYMBOL 

Length metre 

Mass kilogram * 

Time secondt 

Electric current ampere 

Thermodynamic temperature | kelvin# 

Luminous intensity candela 

Amount of substance mole** 





In addition to the seven base units are the following SI 
units—supplementary units and derived units having special 


names. 
QUANTITY UNIT | symBot 





























Supplementary | Plane angle radian rad 
Units Solid angle steradian sr 
Frequency (cycle 
per second) hertz Hz 
Force newton N 
Energy joule J 
Derived Units Power watt Ww 
having Electric charge coulomb Cc 
Special Names Electric potential volt V 
Electric resistance ohm Q 
Electric capacitance | farad F 
Magnetic flux weber W 
Inductance henry H 
Magnetic induction | tesla W 
| Luminous flux | tumen | Im 





*The Kilogram is the only base unit containing a prefix and 
is used because the gram is too small. 

t As early as 1670, it was suggested by C. Wren that the 
length of the pendulum whose swing takes one second be 
the unit of length. By coincidence the length of this pendu- 
lum was very nearly 1 m long. 

# The Celsius temperature scale (previously called Centi- 
grade) is common in everyday usage and even though it is a 
non-SI unit it is permissible to use it for temperature 
measurements. One degree Celsius equals one kelvin (1°C = 
1 K). 

XX The mole is defined in chemistry in terms of a number 
of elementary particles (Avogadro’s number). 


THE RULES GOVERNING THE USE OF SI UNITS 


In order to preserve uniformity in the writing of the units, 


the symbols, the prefixes, and the numerals, the following list of 
rules should be followed. For a more complete treatment write 
to: Canadian Standards Association, 178 Rexdale Blvd., Rexdale, 
Ontario and request a copy of a CSA Standard Z234.1—1973, 
Metric Practice Guide. 























A, SI Units when written out in full: 


(1) Units are not capitalized except at the beginning of a 
sentence. Example: ampere, newton, kelvin. Only Celsius 
begins with a capital letter. 

(2) The word per is used to denote division between the 
units. Example: kilometres per hour not kilometres/hour. 


B. Symbols for SI Units: 


(1) A symbol represents a unit and is the same in all 
languages. 

(2) The symbols do not change in the plural. 

Example: 10 metres 10m 

(3) Because the symbols are not abbreviations no periods 
are written after the symbol except at the end of a 
sentence: The symbols can be manipulated like algebraic 
variables i.e. multiplied, divided, squared, cubed, etc. 

(4) Symbols are usually not capitalized except for a unit 
named after an individual. Example: A for ampere, N for 
newton, and K for kelvin. (Note: Hz for hertz, Pa for 
pascal, and Wb for weber). 

(5) Symbols should not begin a sentence. 

(6) The symbol of a derived unit formed by division is 
shown by using a solidus (/) or a negative exponent. 
Example: km/h or km-h~', not kmph or k.p.h. m/s? or 
ms 2, not m/s/s/. 

(7) The symbol must be separated from the numeral by a 
space. Example: 75 cm 

(8) The symbol for degree ° is used to denote degree 
Celsius (°C) to differentiate it from a coulomb (C), a unit 
of electrical charge. 


C. Prefixes for SI Units: 


The prefixes larger than kilo and smaller than milli are 
listed as additional information to teachers and interested 
students. 











PREFIX SYMBOL MULTIPLYING FACTOR | 
tera T 1012 

giga G 109 

mega M 10° 

micro uw 105° 

nano n 1052 

pico p 10mt2 

femto f 10-15 

atto a Ome 





(1) The only prefix symbols capitalized are T for tera, G 
for giga, M for mega. 

(2) The prefix symbol and the unit symbol are printed in 
roman (upright) type without spacing between them. 
Examples: kPa for kilopascal, mN for millinewton, MN for 
meganewton. 

(3) Only one prefix is applied at one time to a given unit. 
Example: picometre (pm), not millinanometre (mnm). 

(4) The prefix symbol combines with the unit symbol to 
form a new symbol which can be raised to a positive or 
negative power. 

Example: 1 cm? = 1 (cm)? = (10~-?m)? = 10-4m? 

(5) The prefixes denoting multiples or sub-multiples of 
1000 are preferred where it is practical. This implies that 
the prefixes h, da, d, c, are to be avoided; however, in 
measuring length the cm is acceptable. 


D. Numerals used with SI Units: 


(1) Instead of using commas to group blocks of three digits 
to the left and right of the decimal point, a space is used as 
a separator. 
Examples: 654 321.234 56 
(2) A prefix should be chosen so that the numerical values 
fall between 0.1 and 1000 if it is suitable. 
Example: 23 000 J becomes 23 kJ 

0.005 81g becomes 5.81 mg 
(3) A zero is written in the units column for a number less 
than one. 
Example: 0.3 in place of .3 
(4) Decimal notation should be used where it is practical. 
Example: 4/5 should be written 0.8 
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E. General comments: 


(1) The following should not be used: 

amp to mean ampere; 

kilo to mean kilogram; 

sq. cm to mean square centimetre (use cm? ); 

cc to mean cubic centimetre (use cm?). 
(2) Metric (but non-SI) units are to be avoided. 
Example: calorie, micron, dyne, erg. 
(3) Some NON-SI units are permissible with the SI. 
Example: minute, hour, day, litre, tonne, degree Celsius, 
nautical mile, knot, angstrom, hectare. 


THE ADVANTAGES OF SI 


UNIQUE: The SI system is convenient in measuring in that 
there is only one unit for each physical quantity as illustrated by 
the seven base units such as the metre for length, second for time, 
etc. There is absolutely only one version of all the base units all 
over the world. 

COHERENT: This can be defined 

(a) as the act of sticking together or 

(b) as a natural or logical connection. 

Starting with a unique set seven base units all other derived units 
can be obtained by multiplying or dividing two units either basic 
or derived. 

Example: velocity unit is the metre per second. i.e. m/s 
The coherence can be better illustrated by the following 
schematic diagram. 
















ELECTRIC 
CHARGE 
coulomb 
C=Ass 





ACCELERATION 
m/s 






ELECTRIC 
POTENTIAL 
volt 
V=W/A 


FORCE 
newton 
N = kg+m/s2 


ENERGY 
joule 
J=N-m 





Because of its coherence, complicated conversion factors are 
eliminated. When measuring physical quantities one unit applies 
to the mechanical, electrical and thermal fields. 
Example: 1 watt = 1 newton x 1 metre per second 
1 watt = 1 ampere x 1 volt 
1 watt = 1 joule per second. 
INTERRELATIONSHIP: 


1 cubic centimetre (cm) container holds 1 millilitre of 
water of mass 1 gram (g) at 4° Celsius. Consequently a 
1000 cubic centimetres (cm?) or 1 cubic decimetre (dm?) 
container holds 1000 millilitres (ml) or 1 litre (2) of water 
of mass 1000 grams (g) of 1 kilogram (kg). 

UNIVERSAL: The metric system (more specifically, SI 
units) has become the “lingua franca” of the world. The symbols 
are identical whenever and wherever SI units are used and thereby 
form part of a worldwide language of measurement. 


THINK METRIC 


The SI units are distinct and unique in that they are not 
derived by converting units from other systems. In order to pre- 
serve this “purity”, conversions from one system of measurement 
to another should be avoided. Education research strongly 
supports the theory that the best way to learn the metric (SI) 
system is to think metric. Languages are best understood if the 
person thinks in the language spoken. 

However, it is not always possible to strictly enforce this 
way of thinking. If conversion is necessary it is better to use the 
form 1 m= 1.094 yd. instead of 1 yd. = 0.9144 m. 


It is easier to relate units of measurement to parts of the 
body. 
1 fingerwidth—2 cm 
1 small fingernail width—1 cm 
1 handbreadth—10 cm 
1 cubic handbreadth—1 dm? or 12 
(remember the mass of 12 water is 1 kg) 

In this fashion the everyday units can be readily visualized. 
It is more difficult to visualize distances in kilometres. For this 
reason the more common relationships can be applied. For 
example: 

60 miles is approximately 100 km 
30 miles is approximately SO km 
20 miles is approximately 30 km 
50 miles is approximately 80 km 
100 miles is approximately 160 km. 

It is convenient to think of a common paper clip to have a 
mass of | g. A litre is less than the Imperial or Canadian quart but 
greater than the U.S. quart. 

In developing a feel for the temperatures expressed in 
degrees Celsius, it may be useful to relate it to some common 
experiences. 

100°C boiling point of water 

37°C normal body temperature 
30°C hot summer day 
20°C comfortable room temperature 
10°C cool summer day 
0°C freezing 
-20°C cold winter day 
-40°C extremely cold winter day (equivalent to -40°F) 


CONCEPT OF MEASUREMENT 


To measure is to count or mark off using a selected unit as 
the standard. In other words, to measure is to determine a 
number which indicates the number of times the standard unit 
has been applied. 

Concepts of measurement are best learned if students are 
meaningfully involved in activity. The Chinese proverb “I do, I 
understand” applies very well to the development of measure- 
ment concepts. The U.S. Metric Study Interim Report states: “To 
begin with, measurement should not and really cannot be 
“taught” through a series of planned lessons. Learning to measure 
is a gradual process related to each child’s experiences... 
children will learn best if it is not taught but experienced and 


used in some activity in the context of situations in which a child 
is actively involved... .” 

The variety and extent of the hands-on approach is limited 
only to the imagination of the students and teacher. Although 
excellent commercial material is available, it is at times less 
expensive and more beneficial to the learner to use materials in 
the school or home. Cuisenaire rods and cubes are excellent to 
demonstrate the cm, cm?, and cm%. The container of a 2 quart 
milk carton is 10 cm x 10 cm. This would readily provide the 
student with a cubic decimetre, or 1 litre, if 10 cm high. This 
type of activity reinforces the think metric theme. 

Teachers are strongly urged to allow students the opportu- 
nity to develop the skill of estimation. It is fun and very useful. 
Like any other skill, perfection is attained through meaningful 
practice. 

When industry in Great Britain went metric the companies 
streamlined their operations. Forty different sizes of screws were 
reduced to seven. Going metric gives teachers an opportunity to 
streamline mathematical operations and methods of instruction of 
measurements concepts. 

The adoption of the metric (SI) system will simplify and 
unify the teaching of mathematics and science, reduce calculation 
errors, save teaching time, and give a better understanding of 
basic physical principles. 
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